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Implicit Polynomials
 Implicit polynomial of degree r defined by:
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Alternative way to define IP

 Intersection of the 3D polynomail with the 
zero-plane: the Zero-sets:
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IP Applications

Modeling ClassificationModeling Classification
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Outline
 Modeling

 Overview of IP fitting algorithms (including 
Gradient1, minMax & minVar)

Improving of the minMax & minVar modeling

 Classification
 Indication of the problems in IP classification

The solution — Multi-degree approach

 Classification of objects under Euclidian transform. 
Modification on minMax and minVar algorithms.

Expanding to objects under Affine transform.

 Simulation Results

 Conclusion and Future Work 
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Modeling – geometric distance approach

 Minimizing the geometric distances between data-
set points and the curve, i.e., the fitting errors 
(Sallivan et. al., 1994).

 Complicated and time-consuming iterative algorithm 

 Can be used only for low  degree  polynomials

 The model may consist of several contours
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Modeling – Approximated Geometric Distances

 Minimizing the approximated distances 
between data-set points and the curve 

(Taubin , 1991). 

The distance between point  and the 

zero-set is approximated by:

Can be used only for low  degree  polynomials

The model may consist of several contours
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Modeling – algebraic distances approach

 Minimizing the polynomial values at the data-
set points

Simple Least Squares solution

Unstable under data-set perturbation

The model may consist of several contours

min
a

nX

k = 1

P r
a

(x
k
; y

k
)2



9

Modeling – algebraic distances approach

 Minimizing the polynomial values at the data-
set points
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Modeling – Gradient1 algorithm (Tasdizen et. el., 2000)

Add conditions to the LS problem to   

get better fitting properties

 Gradient is always perpendicular to the zero-
set.

Level-sets

Zero-set
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Modeling – Gradient1 algorithm - 2

 Add conditions to the LS problem to get 
better fitting properties
 Requiring the gradient to be locally perpendicular 

to the data boundary avoid zero-set splitting.

 Value of the gradient along the data boundary is 
set to be 1. 
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Modeling – Gradient1 algorithm - 2

 Add conditions to the LS problem to get better 

fitting properties

 Requiring the gradient to be locally perpendicular to the 
data boundary avoid zero-set splitting.

 Value of the gradient along the data boundary is set to be 1. 

Simple low-cost LS solution

Single fitting zero-set

Improved stability in presence of data noise

 Spurious zero-sets

 Sensitivity to coefficients error (like quantization)
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Modeling – Gradient1 algorithm - 3

Single fitting zero-set

Data-noise stability

Spurious zero-sets

Coeff.-errors sensitivity
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 Control value of the gradient to achieve stable 
zero-set in presence of coefficients error: 
minMax & minVar algorithms (A. Helzer et. el., 
2004).

Modeling – minMax and minVar algorithms
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 Control value of the gradient to achieve stable 
zero-set in presence of coefficients error: 
minMax & minVar algorithms (A. Helzer et. el., 
2004).

Modeling – minMax and minVar algorithms
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minMax and minVar Vs. Gradient1

Generally provide a better fit. 

Spurious zero-sets tend to appear farther away

from the fitting zero-set. 

minMax and minVar are less sensitive to coefficients 
errors.

Gradient1 fit minMax fitGradient1 Coeff. errors fit minMax Coeff. errors fit



22

Modeling – modified minMax

Minimize approximated geometric 
distances instead of algebraic distances 

MinMax:
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Modeling – modified  minVar

Minimize approximated geometric 
distances instead of algebraic distances 

MinVar:
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Gradient1, minMax and mod. minMax

Gradient1 fit minMax fit mod. minMax fit
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 Classification is based on polynomial 
coefficients. 

 High classification rate is obtained if:

 Polynomial coefficients are stable

 Polynomial coefficients are distinguishable:

IP-based Classification
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IP-based classification – Data preprocessing -1

Complicated relation between 
polynomial coefficients
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IP-based classification – Data preprocessing - 2

 In order to stabilize polynomial coefficients:
 The centroid of the data-set should be moved to origin.
 The data should be scaled, so that it would be close to 

a circle of radius 1.
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IP Based classification – Data preprocessing - 2

 In order to stabilize polynomial coefficients:
 The centroid of the data-set should be moved to origin

 The data should be scaled, so that it would be close to 
a circle of radius 1.

75% of the data inside the circle of radius 1

Good Stability Good Distinguishability 



31

Low-degree polynomial classification example - 1

Degree 6 polynomial classification
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Low-degree polynomial classification example - 1

Noisy shape example
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Low-degree polynomial classification example - 2

High rate 
classification

a0,0

a1,0

a0,1

a2,2
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High-degree polynomial classification example - 1

Degree 8 polynomial classification



35

High-degree polynomial classification example - 2

Low rate 
classification

a0,0

a1,0

a01

a2,2
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High-degree polynomial classification example - 2

Low rate 
classification

a0,0

a1,0

a01

a2,2
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Multi-degree approach

Degrees 6 & 8 polynomial 

classification

High rate 
classification

Low rate 
classification

6 degree

8 degree
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Multi-degree approach

6 & 8 degree polynomial classification

High rate 
classification

Low rate 
classification

Degree 6

Degree 8
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“It doesn’t work” example - 1

Degree 4 polynomial classification

Pillow shape Square shape
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“It doesn’t work” example - 1

Noisy shape example
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“It doesn’t work” example - 2

Low rate
classification

a0,0

a1,0

a01

a2,2
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“It doesn’t work” example - 3

Degree 6 polynomial classification
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“It doesn’t work” example - 4

Low rate
classification

a0,0

a1,0

a01

a2,2
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Multi-degree approach solution

Add fitting error measure to features vector
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Multi-degree approach solution

High rate
classification

Pillow
f75% 

histogram

Square
f75% 

histogram

f75%
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Multi-degree approach

 The technique suggests:

 Fitting 2,4,6 and 8 degree polynomials to 
the data

 Extracting f75% measure from each fit:

f75%,2 f75%,4 f75%,6 f75%,8

 Basing classification on:

{a2,  a4,  a6,  a8 , f75%,2 ,  f75%,4 ,  f75%,6 ,  f75%,8 }
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Euclidian transform

 In most practical cases we would like to 
recognize the object at any position, 
size and orientation.
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Euclidian invariants

 Translation 

 Scaling 

 Rotation+mirroring: use linear geometric 
invariants (Tarel et. el., 1998)
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Are Gradient1, minMax & minVar rotation invariant?
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Rotation invariant minMax & minVar

 Solution for minMax:
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Rotation invariant minMax & minVar

 Solution for minMax:

 Solution for minVar:
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RI-minMax Vs. Original minMax

RI-minMax

minMax

Polynomial fit Coeff.-error sensitivity
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RI-minVar compared with original minVar

RI-minVar

minVar

Polynomial fit Coeff.-error sensitivity
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Affine transform

Projective transform approximation
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Scatter matrix normalization (1)

 Scatter matrix defined by:

 We propose to transform linearly the 
data-set so that its Scatter matrix would 
be equal to:
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Scatter matrix normalization (2)

·
E(x2) E(xy)
E(xy) E(y2)

¸

Rotate the shape so that the off-diagonal elements 
of the Scatter matrix would be equal to 0 

Centroid

·
E(~x2) 0

0 E(~y2)

¸
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Scatter matrix normalization (3)

Stretch the rotated shape along x and y axes so 
that resulting Scatter matrix would be equal to I 

·
1 0
0 1

¸

·
E(~x2) 0

0 E(~y2)

¸

Mother 
Shape!
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Mother shape properties (1)

·
1 0
0 1

¸

Rotation and mirroring of the Mother shape
doesn’t effect its Scatter matrix

·
1 0
0 1

¸
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Affine transform of the object 
doesn’t change its Mother Shape

Mother shape properties (2)
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Data preprocessing & feature vector extraction

 Translate the data-set so that its centroid 
would coincide with the origin.

 Transform the data-set to get its Mother 
shape.

 Scale the data-set so that 75% of the lie inside 
a circle of radius 1.

 Extract the features from this data-set 
according to Multi-degree approach (using 
Gradient1, or RI-minMax, or RI-minVar fitting 
algorithms). 

 Compute the rotation invariants:

{RI2,  RI4,  RI6,  RI8 , f75%,2 ,  f75%,4 ,  f75%,6 ,  f75%,8 }
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Classification process
 Learning:

 For each data-set in the 
dictionary compute the 
feature vectors. 

 Assume that the feature 
vectors of each object are 
normally distributed and 
estimate the parameters of 
each object distribution.

 Classification

 Base the ML classifier on 
the previously estimated 
probabilility functions.  

h1
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h5

x1
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x4
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~N(h ,h)

~N(x ,x)

p(yjh) 7 p(yjx)

y
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Our DB  (created by M. Zuliani )

40 objects X 7 views X 20 noisy variations per view = 5600 data-sets
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Our DB  (created by M. Zuliani )

40 objects X 7 views X 20 noisy variations per view = 5600 data-sets

3 x 20 – learning, 4 x 20 – Classification
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Noisy Examples…
Std = 0.02

Std = 0.01
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Simulation Results

Gradient1 Ri-minMax Mod. Ri-minMax Ri-minVar Mod. Ri-minVar

87.1% 87.3% 87.3% 88.1% 88.5%

Multi-degree approach for different fitting algorithms (0.02)

f75% Maximum Average

87.1% 85.9% 84.0%

Multi-degree approach for different scaling approaches (Gradient1), 0.02

Multi-degree Degree 2 Degree 4 Degree 6 Degree 8

88.5% 53.4% 71.1% 59.7% 53.4%

Multi-degree Vs. Single degree (Mod. Ri-minVar), 0.02

And for noise std = 0.01?

Multi-degree Single-degree CSS*

99.2% 92.1% 97.0%

MPEG-7 
Technique

Curvature Scale Space*
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Summary

 Improve modeling by minMax and minVar 
modification.

 Increase classification rate by a Multi-degree 
approach, including fitting errors as features.

 Enable classification under Euclidian 
transform, using RI-minMax and RI-minVar 
algorithms.

 Enable classification under an Affine 
transform based on a “Mother Shape”.

 Better classification results than standard CSS 
technique. 
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Future Work

 Multi-degree application on 3D 

 Increasing stability of Mother-Shape 
transform by taking into account points 
inside the data-set (i.e., area instead of 
perimeter).

 Investigation of IP under a more 
general perspective transform.

 Are IP good for tracking?
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Thank You for 
Your attention!

Any questions?


