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98PN

SN OY 350799 TTPR SV D»DX0AN NYWIN MNIPY NNN DINIMND * 1TV
NOTI TN FINYT TIN2 DN DPON P2 T ¥Ih oY DO TN 00N
MINA NN NP0 WN (FS-Tterated Function System) JPDVIDN NPXPND TOWNH
NN TPEBMITII0 W NIY-NTPD

AWPR AWK IFS-N TP DY 07PN 1120 MmN PNNN NTIYR oY OMNPHD POND
AN TP NYOMN TEYFNN LOYHN IMY APIVRII NMVN-NTPI P TP P2
TRV TPY MDY (MY IR PEI INYR DY PNPND JY PP NN DRID ,TYNNA
9931 PN SY MAYN-NTIPI IN AYND 1103 TR T2 IM¥pngn. RN N TPNEND
INY TP

TIWOND 1t N0 IFS-N T SY Y00 N0 TN OIMW?I 1T 72NN 297
TP M990 NPRAN Y OYOPIeN TXHN JY DON INNND VaVHD MDX TYN
TV TPNENODINLI YV \IPIN DTN NNONHD IR TPNI0NN NPT AIWIRD 12 10N
DN0N SV MR NTIN MN8N

RIS NN YWD IFS TP 2¢ PIm AIPD INYANI NN DHW»I )TN PoND

PMEHN TIND TTN WY TN 7Y NPSPN NOWH JY N NoYaN NMya NN TP



AYNZ 2NNY MM TR MND Ty NPNIVND IR YSIT WIND 23PN N8N
MIRAD MNVARD NI NN G0N DWW DM2AN XIZRI IIND TN NPSION NOD
TOONN DY (2YTN) DON AYN2 1712 2D DI BN NN Y TPIVTI9 IPNNDWOPN
PO’ DY YT 2302 T3 I, TN TN IYPYS TIP3 NIOMN MPXPNON 2 Y2000
DY TIND J¢ NENTN IOMIN NYIYN NININN DY Y MY P9N DYDY TPN2I9I0IND
TN NN 7T

-1P02 AVYNNN YNIAN DONN . TIDPN NNJY 2Y 19N DON WNINH TI9) 77191
OTNN Y PIINITY NMYN NPXIIRID TIND D¢ N¥N NIV 7P8RNO0N0N NP
M¥NIN 77 W APYANG0NV OY D3 NN NTIAY IWOND NINY TN DOYIAN YONIPN
IR YT NP (eventually contractive) )OA2

YITPNN NEPT TINGD MPY? DWIANN ,TYHN 211D 900 NYJZON NN D10

DTV WINY



09377 0Y%n0 NPYWY

JPVVION NN NN - IFS (Iterated Functions System)
2T N anm - RY

Don - d(,-)

DPY - -, ba
oW - -+, b, @
WD - -+, [B], [4]

NPD MO - Lo, &

Y TP - f, &y

MO TN - N

22N VD NP - ¢

AINPN (Range-block) MMV-PY3) (Domain-block) ONT-PA - 7,d
FONDM ANV DN 91D - B, D

DDWNO DN P23 YA PN - Dy

NNNNA AV 71921 DNN-272 1901 - M, Mp

XD O - s



993 DM - a

ANON DM - b

T3 N9OWN TNPNON - G(+)

IFS-n TP NN NINNKBD P NIONON - W

290779 M - D



1 PID

hamle)

THZ-IN Y¢ DWUN-TPN 2WN2) DINDDY MYPN NNV 20NN XY DN BI073970 PN
NOD TN VYIAYTIN DO 1982 TVA ([19] P01 YIWN ,(von-Koch snowflake)
P APDOFID 1 MY NPYIO TIMNY WO 1) [42] “The Fractal Geometry of Nature”
DNV DXNY MNN-IP IR PRAND 177 ,NIB NIN IIRY DMYN NPI0PI0N IMNXD
WY O DY WP

AN NN THINNANN DY M7100 YY) DPDTIN ODIXD DJVPIN YYD
JIXNY BN _FPIVII0 NTNY TN MYPA WD NPT NIWIRY ,DIAVND IV
NN SV 129700 XYL THNNONNY LIBN N Y0 IR MDY PN,y DWNo
[53] (picture synthesis) NPIVPID

YJVTID ST YHRYND NDII 01 JNN, NPI0PIN MNNNN NP MNNSNK BY
3907190 TNN HIRY2 TN O OHZI AN JUNI TN I8HT 3TI Ya0n v
NIONT TNEY 32077190 JTIN YRNWNY DNY NP VNN 12 md [62, 56, 15] DNV

PNRT SY NN YHNYNY 100 DY JunD (55} Pentland 2¥ yNTY2A [71, 55] TN



IR DY HO2THRP NN NYPIP YINT XTI P00 NN DY IIOY RXIORT Pa 0Ny
NVEPNS SV IPDVIVN NOWN NNV NN NPIVPIO-NDBN TPYD MW INK
SN0 7125902 N8 259D NN IFS-NY P2 [52] (terated Function Systems)
NSD) ;700N PN 002 NN NN MR TNNY IFS-1 wnnwn N w)
INTD NSO TFS-N DX DMNIND NIY TIZD MW NN L[7] DR Ny IFS-nnn
lossy-code) MYY DY T2 NI 22PNNY PN 20 ,NNNIN NMNND 7251 NN NN
NNYYI OORNIN TFS-N TONNY D72V NIPTNIZR DPHUNT TP DY SPI08N 1Pvan
TP NN 2P0 IMND K¥0D7 MO DINONN 2 NAWT PIN 7PN YHNWNN 237 191N
DINTINN
ner 32, 33] Jacquin NIWNIZ W8N TP TNONNDZ JPNOWYW NYD Maynn NN
13 TIMNRIIN TPEPNON VIDN 190, TINNIBD NPIPNAN 1901N D220 Y NODANN 1
IMNN PLLY I NN NPYZNON 190N NNV 1210 .NNDN 'Y INVIY 1IN TMHUYND
TITPZ NN NN 1Y TIPPN 1991 19X NPYPNG AN 22710 NNND 1IN IPN WK
MP*1002 NMBN NDNTI MTAYN DY 100N 121 ,ONN . (ossy-coding ) MPY DY
=Y N2 N0 O N DY 00NN Jacquin PV WMNHDD DDIGNN IND DPDLPID

(4 779) TYHN2 VIR NN DNV [21, 48, 70, 46] DN

VA0 DA 1.1

MDWN DY NODINT PO Y TN (D079 DIND) VYOI Y0NNN XY I2V0N
722 ,0Y7077192 NPYOND NP0 NN ID0NY TO7 B, FIVNIND JY NPIDVIN

;D2 MRY W2 2NN ' MNNN DY O00P79 TP’ D20 , 72292 03 2T NI XD



TAY-NTPI ARYA PR WCIFS vy MR’ nd

T PR POTA TN KON POIPOYTN 0D 12¥03 NITAR' DY NIDN NONTY
AR PR ,DP077191 TPDPD) VS NN NNY R NNDN TN DY TN ¥R
IFS ntya Mmjpa Mo o

AN MR NPOY [5, 3] DITVPIOT NNVPN ORI HNNN 21IY T 12130
Hann IFS-1 Nam) , DY P IPONTTIRY 10%) DINNRY MIMNNY 10 IFS w500
DYWH YR DXLAYNY NI TYW NN NANIN NPT KD, 722 OXNNA . Ta0] DI0N D02

INT20M NPV DY NIPHN TN YOIPONTN

7712Y0 YW mMTpvn nmnn 010w 1.2

UR TN W IINY TPYIRT T P2 WF TSN XD R NTIY DY Y mann
M0 NI TINYN 7NN P2 WP (IFS) RPSPNg 2¥ PDUNPN 1DWD Y2 TN
MYAN IPNN WD NN TN DH0PI9 YW (self-similarity) 23870 WHTN NNON
2R DTV MNWN D GN VN INIRIN 100D
079N IR 99900 ) ORI YT 28T NIAYN FY DIV IMDNNN JINIW i

VA T 299 NN XY TN MDY VI DN YO0 NN

97PN DY 27 ORNND Y TIZN P MW NPT MND P2 WP NN e
WP NN 30N PN NPN2Y,DIDN RDRI TIND PN IV N Y

01 N7 D) NONK TPNIRIA MIND DN MPY> 2VnD

YIS NN WN (IFS embedded function) {72 NV0W NP¥PN9 OPP NNDWY e

DRPTINGD I YT ISR D22 MIND TIN M PP NOIMAY PXT NINYD pA)



JPOOPN TPXIONT OV N2 DIPRd 1t TPSENaD

5S¢ D7PRN NEOTE IPYY NP NV NOYON NN TN DY PIN NV
D2WSNN I9URA DTN ITO Y NODNZ NNAX 1t VY 1 NTIAYA NOW WN INRD

MIWaz YT

THZ 1PN, NHN0N TNIRIT MIND INPNA INRD JY TPV PINNIOIN e
ONT N 1TV NP MM DP¥ORII MND AN XINDZ 0N )10 00

JPEZIHIVINN DY MMIIDH NWIDNA

TWPHNN VAYH XXM NTIAYA TP NN TPSPNN DV 0PI 10N JY DON e
AFP7 W) MY PN DY TIP3 NN TPNPNAN DY D0PIaN TN DY Don

(DT AN RN GRY PN DY 000 180N DY ,PP»T

TIPPZN DIPIMIND 7PN ,TYUNN IXVY 29D TIPP TNST 10N DON e
(Collage- "DHMLON NNNY SY MINPNID TYDPN INMAY JY DONN NYII 2237100
DON DN PR R 7T NI P3O MND Y D0ANN M OON bound)
DIMIND 22290 ,727710 N 71t DON INNY NPIINIA TMIND TY D0IANDD 19NN

IRV VP TYPR MW 202 1Y W TR

(MIMIH INRNY NN HPPN NOW D022 INMY DNINN TN IIPXT MO »
JOZONT TN N TTHPY D00 IMRY IMND ING DY TV J0979 R0 YN
MY NPN NNONHT DI AN NTIYY PYIN TIND DY T "y Dapnny
MIVONG TIPN NNOSNY NN D37 TN NOXWA IMYNRAN I P0IP0MT TN
NN PAYNI TN NPN WNR NN NI J3PRNN M MY 20 TP 19ap

JPYTN HONY



,DPYYN DWW NN TPONNT TAY2 70 APIWHAN HINMO R NTAY 151D

M0 VN 29D

a71ava 03an 1.3

JOINT TSI 11 INRD DTN TYHNY DWITN DIPVNNN 0NYIN 19001 NS 2 7790
(IFS) IIPYPND 5S¢ IPDOION NIWN IRY N DV NV TYPPN MY v¥nan
APHTRID PN TP NIVST IIARD TN ,BNON MK NN TN N2105N DY M0
I

DT TP NIPSY 11,2 77192 ININN 29" R 71TV SV HONPHN PONN IR NINA 3 979
XD 9y DONXHBT PITPH AN NNY NOR IMY NPYORT N NYIoRT 19001
TNYA AIPEIRIT TIND AN WP TR DX0HYN MY DADM M N3N 2217 TNPNN
23 FPY AWND I NN WK (1 NPNY) TPNPNG NN D YA W, TP
NTAYN TYHN9 902N DR NN NIN DPVYN 7Y THIND JY ¥R

S5 Nt MDY TN YW HOI0N MDY INNL PURIN PINN.DPIN W0 300 4 799
TIYN TPNPNGN DY IS0VPION TN DY DON IRTIDN LAYN DV NI WIND NN
Y 3N PO, TIHPZN NP MNOYD TNNT P MO INNK 121,65 P92 NI T
PPTIY NANIN TN VI, FPDIDIN TITPN NOWI NNY 1NN PO 7330
WA N2

SNIVNN MDIN SV 3 7791 TISINY TPINRNN DY DY DHBY»3 pow 5 PId
PR SV PRN NYY IN7 MDTPNN NNINN TN NMA P90 .ONPH 7793 33Y

MINA TPNODRI MY AN HIXORT SY DPY v DYD DWW InD D1 NN



SV NIPRY DWMN NI VYPO INMN G0N DWW IFS-N TP NN¥D) MAYY > Npnn
MY PN TIND 72700 WAV S0IPDITN MNAY NNINA 000 TNV DT NPXENO
JNND NN INTVGN TN TINONAY P2 NN TITN NN DIIRIHD DX 71T

28I, 2270 BONNN N TN M OON  TYPPN INAY 2V 19N DUN N0 6 919
TV NN IDTPNN MDD IR

JUNN2 NP MNIND-TIPY PN ,NTAYN IR 020N 7 779

TPNJI9TOINRT MNANT 197, % NTIAY 2V DINPHN DXVIWNON JY MNI MY NN

I2TPNIN WPN VIAYK DY IINY MINDIN NV MYA )-1 N) N0 NPOVPID
TIDYTON DN NS ¢T) NATI DY NII0W IMNY OXI7TI NNONN DY TDYND

A5) 7792 YSINN ,2Y-TPNIONIT DIPINON IN]

10



2 P9

NP RID DY NP2MWIWYIR N9IYHA NI DYAWIN

WINN VP 2.1

NP 0»DX01 DAY TUNNT WAT? IWUR ,DIVOSUM INTIN 900 NP Mt Pyo2

592 I NI JTPN N9 NP XD LTI NPT AN SYND) 112 2aNI0a OIWPN
161] Nv2INI Y001 180

PNNNOLIIW NN T2 X — X 7P8NMO0NVN 4 NPV DY 00 AN X

DN (contraction) NX11IN
Fse[0,1)] VayeX dT(),T()) < sd(z,v) (2.1)

TPRNDDODIVN DY PIIMIN T NI ,DINNYHDND NN OPENND Nk 7NN s 19000
( contraction mapping n¥NOMN MPNPNSN VOYX RN DY MV AN NI X ONR

SINAN INITN OV NN N*0AN [4] theorem )

N R TP T(z4) = z; OOPIOY T2 27€X TP TINKR NP TIND

11



T P¥MODINVN DY NAN-NTIR]
WIS 2 N 0PI {T°(z) 1 n = 0,1,...} NIPON 2€X NTPI D MY o
Aimp e T (z) = 2y ,VzeX
VNN 'Y IMN NIRY 1PN T 'Y IOW-TN NI 2 NIVD DT 000
NPNY NOINY PN NN 2 MIIWOIN AN NN 200> X ANIBN DN 29D ,TUNnd
TDYIN NIPEPNON NIWH N T, THPT DX DX NINNY NN WONN 725 NP
sy TIFS-N 72 Mo

[4] (Collage-theorem) ©OAN VOV NN, TYHNNT TN 2WNN qON LIVH

_X-1 NX1IN Y190 T NN 02w N amm (X, d) 1 (Collage-theorem) 1 WDWN

JTR T{zg) = = TM23 T 20 NAWN NTIRI 24 N s < 1 P13 T TV
1
.(Collage) y ‘20 09°08N NN TRMR T'(y) NTIRI2

NP IND AINIM N STUBND THIYIYTN NN 190N PN N DIV ININY D

JINON PPN NMINAY YAWKRN PIMPY-IRI N YIRY vy iN3IN3

d(ya mf) < d(y) T(y)) + d(T(y), mf)

= d(y, T(y)) + d(T(y), T(z4))

(A

d(y$ T(y)) + 8- d(y, :Bf)

[A

d(y, T(y)) + - d(y, T(¥)) + s - dT(y),zs)

Ay, T()) + 5 - dly, T@W)) + 8* - d(, 25)

in

< L <Ay, TW) - (L+s+ 8+ ... 48"+ ™ d(y,zy)

12



LOWUNN 23NN [ THND WP 5-W NP

DTN DXUDWNN 2237 INIYN 190N PN 097 27D

TPNNMNODIW NN T7(-)-¥ T2 m DPj7 DN NNON NPN WR T'(-) ISNNI0I0 o
-aN 7P (eventually contractive) HIDIAY NN NPIXNSVII FIRIPI ,NINOND
MDY NSNDON TPNPND DV MIPRn My (conage-theorem) VDN VOYNIY NAN
[50] [21]

SN MPPI0H MY NP>IVNN 1PN NN NN NP NPXIIN NITHINI e
NN, DNN PPI0NI NN NN PPN DN AN DY T N 102 DM 7202
LB N 1Y NOPY NPPIVN 902 (eventually-contractive) DIF-NNNIND NN
DNPYN NIV NAY AT NOYA D) PN
DN TAFY 1N MPIvnn X AN MjPI0n NV d,-) di Piv 12 2 on

DPPNNY T2 YN D”IPN a, b DYNIP ODNP

Vo,y € X a-di(2,y) < do(2,y) < b di(2,y)

nIRg Y1 20101

D792 NP DNV DINOPY Y NEMY DTN TH MNNI 7Y P10V TYUNN2
790, DIP0NN AN IR D NN DYND O TPD YT MIMR Y MR MInn
DOYVPY DNIN DN YHNYI DN DMWY TN NIV PN I G MANINND
DYIND DY MANTI APIIND VN MV L@ W) YN DY NIVIZ NN DD’

(@ Y22) M APTIING WD O0PY (A Myann

13



OURD (RY, 4*) 0OV MLN anIR1 10V TYWHna

MO0 YU N TN MO XN RY anma Amips 92 o 1ton-N ann X jRY .1

90 O»OWUNN

(:1:1,932,'--,1:;,---,:1:N)T < FeRV (2.3)

=
&

DTN, ODMPOPNN NPIVN NN d=° .2

&,7e Ry d>(&,9) = maz |z — il (2.4)

i=1,-,

,dz TIPIOND AN PTA NN
1
N 2
Z7eRY  &(d9)= {Z (z: — yi)z}
i=1
OOPY P NPY 1N d°-1 dy I0Bn RY My

1-d=(&,§) < do(,9) < VN - d®(Z,7)

14



“1p7 NIPXPND YW NY2PVIWYIR NDIYA NIV MIYID/TITR 2.2
(IFS) n1™»

™R 2.2.1

NP T2, W 1I¥HRMODIIY INOND NN i, TN MY IFS TP XD oW NYnn
TONN NN VIV TR PYDI fi,-) IWIND 723 MNP NN PIOMIVION oYU navn

TP NNOND
10 W PNNINDNY DWONND M E, € RY NN TTIPY W OIMRY (MOPY MR

JDNNRIAN MYITN VAN NIDNPNNY

JRNY TN2 anmn N o W1

(2.5)

NN PIKMVN0 NN W2

3s€(0,1) | VEFERY , d=(W(E),WE) < sd(@7)  (26)

TPUPOWUN YOI N, TOV 1PN L, DN IRTIDN PN NN W, INIY 29D .3
NN e NPRN NN NN NP 'V i (PINNIVII0N ¥ INIDY NN
JINY OY TN T 29YA 20N TN NPR NNY OWN [ TINDINI AnYin "oy’
SO0 900D MNNMD W AYINMS0NVN 100N NN NN TPYYNN NIMyRYN
STP2 WRY2 NNaY 1NN YR NN DN DYNVIND NP 10N NMNYAY IO

15



W e W mImnn Nvsmmavnun QDR NN MY MNUNIN NI TH Yo

Y ATPI DY WY 3N ,BOY M0H NI N¥NID IH¥NPIDI RN W-w w3 .4
AN W-Y N0 TN T Lf = W(F) T09pnn £, € RY npnn InX

Fo P fio P2 PNIBN NN DIBPHY ARGADY TPNNNODIW
W =arg min d”(ﬁa,ﬁ‘, 2.7
Wiy ) (2.7)

TP DAR f, NP W 959 WND

NIY DWW S TNA TADID NDOWN NN W DRI MINN10I0 IINOND DY oovnn

YY MO NIND AN YT APYHMODNV DY 37 190N 19 Y IPSP1N NAYNND

¢ OO DOV PYT 3 PYD) AINNKBN NPINN0IVN GDIN NN 23312 YN ,11PYaN

TIYO IR DN, TPYVIND NNONA NPN R TITI N¥ON WR W [32] npanmoonv
TPYAN NN N0 XTI MWD Y

NOBN NN APNY & = W(3) W MmN NPINMO0NLN IN XION 2220

NN NPNY NN OGN NP w; 2D w; PPN Mp-n

w; : R — RE
(2.8)

dm' g 7_': = wi(gm.-) = aitp(é’m,‘) + bifB

+

SIWWIND

P-m;-N DNN-7122 RIOKR RN Jm‘. D 9702 N (domain-block) TIMIN-121 YN - d
DTN NN YATND N2 m; W02 YWD 7 TIND DN DN D 0w XinY

N i, -1 DINTIN P12 NHIAPY UMD NN 75-9 NOYM d,,, DINN-122W

-

dmi(j):{;((miﬂl)Dh—t_j) ' j“_‘l,za"':D

16



P2 TIYNaN NN XM ,DM1B0 DINN-2193 1Y P TIND AT Dy WND
ANV-172 NN N 7 (B < D) B 9T XM, (range-block) TMo-121 Wt - #
£y € ¥ AMN PN
D 973 o9 Nomn WN (Spatial contraction function) "1 PN FPN¥PND - ¢

B 91y opoan

J(scalar scaling factor) »2PL M OM - a;

GER,  Jal<1 (2.9)

b; € R (scalar offset value) 10P0 ANDN OM - b;
©-1 191 B 91 Mo - 1

RONZ0ITON 0N NP (a5, b, m;) ©0MI9N NYDY

AINOY 70N RN, DDA DY NWIPY 107 TIPND NP0 VNN ON

i = W@
Mg . .
W(’l? = U wi(dm.'), dm,- < ] (2.10
i=1
AINDY TP ,2.8) 295,10 1)
Mg
g=J7m ned (2.11)
=1

NI ,TRN 99 B TN V-9 Mp DWW WPWn Japnnn @ SY 10N
N=My-B (2.12)
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N2 DN AN DI 71 MVN-22 WY

WG-1)-B+i)=AG) 5 i=@-Ma), §=(,,B)  (213)

AN NN INND TP 00N W AR DINDHBN DIVKRISN SOV INXN2 WD

NAT JOWA T = W (D)

it = W(%) TP8IMO0IILN VINAT ONMMON 1 OV

Summary 1: Algorithm for Performing the Transformation @ = W(v)

i=1,...,Mzg 2y .1

4 O YNy, DINNN-7172 X 790 (XD

MNIVN—=7172 NN 2WN Q)

7 = il ) = asp(dm) + Bilp (2.14)

7277 12 ,i—n 170 ©Y ,i = (1,---, Mg),7 ,NION='FIT] DR WW .2

N = Mg B : NID & W07 1K .2 ,wTn Wogl

[8] (Local IFS) NTMRN NTXRNG (2W IMIUIOR) NIWN NP YD WY 290 W

ORI (2] block-wise transformation M1212 B) YIDY NYMI DT DINDNDI)
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IWNY AW 2 TDWHN IR DYANY DIWN 19BN IITIND D IMD1 G0N TP0
AT PR YIATAY K2 MPMR’ WNIAN DY 110WHN DY D110 TN O3V MYp
FIND (OWNTIN 272 9¥) KD TN M0 MN DY DO 113N NPEPNIND NNK IOV
TYNNA ONON &rmb TIND 99 FIN TIODH TPSPND U3 1NAY NPPND NN T
-DYI0 SY M N DY NI TN DOY TN MO TN /APMPR’ ININN 0¥ DR U0V
JIPNNND
9Y FNIT 901D M3 MDY MZAIN DV Y2 Y272 PN B-w;-i MDD 1Y

M AN 1N UYN IR N P IPTAY 7D ,D2WN DIUNnIan

D1VNIS Y MZM MNIN : 2 D0

Summary 2 : Parameter Restrictions and Assumptions

ANYW DTN NN DTN INRY AOZIN IZeA NN N - N .1
29

Yv NNYW ATIN 1D 0A NIDX NI B .nion-pi7a NN - B =27 .2
2

Onnn-givay N - D =2B 3

|27 .0IND DINN—'Z172 W 2 DTTND TN Dy — D, =B 4

NIWIIDN [IN1 TNX 701 ,Mp 2 (-’Yl% + 1) NI DINRN-'{7172 190N
|”y

doi(§) = 5((mi = 1)Dp +3) (2.15)
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mi:lizs"':MD ) j=152,'°'v‘D'

.D;, < D-v DIYD ,I7X NININ 197 0'9DIN 0DIN0 DINN-'{7172
NOTAD 2NN YN VN7 - of.) 5

e

D(don)(5) 2 Z(dmi(2) + dmy(2d — 1)),  §=1,2,---,B (2.16)

By

1"y B INQ D'71717 D = 2B 1IR2 O'7172 NNIDD o(-) N7

;=1 DDIND DN 7Y NIAIT YIND

DVKISN DN THPN PN .ONHOH IMN MY IFS TP ¢ 101N NN D202 113 N0

DN NYAVA MWD NI 4.24) R, W DN DINRIDN

IFS TP : 3 OO

Summary 3 : IFS-code

NIo='7iI7Aa N - B .1
.No=471721 190N — Mz .2

(@i, b;, m;) VXNIDONIL-IONMID 7Y NWTY Mp .3
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ONNY ,N = MgB Dy = B ,D = 2B 12 ,NMyaY DTN DINND 0NN 75
O MNIMY NN YIPY TIN NP TIN 2WN7 BI)

29N (as, b, ms) TMYSUN Mp TINOND TN WD, TPPN PONN NN NI INM
N i, WND d%°(Z,, £) TN DIDPKRI RXANT NN DI0HBN MR 23D TP AN T2
(@WONK PN NINNY FPXRMIDIIVN SY MIYR NTPI XA F-1 pMPHn MOP) TN

299 2N PNN2 WOy DON (Collage theorem) DNVIN VOV 97¥ NP2

Ao, F) < 78, W (i) (2.17)

-GN NAYNA NPDIPR T 0MNY 2D D) d% (e, W({,)) NN DIDPKI NXIN D0
N9 JPI¥N DONND P909 DYDY YIN HY R DO (W-2 P23 "5 Ninw 29-Dy
MRONHY NP TPWIHN NN OPI SN DN 4 (i, F) DY DI»INY N75NI NI
IFS Ty

VYNI9 197 ,(blockwise transformation) DY D23 2Y 11912 YoV W-vw 2D
R W RIRINDD 2990 TRNUIYHRN TONN PN IIDY 283,000 NPSYI»OHN NN
SR YT WA 20 W DY Mmavn Nz AR XN g, MDD i, = W(iE,) TYpDn
TYTID NN DYTIN OM0BIAN WY W RYRY DY NIV RITE) AN 100
fiom2 (MYY DY) TP

DR W YW NRINN QYY) DN MINUNN D) i, = W(i,) Wpav 17 DWW ONTD

Fi € o YV din, € fio ,TYDIN TN 9 o
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fo W IFS PP : 4 DD

Summary 4 : IFS-Encoding of g,

CTH70 Y2li7a B Wny .
o TU TIND NIN N—i ,Mp = N/B YJND ,TIi7 Y271 Mg MDY .
JAIO—'7171 Mp="7 g, IR 770 .
7i(7) = Bo(( — 1) - B + 7)), (2.18)
i:(l,"',MR), j=(1,-'-,B).
,LQINNN—'7172 Mp = (L"ﬁ + 1) NX g, 1NP 750 .
di(j) = (1 = )Da + 9, (2.19)

121123"')MD: j:1:2:“°:D-
2i=1,..., Mg WY .
N7 MR NI (e, b, m;) OVTNIODIND DIONION NR NXD (N)

NX DIN'INT IR

A% (7, (aip(dm;) + bi15)) (2.20)

TN Y272 (g, b5, m:) DIONION AR DY ()
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VA (2)-(N) 2.1 IPN INITNOITA DD ,ND TV ININY DNIIMONM DIWIND
TPYOMOOIION DY NN Y 11220 NN WM TP DU IFS-N g AN Z, MO NN
TPNONHDIIVN JY NAY NI KN R NDONTA £, PRY RN, 4, 2Y 173 MRNND

VY K27 XD M NP0 TYPPN 1PN G, = W(E,) ,m92)
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b d i
b d, —42 ds »

g, [23[2(a7[9fnnl o is[37s5 (7131 T15[13]9]11]
1 T1 f T2 } T3 i Ta »
™)

"o NML-PYA | DY | 'ONn ONN-PI2a | INDN
i a; m; b;
1 05 |1 12
2 05 |3 8
3 05 |2 0
4 05 |1 4
B=4,Mp=4
Q)

7 o= 05-9(d)+12=05([23,21,17,19,11,9,15,13]) + 12 =

0.5 - [22,18,10,14] + 12 = [23,21,17,19]
)

AWONT RONT Q) VPN NOP 2V IFS Mg Q) o MPH MO ) - TFS TP 2.1 PN
,Ci; € i, NI OINN-7122 WND (-0 INURIN Tipn NI VI TN 7 MV-710a
-1 POV 29D
Fig. 2.1: IFS coding - (a) An original vector fi, (b) IFS code of g, (c) Example of

computing the first code-line on g,
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maye  2.2.2

ANOT W RNNON TPYNMSDNY TV NAYN NP INOSH/N 307 NRWAN PONN
DOYIN AN TV INW2T NONTIN NOPY 5Y W DY MPSIR) INN NOYaN Y'Y y¥Inn
[4] Mavn AP WP 2P0 PR
NI NPNTIND NOPI IR L) 2.1 IR NINN TZN ¥ NN DXTW 2.2 PRI
W 9% TN NZYON NN DYAPNND OXNVPIN DTN IPNA DDON DOV NOMN
MNAD TP T T IIWRIN PPNILIN RN NIVN-103 1237 DY XTI 10 103
-PY TIPR NIYRIN TPYIDNAY N DYDON 1210Y NV KN NZNNNAN MOPIN DRY

JMY TP YNY INONT TW XN ONN-I1a 72 237

25



MYIMIN MNOMN

0 oc|lo|(0|]OjO]OjO]|O|O|O|O|O} 0| O0}0]0

1 121211212 8 |8 8| 8;0|0|0|0| 414 |4]|4

2 18|18 |16 16| 8 |8|10j10]|4|4j0|0|10|10| 88

3 212016 | 17| 10| 813 |12 (4)5[2]0|13|12|8|9
™)

0.5 (dy) + 12 =
0.5 ¢([0,0,0,0,0,0,0,0]) + 12 =
0.5-[0,0,0,0] + 12 =

[12,12,12,12]
()

AONT NOIT Q) AMYRIN NPANIND-3 MINSIN (N) - DPNION 'Y M1 2.2 3PN
DNUNT IPXIIRA DYDY IV-Pioa
Fig. 2.2: Decoding by iterations - (a) Results of first 3-iterations (b) Demonstration

of the computation of the first range-block in the first iteration.
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IFS-N NP NITINON AOWEY ANYPN NN NTAY TYD OIT) XONTI JYnna

MYNMADIN WM B = By = 4 WD 71930 91 by IFS-N TP 2097 Nt 09901
W R Ly 7PNITOONO MYD N = M- B =44 = 16 TIN2 DN DY NN
P TN NN TW2 DWW B SV TWwnv ) 00N . f1 e R mw nnpy oy R
NIV W E -9 IO DYTN TPYNTO0NY MINN T2 Y B = (B, = 2 DUn2 Mipa
ATV PINK R, W3 0¥ ,WIND TFN ¢ Nan Ponn RE-2 N¥N0N Moo
TPY N0 . FT 9¢ 191N0 O8N KDY N = Ny =873 F5 MoPY NoNY NYTN MY
NI IXIN Y DT NI NN N0 7331, DN AN N7 1) IFS-N
B = pB, N1 ,fI My AMpY »m B = By MV-723 JT) Paw NY0T T0¥)
D-B-2 VIV TIM) TP IMN S DAY M) 3 INNIND 3)-(X) 2.3 PN -9 22m

INONY R RE RS W aNIN2 NN Y NP 0D O

[20T12] ¢ T12}
o\

[22T18]10[ 141 6§ 2114 10]
()

[zs|21117|19]11!9[15|13[s|7|3|1{15|13|9]11J
(N)

B=10), B=2@), B=4®) DY NIWI.:23 9PN

Fig. 2.3: Decoding with (a) B=4,(b) B=2,and (c) B=1.

NTIY DY O NYDN RN 0Y Q0 INYD MY M P2 n avpn

YNNI 101 AN XYM R
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3 P

NINA W 199777 2%

-i72 0T NN n\mﬁn NN 9910 DHON MN NN TPD 22 WK DTPT P12
-PYA TN SV MW PN OY TN MXNA 1 DI NY B IR WNT DIRNDN NN
WP NPNN NI M P92 7O NIY NP3 DY NN I¥HNIDNVY 2210 B /0
SPY IR 91 NRD B SY MY IIPNIN MYIND ,MIUD NIUR M2 P YN0
DDA R PPN PN T TPIIW-TN NN WX (€PST MINYN JY) TPNPNS 1

2 NTRYA MEPY 20 NN XXM IR N81N NNz

DI NPRINITIR TP MIYD 3.1

DOWHNYN WND 7 DY MNY NaY MNP NY P WD IR ANTD NIT VWO

AN ANV-P03 JT7Ha

W3i-9 9211 B = B, 0D W'Y 22m wr JIFS T N1 4T (97170 R ) 2 Lbwn

JTR MRNNd, f*%—w f1~3 MO 2R NTYNE0310N 20 Nawn MR B = By/2 T
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. (Zoom-out) M1X1PITNA 1V

B = H{Pen+ Pei-n), i=0e g (3.1)

N, & Mg B; 10X

. (Zoom-in) 1"¥121T12 1YY
G — 1By +§) = acfF((mi = 1)Da? +5) + b (3:2)

i:(]_,...,MR), j:(l’...,Bl)

LA
D7 = 2 =B

MY, TPYYD NP DY NY NI RO DNV NN MDY R M VOYND
77 NOWY VaYN NYMT OYN Q) NODN TN DLV NP NSV NN .(N) NIV

L2 N20MN TPNPNON VIYND) TUNINA

SY YNYANN TN TINEY W M £ WND L fE 9w AN DD W5 2T 09wn 110N
QURD FL DY DNDN AYNT XTI )W TSN 3.1-3 ININDY 22D, f1-2 DOWVO OBN NV
ANNUINS TV M8y W nbyany TND MNYTY , (3.2) TRNIWN 1IN YN17 ¥ Fi oD
((4.24)

£ MITIND 21 P3 D) D7 WP TN F2-1 f1 MIEING M P2 WP IRDD 2 VOWN
Mo L Fi-)

Fr6) =5 (P + P - 1) (3:3)
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FH(G - 1By +7) = aaf *((mi — )DAT +5) + b (3.4)

BN INTID TAYA MNP GO ININ T, F3-) 1 0 NIy OOPmm D W7 N
-1 W NN MTRI OITNTE X3P M MIap 2.3 0N IWNINY 29D 7PN Nan 1o
DYVR N/2P @ f1/27 -39 70 DR Pan SY m-p-n in NN 10 FU2 quno IFS
PPN DOV NI AT p = 0 DX DRIV N TINI MNPHR MND ,INNDD
(top-level) N0 DT TN (c) 2.3 PN NP2 N2WIN

NI 1PN OD0T 112, THBIPHI MNP0 MDY XNV P Wpn

(Zoom-out) NN NAWOT NN YRIT ¥ ,p+1 N7 p DM ,NTHRPOI M20? >73 .1
+1 .. 1 . P .
FUG) = S PP @) + P25 - ) (3.5)

.7 = (11 e rN1/2p+1)
(p=0MY G.1) DNNWO DY NTIONN INIINN)

:(Zoom-in) MINIDN N2WON NN Y¥IT ¥ ,p W2 p+1 NI ,NTHRPHY T2 »TD .2
AP = 1)Byjas + §) = e 7 ((mi — DDRMTT ) 4 b (3.6)

'i:(lv"':MR)a j:(l,"',Bng)

(p =0 Mpny IONNN 3.2) NN DRMPT 2 Dyl /2rtt = By /274 wno

NN, FL DY DINNN-3YaY 27 DWW T2 7Y MY THIRNDNN J¥ NNY LIN NTP)
PRY TININY 1) Y0NS 19N L7 AR ©2100 DPI7IN NWnI 0N AN v

o MRZ LYY my-n DINT-PI923 -0 DR DY TWan AR Y T MaTh
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: (2.16) - (2.15) 22N
e(dh ) = 5 - {F o) 42 = 1)+ P(ma - DD+ 2D} (3)

e (1, By)
S3((mi — 1)DaY/2+1) R1"T2 N0 DINNRD TIRNIWHN DY HOIDN T8N, B.1) IRNWN 287

1A
2 =

-4
NN L fT Y >mi-N DNN-PA0 dA; TN WO, Di2 = D,'/2 070 o) D) DN

Rabipile/a

W@ )0 = du(D,  1e(1,,B) (3.8)

DWPTV 0 (top-level) NIPIYN-NNIN DY 107 2270 TN MK ,NINYN IIWIND

NAD YION DOV R NORY DY 1 I9PIR PYTY MDY MDY ORY P2 "IN

D = Dy = 2B ,B = B; = 21" W20 N3 IFS T2 20 ®Y-1 12w N3 floon o wpn

R IFS-n 112 21 NN MTRI N7 0792 Mrn ngon TR LDy = B, 01
log,(B)+1=1+1 (3.9)
N/2 (= Mg) TR NI AM2 22200 AT 190m

9 B ANVN 7172 5TH MIVPN NMYNYN NTRI INX N1 P2y 1IN
¥ Wpnn IFS-N DY Tay? 7> Y XTI 1 INad Nvn2 a»N M 2THY Nron 2

CIwAVRA TN )1 £ 8

D2 1Y YN IPMY MITHNM OMDAN IN NNoon 3.1 N2V
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Do M mw-pbn 971N | ONON DD | MAV-ITP)
? B N f
0 B Ni=Mgp- B 11
1 By =Bi/2 | Nip=N/2 f1/2
log, By =1 Byp, =1 Nyp, = Mn F1/B1
(NIVIY-NDN

O0ND0Y MITIN JAY-MNMP ITPNRPI 3.1 PALY

Table 3.1: Pyramid of fixed-points: Notation summary.

(IFS embedded function) T1p2 NP2 MXPNST 3.2

AFINN PN PINYN Y TPNPND TIDNT P NNV MY NPT DN TSN
TV 9y MIVM NYXANN XT IOV AN ANIN NN DX Y N0 1001 Y

A[32] NN IPITY T3P0 TTM NN R NV NI DINN TIIND
RN 19N G, (1) TR 7T ,G(x) € L= [0, 1] iT¥png nnm nn 1 77734

G, (i érf('; LGl dz, =1 (3.10)
i—1}=

y 7

0121 ) P ATTD RN G (3)-0 TR 1R o 7RI Gz) TRRIEN TR G.(2)

1 > 75 DR (coarser) " N01 RNW G, (z) TWRD ¢ (finer), NV 7N TXTATT TV

ARV NN WP, TIRD N23MN 7XRNEN. 2 YTAN 3NN DN P NN VYN
DAY-MNPI DU
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G(z) € NTMM NOR "¥ENg TR JIFS Tl TN (T2 N?2WA MXpIoi) 3 Ldwn
PYRIER TTW RN DR-PT OR TN 20 N0 NTIRI &0 fy € ®Y nopnw 13 L% [0, 1]

23 N 207 » = N X111 G(z)

.( _IFS embedded function ) Ty{72 NY5WN MONPNON NRTA G(z) MXRNGN

.(2) NAUI NDM LAYND
O MWINY THZ MIN XD TN NP3 :nﬁ:nnn TPNPNGT IV IIN DTN 3.1 PN
AN YT LB = 4-1,B = 2 ,B =1 My NPN ¥ Mavn MNPl 2.1 WX NN)
NN NN B =1 MY NAVH AP NONTY .z € [0, 1} 987 MIMWN DV dNNeD 3.1

PYOIDNT NV TPYEND ININD M NP DIDN N = 4 Dya [20,12,4,12]

20 z€[0,%)

flz)=9 12 z¢[}, 1) (3.12)

MTYZIY TN 1) RN TINHD NN OGN TONIND G(z) P2 NoOWN TPSPNoN
APNPNON TV TIWNY PRANT 1P WD NIN> . TPA NDOWMN PSP 'MW’ navn
28 5y MM TNPNON DY YNIIND NI NAY-TTRI INIINRNKD , PY0pns nwipn

L (3.11) - (3.10) MM WY 29D DPNIN DIYOPR

33



B=1 B=2

20 20

10 10

0 0
¢] 0.5 1 0 0.5 i

B=4 Embedded Func.

20 20

10 10

0 0
0 0.5 1 0 0.5 1

NP2 NZN PN B =1,B =2,B =47y MY MNP 31 WN
Fig. 3.1: Fixed-points for B =1,B = 2, B = 4 ,and the corresponding IFS embedded

Function.

nHupID EYIDTRIR NXPIDY R 3.2.1

-3 NN (Fractal-Interpolation Function) (9"N9) TPIVPII iP¥NIOPN FPXINI
IFS 77 Y¥ 7MY TP NN RN P2 NTIWN MI¥PNN WM AR NP 4, 6]
Sy N9 WANT ,TIPA NIZMN THNPNON NN INNDD NP2 TIT 19 WINND WN
PXT NINWN Y PPN NITONY DIVH 7103 K2, IR NN-2IRN TN DNT-INMN
NN 10 N YR TINTON T2 1901 TIT NIVN MI¥NIN 9'XINY T2 112 T
M PIT 97RON NN INTINN TN NI, NONRD NPV iPEI9T0PN NYNID 3PNV
'R TIP) PP DIINMPY DXITIN 190K PI¥I P2 DAR TP NIWN PSRN N

NI TP NIOM PPN NN PN 218 — 219 ‘ny [4] TN NI ONPI PINY
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«(B.5-1 B.4 MXNDY B N9V

AYOMA RPN TP MZOWN TPSPNAN N ENIONI) DY PIPND N7 A'RON e
AN TP "NON MY PN TN 1IND TYaN 727 NDON N2 219) NP3)
AP YOV P10 TWN BY TIOIP MPNNFTOPR NI NN TWY I
MY PA NAYHI NDNT PIPNONY TN DM AMV-22172 MWI NYYNY NO»Y
22193 )Y P2 1IYNI YNINN PIDOPNN MPIIN-IRY NP DNT AV-72172
»1)9 123 PN FPYN9TOPNN MTPIA PIPYN NS MPSPNINY 1D, DINO NHY
MMION MTFI DWW NP N WR TP NIZ00N MYPNON 2V Tiph 1712
D) ANA L(OORTD OINTI 239-9Y TPSPNNN TNOPNT MR KINY IWRIN NYYND2)
IPITP-TIONT DY P00 2239 TUBN2 NN
NIV 299, DXIMNA MY LYAY) 1T IMN KW OHN W Njgn NI ;>0
INYNY N WX NPT THINPNGN DN DYPY AR DNV ,DMI010I190 BN ,(TH
ND ,Ti2a NYIMN TPNPNSN W 7RI DN NPT 1NN ONPNONY I a'N91
O DINTD TN ANVN IMNY T2 N0 0PI NI 1’ DT 0N NN 2NN
MR TP NN PPN TWA NSPR TP SNY TN 2200 W73 9°N9

729 PNN NN NP ©01 DNY T2 MN8N 0NN TN ANLN

211V A"NO SY YROPNA T YW DY AWINT NNDD MO 223 — 224 'Y ,[4]-2 e
T NN AYNY JIPY AN IPNINY NTAWN TN PO 1 INDN ON01D DINN
NINPT ¥ 00 AP IPNRTIND NAYD TP MO ANY2 iI8PENoN INOPN
By TIOT [, b] PYMOPN YSIT DN INIY ONNNY 12, N NN PN

DR (Q — P) D¢ ¥Syn KN IROPRD TW N [P/N,Q [N] »en MMzl
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A 9N YV NIPRIAY 1AW XN INPYN ZTINN NAYN NP DDRNND
195 NON TPVIRPDYT NAY NNZI IININNI TN NITZ TN 2WNT NIND NHOD
S99 92 9N TPEPNON YW DINNN 99 N9H1 NPDY DY ININNN 8'RONY NN

[0, 1] ©ININ 92 RN, TAN DINN-PI22 ¥ 12 NIPR TN 9'NAN VD AV
FPXDINIVPND MNP 'RONY NTAWN NN, TYBN 27 1NN 1PN 1D
SN IIPXHNAVII0L VI NN TPENIOPR-MTPI W DW NHpnn "My
YT VI MAY IPONPONTN NIYN NTIPN NP NOOMN TPYINAN DY MTIINN
TPNPNG M7V IR YA TIT DIWEN NI DININNN DVavnN 107 B = 1-01 PN
NI TNY R9Y TPUAPOMT DAY NTIP SN IMYA 1Y MNP TPXN9I0PNRD

D92 NPNSN
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4 9D

T177Rn MWD MR TR Sw 13un 103

X002 Ml 4.1

PYIONN MRNN W IONENI0II0N Y W95 IFS Ti7 DY HO¥00 MO ANy Mt 79n3
PN[ZNON HY 3507190 THHN IV DON INTIDN VAYR MDD YHWH N 919W NINY 293
T2 MO TN IRDY 293 PXHRTMADINON SV (s) NI DTN WA, T2 Nomn
DTV TYUNN 2123 )TN 7793 NINPA DI DVIDY 190100 DY 1NN
2.2.1 Py NI 93 W 3WN2 YYD YTIN 53 TR 99190 IFS T M
P92 Y Y0 w; 95 WRD {w: I MR qoinn momm @ = W(E) mspmooron

: (2.13) 292 Y u 'nUP\b TN 2 00N nnU'P1723 >-7-1 RN DOXRIN DINN
F‘(J):ﬂ‘.((?‘_l)B-l_J) 3 i:(]'!”.)MR)! j:(li'”!B) (41)

NIV 29D DRI DINNN-PI22 DY TPSHNADNV W NNNT NN, 4.24) 297 Mt 72N
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P
7(5) = as - p(dn)(G) + B (4.2)

L (2.15) DNNVM WHONY , (2.16) 29D NATINA ¢ DR PoN)

Fi(J) = ai - % A(@((mi = 1)Dy + 25) + 9((mi — 1)Da + 25 + 1)) + b (4.3)

twn Tra ) BETIR N bal 99 MY ,TPSNIVN NNNL NYI 2INI) IINNKRD IRWED nN
i = [Fli+b (4.4)

AINY DININN b MO [F] N¥I00nn TN

D»DYDI DP9 (Mg = N/B)-1 210700 MOPY Nt o Mo - Enx1 ®

T
b=18 b - b b5 (4.5)
UND
- : . N
Bi=birl111 .11 i=023) (4.6)

~ -
el

B times

NPTOY THIPIN ,IDN NN - (Fly, v *

[Fl=14]-5 D) (47)

TPNPNON PPN NN NNIDN (3[D]) -7 NY9IIN DINN-PI2 Mam NYIVD - [D]
DV WA 1IN 1 @(dm;) TNV
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& TN dy, PN .1

Aoy 9Y 22NM-XIVD ] .2
Y2 AR W | (block-matrix) M¥IVHN NN NPIWVR XN [D]
DAY -9 NAYD dj 7 ANO-P1929 NN dy DINN-PI23 1 NI NONT

-9 IO dy

[0 0lz | [Dlesp | L5 (05 [0z [Ols
[Dlpxp | 05 [0z [0z [0z [0z [Us

0l 05 05 | [Dlgup | 10l [0l5 [Ols

I

[D]

L 4 NxN

(4.8)

[D]BxD MEIONN D]P)m B x B 5Tna DDON N¥I0n NN [O]B ANINN
N Y PRI XANIN IO ;m; DIWBION 'y ¥aP3 (D] IR MDIWN)

AZND WINNY 292, NNVDN

[D] gy p NNI0NN IR OPNI NN 2 NNV-PY530 RSN m; DINN-P7A DN .1

NI DPI NIY WIN-IRDYN TNV T2
(( —1)B + 1, (m; — 1)Dy + 1)) (4.9)

D] >v
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NAT 1200 T9Ya [D) g, p 2"y NIVSIN 2NN IWIN IPIPND .2

-o--|

1100000
0011000

Dlgup=]0000 11 0 (4.10)

00 0 1 1
L 4 BxD

Yy B 9TNa 19 D = 2B 9702 opwa nomn 3{D]g,p WO

DMDIND DN Y DIXM

-q0PH M MN (diagonal matrix) FPNOVIIR MYV ' 213 NN - [4]

NPNTION my

:(block-diagonal matrix)

[41) [0]5 [0]p

4] = 0)p (42 [0]5 - (4.11)

[0 [0z [As]

4 NxN

OWND
A= o M i= (L2000 ) (12)

NYON NN [0]; NPV B x B T¥0N DTN NPIVD NN Ulgxn

(Al =a- [y, x XN ¢ =a Vi ,DION TP MY DR TN WNND DYOON

JONY B ITHa MY DN ,3 MUPIN TN B 1D LF], (4], [D] mx»onn »mmn

MMILVRD D) PO MW W PIMIDNLY 221 B JY 0 Y PR 20V 29D
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VM TN NI 4.1 TN NONTD 3T IMIN WY 1YY 003N 11ana 03 BN INY

B =20y ,2.1 7PN WInY IFS-n T 29 »¥70unn mon

(4] = % ) [I]SXSF b= [12,12,8,8, 0!014’4’]T

11 0 0 0 0 ooW d — m

TP AN DIRNHDN b MOPM [D],[A] MXI0HN - TPN SY X700 NN 4.1 IR
B =2 My 2.1 9PN WD
Fig. 4.1: Matrix representation of the code - The matrices [A} and [D], and the

vector gdescribing the IFS-code of Fig. 2.1, for B = 2.

PO QTR DROXR 4.1.1

IFS-1 T 9V \IPIN-0T70 DNONNT MHI0NN ¥ YIDYI NONT NYI N2
ANTBN IY DIRTON FHIBN NN IWHD NN WKRD L(R?, | -[) 20700 2nT103 103
NI PN NNH 9ya W NiEn 1IN 00 L da(, ) PRIDN IR WL | - (2 JYDD)
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WNT ,BTPN

@ =[F5+b

q9DHN NI PNIVNN NYON IRV KUY DX INNY s ,MERNO0IWN JY 1PN DM
O»PNRN Y NN

VEFER dW(E), W(F)) < sd(Z,7) (4.13)

JIemon W NN P8 M Tnsb
AW (@), WF) = IW(E) - W@l
= |[F)E+b- [Fl7-b]

= |IF)E -9

VAN

ILEW- 12 - 91

) (MM NIPNA NHIOK) NOIDIN Y AN NI YA NINKRD PIPY-IND WND
2 9apn

s =11 (4.14)

nOI L[F] NXMI0NN YW (1,7)-0 VRN DN fi;-2 1903 INP-GN YN0 M0 TN

. [72] Dapymy N x N 27NN NN D

N
IF = @g\,‘;mﬂ 4.15)
N
I[Fllew = 1@2:;\,;]&1 (4.16)
||[F]“2 = |Amax] 4.17)
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[F]T - [F] D¢ anva 531 038N TN N0 Amax WNRN 2119722 IWND

R0 NUTWD MAanan 4.2

YOYDAN JPYIN MIAPYI WEIY MNY MTIY NP2 AN N PYO DY PUNIN PN
WIND NP POV NBHN0N NV VD IR INT WD PN Jacquin IV

[31) K RN Y NPPO WND

neves nantn 4.2.1
INIMDNY 3900 iT'\Bi?l 2NN 11]793 NNND

APNOIPHN AINN DIBTPHN NN PINN (a;, &) TPIRMIVITON MITPD TWOIN @
NN PIY ,OYN FPERNO0NILN NN DN+ NW-P23 P PRInD N
N¥D L[21]-2 , Fisher at al. (NP0 ARXPN) DIVHNIN 27 TP oW YN
DB AWIIND D MO g MY T B MY 5NN NP0 YW DONTID 90N D
59 NNE MUYD 1T 10 ODYTA q; UPD ONTPRI YNTIWND TNVOND B) DT
7N (eventually contractive) MDIAT NINID NINYI 120 PNDMODIION T

1.5 NI La; 027 MY NP MY DY N3DY DPOPRN

-1 NV-71222 NHBNN NPZH2 DXONPIN M RPN - D230 NN NN e
DPININ SNy [21, 29] Quadiree NPWN Y¥IY NN TP TIT DI DT
MIAYY PM-P193 O»7 BN B = 16 ¥ P122 771 DY NNTin 2¥ M) (L/PAZAR!
AW PO MY RN (ODD PP 297) N2V 2200 NRNN MRS ND

NI 7030 TN OYan WND Mt 7172 MY NONAND INX0 TONN YINKD Y¥IN
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DTN O8N
THNO TPAN DINNAN DN NN NONT2 I DY) D272V 121D NOM)
WA DINBYY NN | IOOY 902 1913 N0 NN TNRN PN N

AR YIO) IMMYAN BN DT DIP2A DY UPAND DN ,AUNT
D125 N, DPYATID DN DWWN JUNT) INY MM M22N NI N0 TIT
MAS) MYANA MBI NOY WIN NIR NIPDI JY TMIRNAN QYN BPR3

[21] (blockiness 2¥ 1MYI9N

OMXTIBN DPI92Y Y¥NY (Domain-pool-1) DN 72 WD NNV - TIPP P3N
¥aP1 ,DIDK ML-P172 MY TP 13 TIR POPNT I DoY) BN 79N MN
nOW [36] 1 DNYTN DNTIN-P1P2 NP 27 NORNN T YN RN N0 NPRD
AORT TIPNA 7292 NP ATPY 0N, TIDPN YR TN TRO DPRD R
ANOWAY YW T2 ,DM00 NNOIY QD NP NN YINN 10t PRI NSO DY
AL P53 MY YIPNN PO QDN TN NIVP NND-173M DNNN-PITA P2

21 m

yiap pivab orpa PRTYNNNTR 4.2.2

§50] @ien "y NYXINY NN SOY0AN DIPIMIRD NHV NANTN INTD M Pyo-nna
-aN DY71727 ON’a (domain-blocks) ©NNN P22 0V TPNDONNNNING NPOW R N3N
772 NN VAP O0-IN 71922 o TPNLIIMNIING 797N0) NN MWNXT OV

(D.C.

MO 2IPY PO 2 TDPN PINNY NN NANINN D022 NTHWY MNann



4.24 OYAY 239 N DINY DMIVNIN @INN-7172) NN N IIRY MN0-17D)
Ty = aiso(im,-) +b1p
NN TOY NNOY Y b-) a; DIDTPNN NN TN
MY AN NININKA IRNIYHN DX YD 2I12) NNE N0W2

— — —
7i = a0y + bive

NI

G =pldm)y, w=[111 111

—

—
B times

Sy ARNINN RN NP3 WTH NP P b)Y ¢ ©DRTPON NONY DY IPN2 11D

IWNY 0y L v MDD ,53-2 TPON? 41 OW IPSUIIMNMN

—

- — £ L d
T o= d;v3 + bivz

AR 99 9Y 7 TIN UMY 27 WY OHN NV INY NN DIBTPRD nw.\n:; VD
W12 -2 DYYIND NNOND NAY) DMIN-IN0IN DINPOIN

YN 5} = @(drm; )71 P12 NID 23 WND ,DINTID NN TN ON0NDD NIIHIY 2o D)
DINMN-PPA MO D.C.-0 227 ION RN TPEPIIMNINND NWHYDY

YIBY Y9 2385 ,0¥NY KIN 30 TINNT NYT i Nawam Mpn P70 D
D.C.-1 127 DR LR PONY ¥ DINN-PId

ANTIAN NI DION NYTHN NOWA NN TITPN NN IR DNINI IY3 INTD
VYYD RRTINN DY (22 Ty NN 4-DID0 Dy ©0In rph ToNN AN
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fo OV TPSVIMMMN-DY- IFS PP : 5 DD

Summary 5 : IFS-with-orthogonalization Encoding of i,

CTIR YAl B nv .
o U JURN NN N=1 ,Mp = N/B WK TIi7N Y272 Mg MI0Y .

N0 7192 Mg=17 i, DN {770 .
7i(j) = Ao((3 — 1) - B + 7), (4.18)
i=(1,---, Mg), i=(1,---,B).
,0INNN=17171 Mp = (852 + 1) NN G, 1IN0 790 .
di(5) = Bo((1 — 1)Dn + 1), (4.19)
121:21"':MD: j“_‘lsz)"")D'
1niy> ,0n7w D.C. =0 2'>1 IR DINNA-'7172 Mp 1M 100 .
- " 12 .
L& () = di(d) — D > di(5) (4.20)
j=1
= 1:2:"'yMD-

ti=1,..., Mg 1Y .

199 5 TONIODN NXR XRXND (X)
B

b; = (D.C. value of range block i) = % > 7id) (4.21)

i=1
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'Y R7R ININITD (2, m:) DP7N'ODIND D'IONIDA AN XRXYD )
NX DIN'I'N7T

A= (7, (asp(dd) + bilp)) (4.22)

CTI7N Y272 (@i, b, me) YOS AINIDY. Q)

ARAY LN MRAT 1N PUWBN TINNZ TINT IPXIVN ANY2 NN TINN

OV DNPYN DY, AITTIA TPNIVIR M8 IRTND (18 TNy N 1-012°0 oy

# = W) P¥NMIDIILN MIPIY DIPMIN : 6 DI’V

Summary 6 : Algorithm for Performing the Transformation ¥ = Wert (%)

1=1,..., Mgy .1
707N NN d, DINNN=7(72 IR 790 (N

17w D.C. =i 221 T dy,, DINNN—71720 30N ()

drt = d,,, — (D.C. value of dp,) (4.23)

NHON—7172 X 3WN )

—+

7 = w0 (d ) = asp(d%t) + bilp (4.24)

a7



Y277 1D ,i-nN 1T0 197 i = (1,-++, MR),T; LNON=7171 IR0 .2

N = Mg B : NI € 071N TR .4 ,YTN 307!

2R NV DY NN 190N IR P
DNMYAY  DINOPIN WY NTIWN 2PY DO NP IWTNN NV DDTPIN TROSD @

OPIMNNN  ANON-I72 TIN 17P7 OOM

AN 109 ANV S D.C.- 2037 WD 7 D VI NI b; DTN
F-2 7 KON dn -2 NN WR T DTN

YO D) DINNN-PWan D.C.-N 27 NNNSH Y817 ¥ e

5193 ST YWY IPRIIN NAYn M N0 (Top-Level) MYoyN NI e
YNNI RN AT DN, TTI DR WN ML P2 93 M Mpn B =12 N
D9 1937 NTN D.C.-0 207 W93 B DY NIwod T MY PAFA T REIY

NN, TPOY b DTN NU¥NI N ANV-2a 92 v D.C.-N 2307 ,nvThin nmo»YYa

DMVN TN X2, NZ0 AN MY NINPDD 7123 NTRPOI MYV NN
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5 2D

199770 MR WD

mMOPNa DNRIN DXPYOI FINIPY DD DK YA TN 5¢ Y2PNIN NN T

INAT TRONXN DDINNNDN

TP DW PR NUYD 5.1

NEOR T DIPYS TP NONY DN ITTN M NP Pk NYEN NV
APRPOI (top-level) MIPIIN NKIN NN NPNN OIVND N AW MU IDPIN
W mSnmMoaoMon Toyan mgs B = 1 DY TN N >y MYYNY 710° NnHN 2N
I LGPPO0N NANP N2 W) TIVD IR THVIDY 1Y Mg TINA TINNN MO Y
SINITIY ALWR NN DIPW DX b MR P22 Y D.C. -1 07w YinY ¥y NP
M9Wan 9o NINK YN PAY 10 ON KON Mt 779 TUHNN2 ONI0 UN 4.2.2 Pyoa
YOY 9o PITDYN NN WD INRD PNHIIMNTMN NYY IMYNANGD (MO TYTP)

ANTNYNG INITND DIFIMIRD NN 2PY2 NN NP 12 TPNORIZ YD STD MUY
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TPNMIRINT T MY R CTY NP DN SR NAynhn Ponn oy own | 3.2)
YA DY 9Y NPT NOWY PNZ W R NOW (WD NN 2T NYITH
RN POPIN ¥ MY 113 NP NN WRD ,[33] (iterative decoding) FIPIION
INOR PRI
THYSTI NIPEIOIRIY TN Y21 23PN NIPEN NV 1IWIN-MWS 19001 0NN
ST IPNINRN YD NN NONAY TR 0P TN MO RNV ,IPoyn v

RID TN NOPY DY MY

nY%YD PO WM 5.1.1

DONIN DOIWPON NN PTN ,TURNN THD
AN AYW AN MR - S e
999 NOWO MWON I - M e
5910 2NN IR - L,y @
FINIWINRA 00N - T e

INIT INO0) MDY 1I9D» N2 ,i W g SUNY 13,2 DY MR T29D71 10 Y Y
() 2PN YA MM NN TH29DNY BN POV NNYEZ N T T Pn»

IPOPHIN NN YINT IPRY

ENOPY PTR-TIN AW .1

J2 MVN-PYA TN B Y NP VN TR Ny

NPYENIN IRY2 NIYIO e
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NI WD PO, INN THINION MY | (2.16) -1 (4.24) TINNWHR? DN
N-[(1+1)S+1M] = N-[2§ + 1M]
AN Y91DN AN YAt 100

ti,=1-N-[25+1M] (5.1)

VPN NI e
| (5.1) -1 NIRNWIN 2989 109 DN § = Mp W MPOYD N2 1 YN phav)
1 99W 99 10 WD INIYN NN PN YITTN 2PN PR 1IN DVTP DN
p-N NHIA NI ,NIPOYD DI NN T0 Rb AP Yea M log,(B) W
VD 1FPY, (3.2) NIRNYN 97 (UYYN NN p = log,(B)) DR N/2P ¥
N TIING MO IR MIPIN ININN 12V07 DXWSNN NIV TN avny

logs(B)-1 pr N
,,X:%, (‘;}?) 1S +1M] = (B~ 1)52 [$+M]=N-[28+2M] (52)
09 RN 920N 2NN Mt
th = N-{—I—[23-|—M] + [23+2M]} (5.3)
B

(MM, TIVN) YTION-1T TN .2

ANVN-122 DTN B x B0, Npnn (VD) NBNI DDNN OO N?

g1

51



NPYION INYI MO e
-4 9 VNN 2WON DN YNT () 2anTm XD N TIN-YTH 1Npna
DN

NI WK P, DNN IPNIONR MY
N2 [(3+1)S +1M] = N*-[45 + 1M]
XN 990N NN IR PV

th, =1-N*-[45 4+ 1M] (5.4)

YTV MO @
YO IR DOYTY VN L(5.4) DNNIAN 297 107 DR () v mvbyn o
1IN Y P TIOR-THN MPRT T MIVIYN THIN 2PN YIITN 2NN

20N DVR N x N D2Dnn N2 mavavn nninn

logz(B)
Y (4?(%)2)-[15 +1M] = %(32—1)(%)2-[15 +1M] = N"'i;‘;-ps +1M]

" (5.5)

NI 290N 2enn P o0

=N L s M) 4515 + 1)) (5.6)
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B? = D DO DY) I NPXIIND ISDHH NN AT B? 903 17

2PN ,NNRNZ 1P NUNID APRIY 10,64, I <8

th, =N . [15 4+ 1M] (5.7)

G| e

N MDWON MO0N P2 ORIY KM M = k- 5 N2 OR NONTD

1>
-

3

s

N?.
N7

:i:“+k] i) (5.8)

[A+k 3-I[4+F

LN IZIFN

SANSY & = 1 nnY 1) (floating point processor) NON-NTZ) TavHD MY X)

9273 NAsN

8

Q= ’15—1— (5.9)

J > 6 DN 2TI11T00 NION2 NIAD WN
NN Lk = 8 NONTY M) (fixed point processor) NYAP-NT I TIVD MY Q)
2273 NaNN

(5.10)

]

53 9YT2 MY LT DAY AT YINT \ININ NIPSIND 1900 T2V nINI2 1)
NI, TIPPN 287 3772 Yap) PEIOIND 190N JWNINN NN NV v MY

NI PYTN NN TRXNMO0NLN S¥ NMAND NP PV TN
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N TAYVRN TP NOW NP (48] D3 DN 4.2.2 MY WINY 10 I9-0YY PY)
ANNON M) MIVN 7Y YY D.C.-n 2227 NTNN DY 9-TY THNNY NP T

AP TIINN THININ MIDNN | MOV (1230 IY YN TN

NON ,TIPNILIND TN N772 MAVD-MMPINTRYad FIPIYN DI AN RSN ) 1

530 PUYS TN FPYIOY R NN TN H¢ PNONN 2227 TN MY

21T WIN2 2TD NPNVIPR Al erpiaiaiv)an] PONON2 7 DDVIVN MWD TS .2
9901 OO, TYTPN M0VNI53 NIN PITHN APIIOND 1900 [49] NAVN nM>

FPNIN DY NYIWA 8-7 T, 3 RN INOWN,

(5.9) FIIRNVN ,IYND) NXINY D2 XN NPYT NN PN R NOIWY N2 1)

I =3 o e I, NISIORD 4900y IPAN TIY DR (IR TNV 56.10)» )

IR Do HURID PRYIDIVIPR 5.2

PR 5Y THODY DPPI TP TINN HY DY NNONNI NPOW N Y TPNNIIOIN
AURS DY-TPNIRT DD, [59] NP IMAY TSR YN 9V PO DR NI
AVYD IPRY PYPNG g(z) € L=(0,1] N7 JYNI mNIvR PRYRIA MIND 22 TN
TN N () = gn(i),i = 1,2,-+, N DD PAVNRY 7T MOPIN NI NI DN D2
ARONP N RIION N ¥R g(z) N DR IR MOPWN AMAT (3.2 7992 gn(3)
gan(i),3 = WNT 2N NY¥ORN g(e) NS 2TV DD TR DIDN 2N 2] T2 O
('zoom- DR’ ©) NI MY 1M PYTRD ANTH TPRIRI N2YRN TINN L,2, - J2N

(zooming TLYWH ) in)

MPNA PN I S5y DR’ WINAY TPYR NOY TN XY M RPON NINNKD TN
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AWUND LN TIORA g(z) € L[0, 1] INND RINY) N TN W RV, 1 my-nmp
SOTPAN PN TN NN TIWORD NP DY IFS-N TP RN (T NJ g(z)
ADVA0 T TV P2 VY WP B NI IFS-N T DAVH-MTZI NPHPH IR W73
TP TN NN TP (@B - (3.2) DINWWD ITPAN-IYPN DIV BRRARLR
DIPMIN AR PYONY NIN 2N TIND NP 2aPY 12 TWYs v 20, fL 9w IFS-n
7 Mopin 2 wInn Mo YapTm, (3.2) NRIVNI WINY 293, 7t 9Y zoom-in-71
AWND IFS-N TH7 9% NAY-NTPI) Nim ,DaVN-MNE) IPnpan I HorR PZARRG A
199 AN NP PRI MNAY TP YHWD 10 M WO LB = 25,-1 DUNTIYR

gon TN 27D

nIRa Sw upap TN 5.2.1

MIPR N2 MK I DYY NN 2971 DR M¥N 133 M3 NOOWN RPN
L PO’ TIN TNTIEN TINON ;107 A3 I NI PRI IMENMOPN Y 1)
AT RO TNN TIPT TYAPNNN FPENOIPRA IMN N PANY Y107 M | TPXPND

P2 N9DMN TPEPNON JY 0PN TN

PO W 100010 IFS-Ti 1M M0 (Mpa Ay2mi mXpnon b HURID T ) 4 VDYD

N2 ,(4 779 TR B = 1-1 DWNnm 1mxR3 120 "0 11X b1 ,[F), (A} (D]
W@ = [Fli+5= ([A]%[D])ﬁ'—l— 5 (5.11)

VRN G(z) 200 “20R79N TN JW-2 IPRINN Tl N231N xRN G(z) N

1 <D < maz(1,1+ logy(A)) (5.12)
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nxeTonn &0 [[A]]-1(([A]] - [D]) neTionn 2w AT 270 nnn "Ry 70 ¥ A WRD

JA] NXTION3 TMrRANN 0MaRIA 2 T V2NN 03700 0N N2 R

D No0vI3 INNNDI DAYNDN NN

DYYAPNNN OINVPIN PN’ IR NI INNN NINY TI0 NYIN 270790 TN SYIMYN
(TIPHVPID TPEIFTVIN VYN DY VA VT NI [4] IND TPNNOOIND TIN5
TN NN TNYD 1, el 9 S oy TYDPEN PN IR ONY DRIN NN Y'Y
TYNNY AP VTN PON3 D3 AN TP NIWN MSPNON 2V J3PNnn VPN
{@watany

DY (@O TPSPND TIXY NYINN MMENVIND NVY N2 TV IPRIN ,D102
IFS-N N7 TN NYPYS 1WND 110 PIY DON WK IO TD

MO 5.1 PN DN NZY TAPHN 29NN Sy-TPINIY DOXUN DWW NINT
IFS TP MNONNY Ynwmn M PO 31 WNT 2NN MOPD vovn Ny = 256 TR
ARYD) AN T2 NI9DWN THEPNGN HY OY0PION TIINN 2Y DONN . L my-nmpaoya
QPN 4. N = 1024 TN £ 90PN avin IFS-N TP 572 D = 116 X (4 V9D
8 TINAW 1D WD, (TPNPN 7 DY DB '+) F4 59 DNYNIN DMIND 32 DONIM
GNMPI DY DMINN ‘o)) PP THMIRPD TPNNIVIR DY 31 2V NPNPEHRD MM

FPNPINIOPNRN DY DN DOINANDI PNIANT 1N
WPNY) 2 DY DINRINND IDRN PP NN £4 5S¢ MWD DMIN-4 VY DRI .1

—

(OfY = #1090 Mvy-NOY T R [FS-N Tz DR D»PN? pATo
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Super-resolution : 4:1 resolution increase
: T T T T

1.2

50 EESURS S S S S N N

CNTIPN ‘0') TIIRPI-TPENVPN) (TP P '+ TPHLVPID DY-NI¥ITRT 5.1 PN
Fig. 5.1: Super-resolution via IFS-code ("+" and a dash-dot line) .vs.

linear-interpolation ( 'o’ and a dotted line).

Y NTIN MTHPIN TIT NN MW NIR TPIVPIN TPNIOIOIRN PIPND .2

% 99 MTIPMN 77T NIYN AIONA R NN FF IR 2WNI DX W 1P 9

IPIVZIN MIENIIOPRY T ,PEPNON NN PPINNY NN PINDT TPINDIOIPN .3
AP D) DDA WY VAR AR M2T ,DNDN MOPID TN oY N
(textures) DYV DIHPINI DT IWUND P¥2 MW T N2 R N1 NN
HNIINNOPRY I TIVORION NIKDR D7TA MNP FTPINDD IP¥NGTOPNY T
AVYAN 5Y PEMIITOPN MIPAT TNGNT OI0NN’ IR DY MY TPI0PI0
) (vp*m}l D70 10 12207 NNBN 2Y DIPMINRD OITHD BY (E) noon oxmm

02N, MTH MY BY DN
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0753778 0MTIAA PIVIDIVIR - 5.2.2

AN NIRYN DTIAD IPU0RIS SY-TNORI NZAP2 DWW MINT NN

5¢ NZ9IN Y TIRD SY NP PN-TR 2UN2 11 DININY IOWVN sy

1P ONP N, 2N, 4N,8N, -+ 93 2 DY M7 0MPH MY T N

1 3N Hund ;NN NPEORD D) VNI
T PYDA MININ R NORYI NAWNT

TWN TR PINNY IMYORD IINIMD ,2.2.2) TFS TP DY Nwan Ponn INm

TIND ININY 9D TAY-TITPI JY NPHRPON 371123 NN TWA B = By Jv I mpnn
Y DT 22m M TW By = 2By NYN2 NP2 B 2Y vINN TN IY-FPNONT AP
TW .B = Bg% = By + 1 TWN IR DM M) DN .N; = 2N, = 2B, Mp T2

TIN2 J'l:l\’)'n'nplb 222 M
.Nm=BM-MH=N1+MR. (5.13)

99 TINY NYAM Bas: = By + 2 NP0 NINT 192
By

.NBB+2 = Bpy42 -Mp =N, +2Mpg (5.14)
1 By

DTN TNINN ,NPEIRT DY 2N PIND D270 1717 20 TINYY DN, TIT NNIND TUN) DX
MRITRT ATNTS NP> WK PIDHPS NN I MZIPINN Nvn MNP Mp v
ATHPOM PN TV MIAY-NTIPI NN TP2PEIN NP1 N 20 {rational-pyramid)
TPV NP NN NMAY-MTIPI DY

B = 4 DY ,2.1 9981 N IFS-0 M7 ¥ Nwd 02T 0)-()5.2 PN NONTD
Mg =4 M DIpr3 MoONNM B=2-1,B=3
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(22718 [10 [14 | 6 | 2 [14] 10}
o)

iTz|19113l11[12]1316|s|2114111111]
Q)

F23\21117119111|9]15|13]5]7|3|1|15|1319|11J
™)

. B =2 ) ,Qnph povn T2 3P B =3 Q) , B =4 ) DYy Ny 5.2 IPN
Fig. 5.2: Decoding with (a) B =14, (b) B = 3 (approximated to the nearest integer

value), and {c) B = 2.

AWNOY TP TITIY0N TPNPI0N DOU PPN NPT IRV TR NG 1)
APRPEI NANN Y Y3 AWNT IR FPNVEIN NIV IR TN 1ES T2 P
72531 TIPR TIMY2 NP NN I3 WNT P I VY 1N NN N9Y Ty
TN P QY0 Y TN 995 ¥ 10N XD IND) ND DN
DEpMORA Y B = By = 3 9% TWY ONmn 1 Mopn IFS Tip myna N
@.2) 85 T F T 2 IR avn NN TITN 1B = 40V T2 ORIDND, £5 moxns
F4 uno 77T NN f* TN 2w Nan abva B =6 9V T % NONTD ONDD 2
BN 3 99 VIV Y PY MWPNT I F DY IR DI WD B = 12 5V T2 DIRTM
180 TOOWR DD (TIP3 NYIWN TPEPNN LAYD TINN TP yan) £ Y DOWO

L (3.10) D) NN MNIN MNNDNM

fk) = i( Fak)+ P8k — 1) + ek —2) 4 Fak-3) 61D

Ak = %(f4(3k) + Bk — 1)+ F4(3k — 2)) (5.16)
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MY 7T Mow 5.3

T TR SWRY T2 YT MmN SV NvEpng 773 7T 0N yaLN 022 MMN
((x,y)) DY DINUN MY IV TPIPND RN ANBIN LY PN NINYN DY ISP RN
1 TOA TR TV NIPXT DY MR AUND NRYL MINN D> TAYN NN IWND DN
SY PNPNS NINP OITPAN NN D) IPRIW 233 ANYILN W) NP POV
APNTRAA DAY THTZ) DN DI (T3 1IN TPYINON) P MINVD
TYSMN TPXPNON SINY NIT TIME P2 OYPR WP IR NI TR PYOR MNYN
PN NN 1IN T2
-N9R MRV ,G(x) TPSPNY PN 11D WP N AT NNY NN PRI TPYUND
sy MIINT TN gn (i), 6 = (1, -+, N)-3 1203 Xiwod 1FS Tp 9V Tij73 N2MN PSP

FPENOIN

gn(2) 2N f(:_ﬁ G(z) dz, i=(1,--,N) (5.17)

_1)LN
JFS-n TP 99 1AV NP NN Y NYTNY gn{(1) /TP NI2WN IPYPTNIN VIYR 297

ANNYHO AN 29D W FPXPINTI I VNN @ TPANM-NIPD TRNPN VY TN

. (2.16)
Pd)) = Hdi(24) + (25 = 1) (5.18)

AN 93 1N IFS-1 TP IR NIXNY 1 1 p TPRP0I YRNVNN gn Y TP
DY TNPY NDY TN TR M N97n) (G(z)-9 NN 72 T2 7PSPND BY NN
AHN O, N IPRITRIL N2Y NP DTN O¥3 TN IFS TV MY ¥ DNIY DIPD
DM OPN IR TAPN DY TIP3 1YW iMSPNS RN O DNPOY PN

YNNA TN DY 1P IND W0



(point- MMITIRI-NAT W NIV DNY I9IND DT G(z) MXPNNY NY2 WD) O

NN WA NN g4 (1) 1Y ,sampling)

MO ECG-1)y),  i=enN) (5.19)

TN NIYI DN NMDNYPNN NMNTPN INIRXINN 99¢ TN MPTON IR MXINZ 1N

NAN PN ANMN-NIPIN TPIPND

())& di(25 - 1) (5.20)

PPT NID IND AN PO IXTN NI S99%0N YW PIND NN 019 297
ST W MPKN MY IMITINY DXVSYND 190D W NN NN TNEZ NI OVNPNN

AVRYIN Y, MNMPN MNIND TRHB TIMT DXVIWNN S¥ NN mRTPI

29 97m LB = B, 0p Wi-7 7am or IFS TR TIN1 T 0279 W ) 5 VOWH e

anRnna, f‘m fl-:L MO A28N NPENNE0ITUN 20 NAWN MT41 B = B, /2 1 Wi

OTR

. (Zoom-out) f1"$121772 777"

By =fe-1,  i=(-,Ma(Bi/2)) (5.21)

. (Zoom-in) ["¥IPITN2 Y

PG = 1By + 7) = aif i((mi — 1)Da% +5) + b (5.22)
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1A
Dyt 2 2ol = B

R IR G2 (3) TR 713 ,G(x) € L [0,1] MM¥pna NN "N 2 7137 e
N A . 1 .
G(3) = G((i —1)=), i=(1,:-,7) (5.23)
T

R G2 (1)1 TR IR ITNTR-AT IR G(z) MRENEN RR1 GI(5)
T 01 RN G2, (4) WRD ¢ (finer), I M TRIAT OO 0TI ) T Y
71 > ry DR (coarser)

AT IR epne noep IFS TR NI (TIPa NPT MYSpInn ) 6 LDWD e
Wy T IFS-n T2 20 N2l NTRl ¥l f;;, e Y oo 13 ,G(z) € L= [0,1]
N 939 r = N IPRTRI-IUT WPR1211 G(z) TP8RI972 Ml 810 0R-pN OR (p°-1
M

fN(J):G;V(J)) j:112:'°':N (5'24)

.( _IFS embedded function ) * 772 NZ0WN iP¥PNSN NX7E G{z) M3pENEn

PPN TPYA TO-TITIV TON Yan MW OT MO N9 MO MPYNN

NAD 9N ANIN2 7N

9y TRPYENS NIY VN W NDT INN JYN7 Y203 MRD MY palARYial
TINN T2W M NN 2D07IS 29N DY NI TN I YA DTN P¥IMNYD
TN AYNY ¥ S0APDITI TN TINN,ENID0 19N 1TIY7 77 T pAY

Mpn

TYHRN3 720P MY MIRXT JW DIPNRN 2IY 1Y DNt ovy nyon !
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ARIIN TIPN NRNN2 22N TITN 1D, TZN INONKD NN TITH NPRIANY 22
1P YT VYN DONDHD 2T \NYNA 02 NI NV PN XN NN 1IN

TMORIM AN IPD INYEND WINT PNNDA DTEN NV VNNYD
| OTAW DTN NN MVY N TP NZOMN MNP PN AWN

WND 0NN g(i)-) g (i) 9T N-¥ 900w OWn nyIman NN

gh(i) 2 O(6 - 1y) (5.25)
N
~gn(i) = Nf NI)N G(z) d (5.26)
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TN IO DY 00N NN (Collage-Theorem) DPVAN VOV NI TV PRIV 29D
MY INT 1T DON IND M 7792 NDPD DIPININD P8OV YHYN i DOM
MY NPNIRT IOVNI MIND Y MINNA Y Yy it DON 00N LIYNI AXIND
MANI-XIND PPN MUHDAYHN NPIINADNUY ZT-TR DRIMND Mt BONY PN v

IDPNNTI OO0 DIDN WD ARYA M2NSN

DY 0DWDH-UDWHD 6.1

DYY M TITHN 1901 2¥ NN TIYTN INITIN 1900 VT ,0OUNN MISH TN
AMPN2

WA LB = B;/2 oy W25 929 B = B, oy Wi-D »awmn IFS Typ ymomp .1

YYD XY ON B = B;/2%-1 IUnnvnn mY¥amapivn nn W21 o) iyt

Wk 10 ,DMYa-k W 9 novon 10 1m0 W-9 NN nman RN W 9y ST



TR 92 D199V Y DAPINN TR TR (£):-0 Y01 N TN W Z € RY 0 .2

ANT ,Dwn 2 F OV
() € RM, M=2-N, [=0,1,2,....
NONT DYDY
£=1,32 N=3
(Zh =1,3,2 M=3 [l=0

(%), =1,1,3,3,2,2 M=6 l=1

Ty

DMV DXDN VD INRY 23100 N DR F1/2-3 Y903 O W0 2y NNy .3
DD DN 28 1IN INRY TIND DR 22" 100> oYT 19N PYmST E-2

28 99 NONDID TPNINTY

M’ P Ay TNNY RV anma nven PR IPSPND dyjer(-, ) 190 4
DONWN DYTIN PRIDN TPNIENOY YNNI TN 1Y PRTHY 12T WY /XM

INAT NDNN IN OPPN
- kg /a9k Y k o /ak
dy 1 (B2, Gy = dyu (87 Yy, (377 Dan-n),  VOSI< Kk (6.1)

9y DDHPNVNN DIPNIN I doe 2RI 1D Nt OININ TNNPNN PRI NPIIZN0

NI DM 12 AATN SN ) SnD P

L-J\'/Zk

dlllzk(m y) N/2’= E (z; 1/2

=1

oo v Ten W RY - RV 1noaw IFS Tig 1w Nt (DWW DDWOD-UdWR) 7 LDBWR
01 . W =T 50 = 1 WRI) 53~ WeF 2m PITan UTRn NXR N0l LB ?Tua mMho-R121
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TR W2t NAWN-NTIRI 107 IR -1

. log,(B)—1 . . N
AEH <Y s dy(EF, W (6.2)

k=0

NN LOYIN NIANA TN WK D019 190N PAVI NN 2197

DONYN DMOVIN DY O0I0 MIPN O .1

£ =02 4 6
& = 1 5
(873, = 1 1 5 5

gt = 3
(@4, = 3 3
(/% = 3 3 3 3

{172 DY AN XD NPNN NPV, MO O NN W idspnaevn Mo 2
PN NN ,DXWD DIDN Y MPHND 1AM 22N WD DV R N2 ONN
19,105 (B MW0O-20a HY TIIND D DINSI-23 TN IIN POPNY 92T) iPNDINT
DN DNR DY YINY 97 YN0, W psmmamivn DN 2annn-\ndn JNp
D20
DI YN TIYOY 29 DY ¥ IINAN WYD MIYO YDV MApnn 15 TN

(@ e RY mopy 22 my
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YLD NP2 D02 NN R YO M)
WG = WR(EY™ ),  k=1,...,log,(B) (6.3)

YLD 720N
TN TN NN R DNTY WE = W(£/?), INwpn Napnn k= 193y
0T PHY MOPRA DOIND DNIBR DY YXIm 77 nawnmm W-v nTawn

NN ARG 2P £ 0N (£1/2), P9 noyam
oW M M0N TN WOE = WOHFT), DNXIWLN N2PIn k= 2 MY
OO0 MO DNIPW DY 4 DV ¥SINn 7 YaUm We2-¢ NT2W0 27
QUN ID20N MYPN DIND DIVN 4-10 YU INNIM TN 72 VN3

22 NI YW 19D onn 171y

ONN E 3IY MY INONN NN PYHBND WP, TVT DMK 9D

k = log, (B) X NOPA IN2NN NNIYY k DY 0 0P0R Twny A oo W
~aY) DN STH NP Yy wIar £1/2°-1 Saprw m¥nn it T2 1av0

ST NNNN 1991 ,(ONDN DNN-P173 DY ONNI

N ONN TINN TN NN N-3 N3N TIYOY Y 203 MM Q)

WG = WoRE ),  k=1,...,log,(B), 0ZI<k  (64)

N FIIYLDA IRV NN ARY NS0 YO Q)

WokE = wolk- w2ty k=2,...,log,(B)  (8.5)
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k=2 My R yo o JIPYNI
WO = W(W2E P, (6.6)

-1 OO DAVN YRIN Y TIWNY MININY (2900 1Mt N0 H0N7 XTI
M9WoN 99 Y9N0 Nt TRIND 71D (WH2E1/2),-2 yymnn 7w mw Wi

ZH2. DypdNNNN DIDNRD 9N E-1 DDV DN 1YY 9y MYNANN

& = J[a,bcd,...
=1/2 atb ctd
2= [

DY ,DINN-IYAN P5N NN NN DIDN 'DIW' )N XIPD NN

AWONTINA B;-1 ¢; NN INS-D7) M2 NIN 19N MOUPI PR

Wz = [...,E%-—b-a;+b;,ﬁ£—d-ai+bi,...
Wl"zfl/z = [.. Ei'b$:j'—d-a.;-l—b,',...

vy )

DN Y YW YNINN PO DIDNR eow 11y WHEEY? nopn v
NN NI, DAPHRN W D00
SY YXIINNY NNONA PONONY ¥ DYONY XON YT NN & = 3 MY

(W) My (WHAg1/4), may 227 WIN NN D3P OIDN 4

P9 MY-NTP NN f .3

Wf=Ff

AP (Top-Level) MIPOYN W00 MY ,([51) DI fIND 4.2.2 P93 WY 29D 4
Raitiviata

dyp(32, 1B =0 (6.7)
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03, DONIIND ANV-1720 207 ¥SI) N N 75 TW MIVOYN NN DT

ANNY N VAN NTTRY TIT L NAYN-MTZN NYaNn NTHnPad

LOYNRN TN2MY MM Yo
W 0w NMAY-nTio) 20N f -¢ DT UWUNN PN YIDY T NN

22773

Az f) = d&,7)
ﬁ d(il’Wolil)+d(W01£1,W02£1)+d(WOZ£1’Wo3£1)+

+...+ d(Wologz(B)EI, Wolog,(B)f_&)

UN TDRAN NN ,M DVDI DINWN DINN JY ION0I 7D

A(WIE, Woz) (6.8)

, (6.3) 92

WO = W), (6.9)

, (6.5) 92

WOl = WL (WRE 2y, (6.10)

9

AWLE, WoREY) = d(WOHE?),, WO W27, 6.11)
< 51 d((8Y2),, (WHRE2),) (6.12)

= s1dy (37, WHPE12) (6.13)
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22773 PEPOUN TN 2217 DINT 19N

AW, W3z = d(WoHE*),, W (WH42Y4),) (6.14)
< spd((FM4)s, (WHAE4),) (6.15)
= 32d1/4(£1f4,W1/4£1/4) (616)

NI DPNWN DMUMD P2 PNINND MPIYN NNIIY NTIW YY) DT 10N TYDN
JINXIND 2221 09N
([51] DN 4 P19 NN s IO MDTPN N 2232)

20

: 11OV

DTN YT TN NINY N2 DONN 1IN FP0IND O3 11

. log,(B)-1
d@H< Y s d((@ ), WEY ) (6.17)
k=0

DONTION NN T Lk = 1 MY IIND 123 DR 27 007 7t 00N NN TNND

, (6.8) DTN NNDMN2 ININY DDA

A(WerEt WorEt) (6.18)
, (6.3) 192
,WOLE = Wl (g1, (6.19)

, (6.4) >89 2N
WORE = WOoH(5Y?), (6.20)
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)N

AW WoE) = d(WHEV),, W (EV),) < (6.21)

s1d((8%)z, WL (EY2),) (6.92)

JNYT 1IN DN DIDDA DMDND Y INY

W N0

NDIWAN D0NA 1V 6.2

DNONN DY AN HBNIN 07N QW 2IN0) PRI
JONI? DOD9 OON »
d(Z, f) < S (s* - d(3, W) (6.23)
k=0
Jk DNA 8" WM sF W DY 00N OTPR NI s £ 5 WND

90D D02 DON »

- log,(B)-1

&, < Y s dyp(E7, WP (6.24)
k=0

WOk 59 \MON DTPN NI s TWND
ANV PITH YINN DONNY 197 DRINI PHANI 3P 1 NI NN

DR Y DONTPHN IDWHN DONN MY, MDD (PN TN 8 < ¥ - XD NTPH

DN DNTPHN? DWW N NP DNIVP OPN DV DINT
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XWoN OTPn TN 292 20N

d(W°’“2:,W°k'y) S s.d(Wok-lm,Wok-—ly)

(A

< s* e d(z,y)
0?70 PPN 10NN NIN sk STTNN
d(Woke, Wy) < sp - d(z,y)

8 < 88 P

DN DPPRINY 1P, DN0DY DWININ PRN MO P ANV - DN PRI

rn

dy e (B, §17) < d(Z,9)
[wlalam )
dy (B2 W BT < (3, WE) (6.25)

YD MH2AN PN 'Y (6.25) IR MXINT 1P NP TN YIND DONN AN
F1/2 ¥9 2% W) Nt DIPNA INY DYP SDORIVIND 120NN DN ,PRID MY
,DPMOIN W PR PRI TYTHY 0N D £ DY IINM NOPA NUYNI NI
NNOY PPIPYN-N 1P, MM FY MPINN MRDPIONY P PRI DTHD DX

KR P)Y A

LDOMN POPN DY Y¥INHD B1DON YONDPN DONAY Tl - 01203 DMAND 90N

DR WRANY 290¥ 1151 "T10 DN 190N Y¥ NN DDDN 19WNN 0oNaw 1IN
DHRA D000 W3 NI (OWNIN) SORIPN DDDN PRI DN W DIOP
1293 DR 3 DDA ¥ B = 16 1My HWn? o NN DO
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WA TN AN ZTINN NN PADI NP PITR 19WRH BONN 1T IPRINY KD
PO J0INI RUAN DDNN MIYNIZY T3 NN XMNBD 2Tann YONIPD BoNn P
-0 MPIRM NPON Y DPRIN 210 DONNY I IR 5S¢ 1NN N2DNA MR
TN MAY AN RSN I XY 0 @V — WY E/P) 0900 now SY M
NIMND DPDIY DIVXAN 72 12Y PORIPN DONZ TN TING 7D 1IW I3 1700 oya
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MNPRN TN TR 10N DD IWHN DONNY NTIWH N1 OND TPWY NP TW
DDNY 13 NNt (eventually contractive) 91027 FN¥NON VW ﬂ]’SDﬁ\ﬁUJﬁU pi
0 MY PORTPN DDNY NOWD NINTD DN s < 1 TN WNT WN PONIPN

3773 TND Y 7P DONNY T2 DN NN O [50] MUAZ MXNOB APSDNOVI

"DTYA 1T ANINBYR - 6.2.1

APNUPPP YN TPV N (L~ 3 27T DIBN SV 0P 19010 010 YINN DONNY NI
N 199N DPD DYVRIY PPN )0 W2 00N INIY I¥ 731 KA W2y mpw?
DNYNIN DMDND YW DR 77 NP2 1w N Lk Yy Oy DYWYa DYTIY DONN
DYDAN NINNY Y TP 9y NODANAY IPONIPN MPPN NV Dm0

ANAD FPNDIPRN TN YXID DWND BN OYVTHD MTPD nYXVA ,Ta7a
min {4(3,WE) + o dy (87, w2z (6.26)

P2 Ls WD OTPH SY 0T X YT DN PR PN N30 NAYY N W JAMO
MW PIA Y'Y TNNY I N YA DY o NIY INPI Y T NON YD PR DI

NINYN IND o DN DYONNIN WND (training set) PPN MDA QO ¥ TNV
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YNNIV DTPKNY 27 NP M TIYY 00N DMDIN 297,080 DN .TYNNI M

JNNMODI0N MAY

MRPAT 6.3

WYL NIR MAY RPAT 6.3.1

PR NOPY P NVWH NONTI YIPY TN YTNN DONN IMPYN K DT N 9Py

F = [ 60 40 24 20 24 22 20 14
(6.27)
51 49 33 27 14 8 8 2 |°

-7172 4 DI W7D ,DINAN K222 P2 NN Y] NI B = 4 "Miv-{2172 2702 vinnv)

19307 WNN MR NOPY NI 2TRN IFS TP (K" DN 8I¥1) DINR-23 290

NI

7122 | v2 | -pwa | NN
o onn
'on on
1 a; my bt
1 075 | 2 18
2 05 |1 6
3 075 | 2 22
4 05 |1 -6

B=4, 6 Mp=14
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(DM PI ANV ITAT PRI AING IIND NN NAYN-NTPI M TP N3y

Ff = [ 57 39 27 21 30 18 18 14
(6.28)

61 43 31 25 18 6 6 2 |

NN DY INNY-TIW 287) 5; = 0.75 RYHDN AYIN PIENOVIION MY DN OTPn
DY TT MIAY NI TMINRNT TN INAN 122302 (51] DN 4.1.1 PYD ORI 23000

SNINA P2 (rms) 4P PRIDN AN IIRNND MNNND NIN WZH0 1N

-

d(&, W) | d(Z, f) | onIp-oon | wIn-ooNn

3.9627 3.9051 15.8509 5.1486

JPVLYON NONTN MY TN OONDP) DN0NN TV TITR NNIY 61 TN
Fig. 6.1: Coding error and the Collage-boundings (classical and new) for the

synthetic example.

TYA JONIZN DONNN N NI ATH WINN DoNNY TINIZ 17 MNINN
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1220010 VAN NTAWY TW IIPHND TN 1.5-0 NN XY INRXIN 17 vINN 00NhN
NNAYY 12 M) 2TPNNN TIWNN 2XTNH7 DN PTY ON DMD0NND WY 172N NN

{d(Z, F)) TrDpn mws T80 NAM (d(£, WE)) o9oon

MAN-T17%2a 0M™0%) 6.3.2

256 x 256 x 8bpp ,”Lena” MIYOMA DWANWN 7NN Yy ©MDNI
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P MW PLena” NIONN TITRP MY 19NN DONN T IR INND NUNIN NN

FIPAY TPNHMOOIION NI TN NYYI ATP) TN TIP At NININ NIAY NN ONY IFS
DINT-2192 YW Lh9Nn-DINT NP3 TIT,1-0 KINKBN DI BIVPN FPI 0N Ny
LT XY 1Y QT DY TP ANON 21715 2200 DY 96 DY DPTI TMND
5703 0N NNV-79a D700 W2 ANV-P2) ONN-23 P2 PRI IPon-0Tpn
DNTIN SY T YV NI NN N5Y U0 16 X 16 TN DINN-PI 8 X 8 JY

(rms) d¥ N1 DWHNYN MY NPPMIVHN ADNTH 2202 DINNI PR 1PN

d(z, WE) | d(, f) | >oxSp-oon | wIN-DON

1mp 12,66 1311 353.00 42.30

2P 1213 12.60 54371 3881

ILena” fMNN MY (WTM PONT) DNONN T MITP NIV :6.2 TN
Fig. 6.2: Coding error and the Collage-boundings (classical and new) for image

?"Lena”.
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DD TITR 119 MNIZ WY, MISINY NYTHN NPPN I0W 3IN 21730 N1 YN 1000
LMY 9D DTN VYSNY NYTNN TIPPN NOW DY DI INPOI W) K .m?rzum'
DY DYPYUN DY TIPP AINPD) 190N NI ININ NYAVA
912Y I DPPVSND TITPN TINSINA (TR 1O MY DY N220NN0 DRNY 29D
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o 0 1.2 24 3.6 4.8

—

PSNR (Z, f) || 26.85 | 26.91 | 26.93 | 26.91 | 26.88

PLena” NMNAN MY NOPYN-DY-TITP IINND :63 PN

Fig. 6.3: Enoding-with-weights results for image ” Lena”.

g, = NI AW R T NV \INPIN DTPHY 722 AWANINI YN N M T o = 2.4
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TPPN NOW) MIPYHR DY TIHP YIDWUD APy ONRND NN D) NDI 1IN
SURY WO ,INNAN Y DWRN DPIN 1100 1217 10 NN TR 07 RN (VTR
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DINN-7a P NN NYY 8 NI PNV-PYIa
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L9256 x 256 X 8 ,"MY" W0 NNDR 164 N

Fig. 6.4: Source image : "Lena”, 256 x 256 x 8.

. (e = 0) MIPYN NZD TYPR NN NNWIDD NN :65 IR

Fig. 6.5: Decoded image after coding without weights (a = 0).
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o= 2.4 -2 VI TN NDPYUR-OY-TITP NN IRNIN 66 TN

Fig. 6.6: Decoded image after coding-with-weights, using o = 2.4

JOOPVR-RIZ-TYTR MWD 1A MPKRD P Y9N TINNN 67 TN

Fig. 6.7: Diff. image between source and decoded images (coding without weights).
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A= 2.4) MIPYR-DY-TITP MBS PA7 NPHN P2 YION INDA 168 TN
Fig. 6.8: Diff. image between source and decoded images

(coding-with-weights,a = 2.4).

L MZPYN-RI2 TP MPYN DY TP IRND P2 DYION nmmn 69 PN
Fig. 6.9: Diff. image between the decoded images (cases of coding with [without

weights @ = 2.4 .vs. & = 0).
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Appendix A

Direct proof of zoom-in/zoom-out

theorem

In this section we will prove the following theorem:

Theorem 1 (Zoom) Given an IFS code, it leads to W' with B = By, and to w3

with B = B /2. Let the fizred-points of these transformations be f! and £3, respectively,

then:

Zoom-out:

—

f

»)

@O {feN+Pei-),  i=03)  (AD
where Ny = Mg - B;.

Zoom-in:

FUG = 1By + ) = aif5((mi — 1)DR3 +5) + b (A.2)

i:(]-:“"lMR)? j:(11"'131)
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A Dyt B

L
2
where Dy, h o

The proof is divided into two parts, according to the two parts of the theorem.

A.1 zoom-out

PROOF (Zoom-out) :

In order to prove that f7 given by ( A.1) is indeed the fixed point of Wi, all we

need to show is that it satisfies
Fry=wi(f2)1), 1=(1,---, MaBi/2) (A.3)
For the sequel, it is convenient to express [ as follows:
l=({-1)-B/2+k, ie(1,---,Mg) ; ke(l,---,B1/2) (A .4)

This expression for I emphasizes that the I'th element of f_% is actually the k’th element
of the :’th range block of f_%.

Also, let superscript 1 or % denotes a symbol as belonging to f!l or f% , respectively.
Thus, for example, Dh% denotes the shift between two adjacent domain-blocks in f% ,
and Dh% = B;/2 due to our basic assumpiion on parameters, namely the domain-
blocks are just-touchnig.

We start by substituting f3 into the right-hand side of ( A.3 ), and taking the
relevant w;

WHF® = WHRNG- D5+ (A5)
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= a p(dh)(k)+ b
substituting (-) for its definition
1 1 -1 L
= a3 {74((m: — 1)Da* + 2k) + F5((mi — 1)Dy* + 2k — 1)} +b
_ % {0 (s — 1)Da} + 28) + ]+ [a:FH (i — 1)Da} -+ 2k — 1) + BIA.)
Now, let us further explore the first term in the last equation:
a; - fi((mi — 1)Dp3 4+ 2k) + b; =
= a2 {Plmi—1) 2Dk + 40+ P((m— 1) -2D4E +ak - D} 40,
= a- % {((mi — DA+ 4k) + FH((mi ~ 1)Da* + 2k = 1)} + b
= a;i-p(d,,)(2k) + b
but since f! is the fixed-point of W, it follows that the last eqation is equal to
(5 = 1)By + 2k) (A.7)
Treating the second term in ( A.6 ) the same way, leads to:
a;i+ fi((mi— 1)Ds3 + 2k — 1)+ b; =
F (i~ 1)By + 2k — 1) (A.8)
Thus, ( A.6 ) can be written as:
% (PG - 1By +2k) + P~ 1By + 2k - 1)} (A.9)

which, by the theorem statement ( A.1), is just f_%((z — 1)2: + k) which, in turn, is

the left side of { A.3 ). Q.E.D »
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A.2 zoom-in

PROOF (Zoom-in) :
The procedure here is similar to the previous one, so we will skip most of the

details. It is needed to show that fi obtained by { A.1)is a fixed point of we.

W) (GE - 1B +74) = (A.10)
= a;-p(dh)(j) + b =

= a2 {P(mi— DD +29) + F((mi = DD +25 — D} + by

(A.11)
By ( A.1) that we have just proved, the last equation reduces to
= afm- 02 )+
= dif%((mi - 1)Dh% +7)+ b
= (GE-1)Bi+17) (A.12)

QED.
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Appendix B

Proof of IFS embedded-function

Theorem 2 (IFS Embedded Function) Given an IFS code, there ezists a unique
function G(z) € L*[0,1] such that a vector vy € RN is a fized point of the IFS iff it

is equal to the function G(z) at resolution » = N, i.e.,

JN(J)zGN(J): j‘_—l:z)"')N (Bl)
The function G(z) is called the IFS embedded function.

PROOF (IFS Embedded Function) : The proof is constructive, and is based on
finding the IFS embedded function G(z), and then showing that Gy(z) is indeed a
fixed-point of the IFS.

Suppose that the IFS is composed of Mg transformations. For each range-block
i,i=1,---, Mg, let (a;, b;, m;) denote its transformation parameters.

Look at the following analogies between the current case of continuous variable and

the previously discussed discrete case (vectors):
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Figure B.1: Domain to range transformation

discrete (1) ie(l,Z,---N)\B\D:23~Dh=3’

N

discrete 1’th range-block : on(7), j=(—-1)B+1,.--,:B \

2.

continuous || f(z)

z € [0,1] B

|

continuous i'th range-block : f(z), ce((i—-12E,2 l

Such a configuration is demonstrated in Fig. B.1, where the i’th range-block is

s € (d',b), a*=(¢—1)§ and B =i (B.2)

and the m;th domain-block is
. B _ B B
z € (™, d™), ™ = (m; — 1)? and d™=(m;—1)—+2- . (B.3)
T

Define the following transformation w; : L®[0,1] — L*[0,1]:

a;G(2(z — a,") + ™) 4+ b; ad<z<b
wi(G(z)) = (B.4)

0 otherwise
Then, since |a;| < 1 , w; is contractive. Next, define the transformation:

Mg
W= Jw (B.5)

i=1
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which is a contractive IFS [32], and thus has a unique fixed point, defined to be the
function G(z).

Now it is left to show that Gy(z) is indeed a fixed-point of the IFS code. Take
on(1) = Gn(3) (B.6)

and look for consistency with the fixed point criterion, i.e. verify that vy = W (on).
Take for example, the j’th element in the i'th range-block. Let (a;, b, m;) denote the

appropriate transformation parameters, so the fixed-point equation for this element is:

inl(i= DB +5) = as(@v((m— DB +2( - 1)+
Fn((mi —~1)B+2( —1) +1)) + b (B.7)

j:1$2:"':B

This time we deal with elements rather then whole blocks, so that the following

notations are used (see also Fig. B.2):

¢ Boundaries of the j'th element in the i’th range-block are

. 1
and b={(i—-1)B4+3j+1)

T

i = ((i— 1)B +7)=

- (B.8)
¢ Boundaries of the j’th and the (j+1)’th elements in the m; domain-block are

i+d
2

E= (= 1)BH2A -1)5,  E= = ((mim 1)B+2(j-1)+1)> (B9)

d= ((ms — 1)B+2( — 1) +2)~

T

(B.10)
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Figure B.2: Elements of transformations

Substituting Gy (i) for ¥xn(i) in the right side of ( B.7 ) yields:

1 é d
in((i—DB+5) = ai f G(z) dz + f G(z) dz) + b
d
= a;%r‘/: G(z) dz + b; (B.11)
The left side of ( B.7 ) yields
;
on((i —1)B +4) = r‘[ G(z) dz (B.12)

since G(z) = w;(G(z)), and remembering that the range z € [¢,d] is mapped to

T e [&,B],

r [B[a,-G@(m —a)+ &)+ b de
b b
= a,,-r/ﬁ G(2(z — a) + ¢) da:-{-rfa b; dz

! JG d b B.13
"G'ET/; (z) d=+ b; (B.13)

Thus, since ( B.11 ) and { B.13 ) agree, we've established the consistency of the
fixed-point equation for ¥, under the theorem assumption that in(t) = Gn(3).

The uniqueness of the embedded-function also follows immediately from the fact
that on(2) = Gn(5) VN,

Q.E.D
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Appendix C

Proof of zoom-in/zoom-out
theorem using IFS embedded

function

Before getting into the details of the proof, it is worth noting the difference between
the proof that follows, and that given in Appendix A. As implied by the title, the
following proof is based on the embedded-function theorem. This is unlike the proof in
Appendix A. The fact that the proof relies on the embedded-function theorem, makes
the proof apllicable only under the condition that the IFS is contractive. This is unlike
the previous proof, which holds also for non-contractive IFS. The only condition there
is that there is a fixed-point for the IFS at some resolution.

Now, the theorem will be restated, and than proved.
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Theorem 3 (Zoom) Given an IFS code, it leads to W' with B = By, and to W1
with B = B /2. Let the fized-points of these transformations be fl and fﬂi, respectively,

then:

Zoom-out:

0= HPep+Pei-nh,  i=0eng) (O

—

w|

where N 2 Mg - B;.

Zoom-in:
G = 1)By +§) = a:fi((mi = )Dad +5) + b (C.2)
i=(1,--, Mg), j=(1,--,B1)
where Dh% 2 Qg.i = %1

The proof is divided into two parts, according to the two parts of the theorem.

C.1 zoom-out

PROOF (Zoom-out) :
According to the embedded-function theorem (Appendix B.), all one need to show

in order to prove that f% is a fixed-point of the givrn IFS, 1s:

3I(N/2)

PO =Gupl) =7 [ Ce)de (c.9)

where G(z) is the IFS embedded-function.
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To that end, we will substitute the appropiate terms for the rhs of equation ( C.1),

L+ Pei-n) = 5-{/f“” 6(e) dot [ G(e) o

2 2j-1)/N 25-2)/N
2i/N
N 2 .[J 2)/N
J/(N/2)

= — G(z) dz
(i-1)/(N/2)

and thus we have proved the theorem. Q.E.D »

C.2 zoom-in

The proof is very similar to the previous one, when using the same notations as in

Appendix B, namely &,b,6,d,é. Therefore, the proof will be omitted.
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Appendix D

Proof of fractal dimension of

IFS-embedded-function

Theorem 4 (Fractal Dimension of IFS embedded function) Given an IFS code

W, let [F],[A], (D), and b denote its matriz representation using B = 1, such that
W(&) = [Fl5 + 5 = ([A]%[D])'B'Jrf; (D.1)
Let G(z) denote the related IFS embedded function. The fractal dimension of G(z) 1s
1< D <1+logy(N)) (D.2)

where ) is the largest real eigen-vake of the matriz ([|A|l[D]), and [{A|] denotes the

absolute value of [A].

PROOF (Fractal Dimension of IFS Embedded Function) : A related formal proof
can be found in [3, 6]. We will follow the informal proof, similar to the one given in
[4] about the fractal dimension of a fractal interpolation function.
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Let ¢ > 0, and let G(z) be superimposed on a grid of square-boxes of side length e.
Let N(e) denote the number of grid boxes of side length ¢ which intersect G(z). Since

G(z) has a fractal dimension D, it follows that
N(e) ~ const - 7% as e— 0 (D.3)

Our goal is to evaluate the value of D.

Denote the number of boxes intersecting G(z) when z € ((i — 1),i7) by
Ni(e), i=(1,--+, Mn) (D.4)

Namely, N;(e) is the number of intersecting boxes in the i’th range-block.
Since € — 0, the contribution of boxes at the edges of range-blocks can be ignored,

therefore we can write
N(e) = Z N;(e€) (D.5)

Now, let us investigate more thoroughly the value of Ni(e). Let m; denote the index of
the domain-block mapped to the i'th range-block, according to the IFS. This domain
block is composed of two adjacent range-blocks, with indices denoted as m} and m!.
After transforming the m;'th domain-block onto the i’th range-block, each column
of grid-blocks is mapped into a column of grid-pa.rallelograrﬁs, with height |a;|e and
width %e. Let us define ¢ 2 %, and according to our assumptions, g = 3. Therefore,
if a column of width € on the domain-block intersects G(z) in L boxes, then after

transformation the column will be of width ge, and the number of boxes of size €

intersecting G(z) in the transformed column is therefore bounded by |a:} L/g boxes.
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Summing on all the domain columns yields

|a

q"' (Nt (6) + N2 (6)) (D.6)

Ni(ge) <
Denoting by ¢; the proportion factor
Ni(e) ~ ¢;- €7 P as e—0 (D.7)

we can write

i (q)” < LBhaye? 4 ope®) (D-8)

The same reasoning can be argued for any range-block, to yield
c{'(q)-“p-l-l S la‘i|(cml1- +Cm:‘-')y 1- = (1,"',MR) (Dg)

Recalling the definition of the matrix [D], the last equation, for all the blocks, can

be written as
(™ <A D) E=leneniepgll (D0)

where the last vector inequality should be understood term-wise.

By the last inequality, and since ¢; is a non-negative vector, and ([|A]] - [D]) is a
non-negative matrix, (g)~?*! is bounded from above by the largest real eigen-value of
([|A]) - [D]) {see [63], exercise 1.12, p.25).

If A denotes the largest real eigen-value, then
(@ < A
D < 1+logi(}) (D.11)
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Since we assume g = % = %, the theorem follows immediately. Q.E.D =

It is worth noting that:

o Equation ( D.10 ) holds even when g # 1, and so does ( D.18 ). For example,
it can be shown immediately that in the case of uniform fractal-interpolation of

functions [4], where the whole function is mapped to each interval, the following

results:
D
Mg
1<D<1+ logMR(Z la;]) (D.13)
=1

which agrees with the result there.

¢ The matrix g-[D] is a stochastic matrix, i.e. the sum of the elements in each row
equals 1. Thus, all its eigen-values are equal or smaller then 1 (in magnitude),

and at least it has one eigen-value equal to 1. For example, if

[Al = a - Ulprp« Mg (D.14)
one can write
4] -10] = Lol Ulpgoat - salD) = A2 @D (019

Since |a| /q is a scalar, and g[D} is stochastic, and therfore the largest eigen-value

is |a| /g. Thus, ( D.16 ) turns to

1<D < 2 —log%( le]) (D.16)
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Appendix E

Super-resolution Pictures

This appendix describes the results of the fractal based super-resolution technique
described in the work.

In the following, the source picture was taken from the 'Table Tennis’ scenario, first
frame. Only part of it of size 168 x 112 (8 bits/pixel) is considered (see Fig. E.1). This
picture is then ’shrinked’, by a factor of 2 in each direction, by a process of averaging
followed by decimation.

The smaller picture is then 'zoomed-in’ to the original size, in order to compare

different methods of super-resolution:
1. Bilinear interpolation, which is a simple 2-D linear interpolation (Fig. E.4).

2. Fractal interpolation, based on coding the ’small’ image with range-block size of
B = 2 (no rotations) and then decoding with B = 4 (Fig. E.5). The B = 4 level

can be found directly via 'zooming’ on the B = 2 level.
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When looking at the figures, it is well noted that the fractal interpolation technique
suits best the textured areas, whereas its performance in areas containing edges is quite

poor. This suggests the use of this technique only for textured areas.
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Figure E.1: Original picture.
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Figure E.2: 'Smaller’ picture (blown-up by enlarging pixels).

Figure E.3: Result of coding ’smaller’ picture, using B = 2 and no rotations (blown-up by enlarging

pixels).
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Figure E.4: Interpolated picture using Bilinear interpolation.

Figure E.5: Interpolated picture using Fractal-method.
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ABSTRACT

At the begining of the work, the basics of a block oriented fractal image coder
are reviewed. The output of the coder is an IFS (Iterated Function System), which
approximates the image as a fixed point of a contractive transformation. The original
contributions of the work starts with the introduction of a new hierarchical interpreta-
tion of the IFS code, which relates the different scales of the fixed point. We prove the
extstence of a unique function of a continuous variable that is associated with the IFS
code. It is further shown that the different scales of the IFS fixed point are directly
computable from this so called IFS embedded function,

Preceding the applications part of the work, the matrix representation of the IFS
code i1s described. An example is given, where the contraction factor of a transforma-
tion is computed via its matrix representation.

The applications part begins with the use of the hierarchical representation for
fast’ decoding, leading typically to an order of magnitude reduction of the computa-
tion time. This fast decoding procedure applies an iterative scheme for finding the
signal at low-resolution, and then a deterministic algorithm for advancing to the orig-
inal resolution. Another application is a new super-resolution method based on the
IFS-code of a signal. The super-resolution technique is demonstrated, and its char-
acteristics are analyzed. In a new theorem; a (tight) bound on the fractal-dimension
of the IFS embedded-function is given. This fractal-dimension also tells us about the

appearence of the super-resolution signal. To conclude this part of applications, the



relation between the sampling method of the signal, and the IFS-coding method, is
described.

In a seperate part, a new improved bound on the coding error is given. The
new bound takes into account the different scales of the signal. Its advantage over the
previously known bound is twofold: it holds for eventually contractive transformations,
and it is a much tighter bound. This bound suggests a novel encoding scheme, which
is also demonstrated.

Finally, conclusions are given and several future-directions are proposed.
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