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Transform Trellis Coding of Images at Low
Bit Rates

S. FARKASH, DAVID MALAH, reELLow, 1EEE, AND WILLIAM A. PEARLMAN, SENIOR MEMBER, IEEE

Abstract—A transform trellis coding scheme is applied to encode
images at rates below 1 b/pel resulting in high SNR values and very
good subjective perfor: A discrete cosine transform (DCT) is used

to decorrelate the data samples, and a trellis encoder is used to
the transformed coefficients. To overcome image nonstationarity a clus-
tering algorithm is used to segment the transformed image into distinct
regions and a separate trellis diagram is then constructed for each
cluster. To further improve the image quality, particularly reducing the
blocking effect, a scalar quantizer is used to q ize large
coefficients of the error image in the transform domain. The perfor-
mance of the proposed scheme is found to be better than other recently
reported schemes.

I. INTRODUCTION

HE transform trellis coding (TTC) technique was proved by

Mazor and Pearlman [1] to be asymptotically optimal for sta-
tionary Gaussian sources and the squared-error distortion measure.
In [2], Mazor and Pearlman applied this technique to encode
speech, and the same basic ideas were used in [3] and [18], to
encode images. The main problem encountered in [3] is the blocking
effect which usually accompanies block transform coding schemes at
low rates. This paper expands the work in [3] and [18] and presents
an improved transform trellis coding scheme, which encodes images
at rates below 1 bit per pel and alleviates the blocking effect
problem. The proposed scheme uses a clustering algorithm based on
the LBG algorithm, which was originally used to construct code
books for vector quantizers (VQ) [14], to partition the image into
clusters having similar spectral characteristics. A similar classifica-
tion method was used in [19]. The blocks in each cluster are then
encoded by a trellis which is constructed to fit the characteristics of
that cluster. Further reduction of the blocking effect is obtained by
applying a scalar quantizer to encode the high magnitude coefficients
of the error image in the transform domain.

The proposed TTC coding scheme performs two passes on the
source image. On the first pass the image is divided into s blocks.
Each block is transformed by a two-dimensional discrete cosine
transform (DCT). The DCT is considered to be the best transform,
among all known data-independent orthogonal transforms, from the
viewpoint of data compactness and ease of implementation [4], [5].
The generated transformed coefficients are less redundant and are
almost uncorrelated. The s transformed blocks are rearranged as
vectors and are classified by a clustering algorithm to ¢ classes
(clusters). For each class an estimated spectrum is produced and
used to construct the trellis diagram for that class. The same
estimated spectrum is sent to the receiver and enables the construc-
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Fig. 1. TTC basic scheme.

tion of the decoder. On the second pass the encoder searches the
trellis, which is populated by a random selection of Gaussian code
vectors, for a code vector which minimizes the squared-error be-
tween the source vector and the code vectors. The corresponding
path-map on the diagram is forwarded to the receiver.

To remove the blocking effect, which is typical of transform
coders at low bit rates, and was also pronounced in [3], an error
vector is constructed by subtracting the code vector, composed of
codewords residing along the above path-map, from the source
vector. A uniform scalar quantizer is used to quantize the error
vector. When the encoding process is completed, the nonzero
coefficients of the quantized error vector and their locations are
coded and sent to the decoder as additional side-information.

The decoder which constructs the same trellis diagram, using the
estimated spectrum side-information, uses the received path-map to
uniquely determine the code vectors. The quantized error coeffi-
cients are added to the code vectors, at the proper locations, to
produce the reconstructed vectors, which are then reordered into
two-dimensional blocks and inverse transformed to obtain the repro-
duction image.

The remainder of this paper describes in more details the pro-
posed coding scheme and the results obtained. Section II introduces
the basic transform trellis coding scheme. Section III describes
practical implementation considerations and the additional means
used to reduce the blocking-effect. Simulation results are contained
in Section IV, and finally, a summary and conclusions are presented
in Section V.

II. TRANSFORM TRELLIS CODING

Fig. 1 presents the basic transform trellis coding scheme applied
to image coding. The first stage of the scheme, the transformation
stage, is composed in principle of an optimal two-dimensional
transformation (the Karhunen-Loeve transform—KLT) which is
applied to a block Z of the image to produce a block U of
uncorrelated elements. The transformed block U is reordered as a
vector # which serves as an input data vector to the second stage of
the scheme—the coding/decoding stage. The coding stage is based
on a trellis diagram shown in Fig. 2(a), with the following parame-
ters:

K—Trellis constraint length (size of decoder shift register).

L —Depth of trellis (K < L).

g—Number of branches per node (branching factor).

n,,—Number of code letters in branch word on each branch at
depth m of the trellis.
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Fig. 2. (a) Trellis diagram (K =3, ¢ = 2). (b) Corresponding state
machine. (c) Example.

Pathmap :

The decoder can be characterized as a finite state machine [Fig.
2(b)] whose inputs are the channel symbols and whose outputs are
the code words. The machine has g%~ states, and for each channel
symbol entering the machine, it makes a transition between states
and emits the codeword corresponding to this transition. The trellis
is a directed graph composed of nodes and branches. The nodes are
associated with the states of the shift register, and the branches with
the transition between states, when a new symbol enters the register.
At depth (level) m of the trellis diagram every one of the g*
branches is populated with n,, letters, which are a copy of the
decoder reproduction letters of the corresponding transition. Thus,
the memory requirements for the mth level of the trellis is n,, - g%
letters. A simple example which demonstrates the coding process is
shown in Fig. 2(c). The source vector is denoted by u, the code
words which form the lowest distortion code vector v are identified
in the figure as v}, v2, v$, v}, vl, and the corresponding path-map
marked by bold lines is (0, 1, 1, 1,0).

The coding process is performed as follows.

For a vector vector u corresponding to a block of the image the
encoder searches the trellis for the lowest distortion path, i.e., the
path along the trellis whose branches contain the reproduction
vector that minimizes the squared-error. The path-map Q corre-
sponding to the chosen path is sent through the channel (assumed
here to be noiseless) to the decoder. At the decoder end, the
received sequence is fed to the shift register which emits the
reconstructed vector v. Finally, the vector v is appropriately re-
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ordered as a block V¥, which is inverse transformed to obtain the
reconstructed block Y. The above procedure is repeated for every
block of the image.

The basis of this coding scheme is established in Mazor and
Pearlman works [1], [2], and their basic ideas are repeated here for
the sake of clarity and completeness. In addition, we shall quote the
basic results concerning the coding of a stationary Gaussian source
and the squared-error distortion measure. A more detailed discus-
sion can be found in [12 pp. 111-113]. For the sake of simplicity,
the results quoted in here are for a one-dimensional signal and
transform.

A. Rate Distortion Results

The solution of the rate distortion equation renders the bit alloca-
tion that further determines the branch population and the probabil-
ity distributions from which the branch letters are drawn. Let
(), t=,++,-1,0,1,--+, be a sequence from a stationary,
zero-mean, Gaussian source with a continuous and bounded power
spectral density S (w). Let &, be the covariance matrix associated
with a vector z of N observations from the source, and I' the
unitary KLT matrix which decorrelates z through u = I'’z. The
covariance matrix of u, is the diagonal matrix A, = I‘bezI‘ B
[N\6], and u is a jointly zero-mean Gaussian vector with variances
{N}/L,. Correspondingly, a reproduction vector y is related to its
transform v by y = 'v.

Since the transformation matrix I' is invertible it preserves the
average mutual information I(u, v) [i.e., I(u,v) = I(z, »)], and
since it is unitary, it also preserves the squared-error distortion

d(z,y) =d(u,v) = |lu-v|% (1)
This enables us to solve the rate-distortion function in the transform
domain and do the coding in that domain.

The N-tuple rate-distortion function R, (D) of a source, deter-
mines the minimum rate required to represent a N-tuple vector of
that source for a given average distortion D. A parametric solution
of the rate-distortion function in this case is given by

1N X
Dy = — dy = — min (6, A, 2
R IL TS S TR SR
1 N i N 1N
RN(Da)=pl‘zlr0’=ﬁl;max(0,§log7) (3)

where

D,—the average distortion between the source and the reproduc-
tion vectors, for a given parameter 6.

d}—the distortion between the /th letter in the source and repro-
duction vectors.

ri—the rate (in bits) of the letter u, (/th element of u).

log a—base 2 logarithm of a.

The conditional probability density function P(v|u), which
solves the rate-distortion function, and the source density function
P(u), are used to define the density function P(v) of the trans-
formed reproduction vectors. This density function will be used to
construct the code vectors and is given by

N
P(") = I]-;IIPI("I) 4)

where
_1_ {__U-’z—} N>0
P(v) =1 2x(N\-0) P 2(n-0) )’ ' )

8(v;).

where 8(v;) the Dirac delta function, denotes the distribution of
coefficients with zero variance.

N=6
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B. Code Construction

The trellis structure (Fig. 2) is completely determined by the
choice of the branching factor ¢ and the decoder constraint length
K. As mentioned above, at depth m of the trellis, each branch is
populated by a vector v,, of n, code letters selected randomly
from a source characterized by P(v) as in (4). The code letters
within a vector and in different vectors are statistically independent,
and are distributed according to P;(v,) given in (5). The rate, in bits
per pel, of each code letter at level m of the trellis is

log (q)
Pm = ’
n”l

(6)

The average trellis code rate, in bits per pel, is therefore given by

1 L
R =— n =
N'El P

™

To complete this part we give the formal algorithm used to construct
the trellis code.
i) For a given desired rate R determine the parameter § such that

Ll
~ og (g).

R EN: o L) ( N 1 ﬁ , g
= — max {0, —log|— |} = —

N i 2 % 9) N1=1r9 ®
where

R—the desired code rate,

N, —the /th eigenvalue of the covariance matrix of u,

N—the vector size, and

ry—the optimal rate of the /th coefficient of u

ii) Choose q arbitrarily, but large enough to satisfy
©)

iiiy Choose an integer value for K (taking into consideration
memory and computation requirements proportional to 5.
iv) Determine the set of possible branch population numbers

log(q) = max {rs}.

{nn} by
1) set n,,;, to be the largest positive integer such that
lo;
M > max {r;} (10)
P in !

2) set n,,, to be the smallest integer to satisfy

log (q)
noax+1

(11)

< m,in{re’}.

The set of available population numbers {n,} are the set of
integers from n_,, to n,,. Correspondingly, the set of possible
level rates p,, is given in (6).

v) Set the actual rate of a source letter u, with optimal rate r; to
P if Py > T4 > Py This is done by associating n,, code letters
to the mth level in the trellis, which will be used to code the source
letters {u,}/27m =1, When less than n,, source letters have optimal
rate in the above range, letters with rate less than o, , are
appended. When more than n,, source letters have rate in the above
range, successive levels in the trellis are assigned letters with the
same rate, and hence they have the same population numbers. Fig. 3
describes schematically this procedure.

iv) Populate each branch at level m of the trellis with a random
vector v,, composed of n,, letters. Each letter is chosen indepen-
dently from a Gaussian source with a zero mean and a variance of
N\, — 0 as given in (5).

According to the theorem proved in [1] the ensemble average of
trellis codes, constructed as described above, is optimal for a
stationary Gaussian source, in the sense that as K goes to infinity, it
achieves an average MSE distortion D, with a code rate R arbitrar-
ily close to R y(D,). Therefore, there exists at least one trellis code
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Fig. 3. Bit allocation among trellis levels. (In this figure the rates r} are
monotonically decreasing, corresponding to a rearrangement of the eigen-
values in decreasing order of magnitude, as explained in Section III-C.)

from that ensemble, whose MSE performance approaches that of the
rate-distortion function with increasing K.

II1. IMPLEMENTATION CONSIDERATIONS AND SYSTEM
DESCRIPTION .

The implementation of the transform trellis coder presented in the
previous section suffers from several shortcomings. First, the com-
putation of the optimal KLT is a too complicated and expensive
task, as it requires computation of the covariance function and its
eigenfunctions and eigenvalues. Another weakness of the scheme is
that it does not take into account the nonstationary nature of the
images we usually have to code. This nonstationarity prevents the
transform trellis coder from obtaining good performance for every
block in the image. The blocking effect, which is usually encoun-
tered in transform coding at low bit rates, is also a problem in the
above scheme. This section presents our solutions to these difficul-
ties and presents the improved coding scheme.

A. Discrete Cosine Transform — DCT

The optimal trellis code is achieved only when the KLT is used.
Because of its signal dependence and its complexity, the KLT is
replaced by the suboptimal DCT as defined, e.g., in [4], [8]. The
suboptimality of the DCT stems from the fact that it doesn’t
completely decorrelate the covariance matrix of the data block.
However, it has been shown [5], [6] that the DCT is asymptotically
optimal and converges to the KLT (as the block size increases) when
operated on Markovian signals. Furthermore, for finite size vectors
from a Markovian source, the DCT performance is the closest to the
performance of the KLT among all other suboptimal transforms
[5]. The DCT overcomes the main disadvantages of the KLT, i.e.,
it is signal independent, and there exist fast algorithms for its
computation. The algorithm applied for computing the DCT is the
one presented in [4], which uses the FFT algorithm on a reordered
version of the input block.

B. Clustering

In the discussion of the optimal coding system, we have assumed
the source to be stationary and Gaussian. This assumption does not
hold for most natural images. The justification for the assumption
that the transformed coefficients are Gaussian comes from the
Central Limit Theorem and the fact that DCT is a weighted sum of
random variables [8, p. 275]. However, later work [15] showed that
the Laplace distribution is more suitable to model the DCT coeffi-
cients. We decided to proceed with the Gaussian assumption and
leave to later studies the subject of trellis coding using the Laplace
distribution. A more serious problem we face is the nonstationary
nature of the images. To solve this problem we assign the image
blocks to different clusters based on the spectral characteristics of
the blocks (without the dc term). Then, we estimate a spectrum for
each cluster and use it to construct a trellis diagram for that cluster.

S
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Assuming stationarity among blocks belonging to the same cluster,
the trellis code is considered optimal.

To explain the clustering problem we introduce the set W of s
vectors W = {w;|i = *, 5} and define the term partmon asa
collection of sets of nonoverlappmg vectors C = {C',---,C°}
such that

Uet- (12)
k=1

The clusterm§ problem deals with the partitioning of the set W into

c ]cc:lusters C*, k=1, ¢, each represented by its mean value
m

kA
2 Z w;
‘Yk
w,eCk

(13)

where v, is the cardinality of the kth cluster.
In our scheme the classified vectors w; are taken to be the
transformed source vectors, squared term by term, i.e.,

={ul g -}

Given a distance measure dw;,, m k) between a vector w; and a
cluster representative m* (the Euclidian distance in our case), the
problem is to find among all possible partitions of the set W into ¢
clusters, the partition which minimizes the clustering criterion J(C),
which is given by
J(c) £

Z Z d(w,,m")—

w,eck

J"(C) (14)

The problem may be stated as: among all possible partitions find the
one which minimizes the sum of all distances of the vectors in C*
from their representative vector m* for all the clusters (k =
I,-:-,0).

There are two basic approaches to perform clustering [7].

1) The dynamic clustering method which employs an iterative
algorithm to optimize the clustering criterion function J(C).

2) The hierarchical clustering method which uses all s vectors as
initial clusters. Then, by repeatedly merging the two most similar
clusters, the number of clusters is reduced, until the desired number
of clusters is reached.

The hierarchical clustering method is suboptimal in the sense that
it does not necessarily reach a minimum of the function J(C).
Furthermore, when we applied this method to the problem at hand,
we found that it is also more complicated than the dynamic cluster-
ing method. The reason for this complication is the relatively small
number of clusters needed, as compared to the total number of
vectors (e.g., s = 1024, ¢ = 16 to 64), a fact which results in many
iterations. The dynamic clustering method, on the other hand,
reaches a minimum of the criterion function J(C), although it may
be a local one. Using this method, we found that the algorithm
converges to a solution in a relatively small number of iterations.
Because of these reasons we have chosen to apply the dynamic
clustering method in our scheme.

The dynamic clustering algorithm, known also as the LBG algo-
rithm [14], can be stated as follows.

1) Choose an arbitrary partition of W into ¢ clusters C*,
k= 1,"+-, ¢c; compute their mean vectors m*, and evaluate J(C)
for this partition [denoted by J°(C)).

2) A551§n each vector w; in the set W to the cluster whose mean
vector m” is closest to w;, thus deﬁmng a new partition of W.

3) Update the mean vectors m*, k = 1,---, ¢, and compute the
new value of J(C) [denoted by J! (C)]

4) If (JNC) = J%C))/JN(C) > € set J%C) = JN(C) and go
to step 2); else stop.

The partition obtained in the last iteration is the desired partition.

The algorithm we eventually used circumvents the need for
sefting an initial partition by using the splitting method proposed in
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[14]. This method was originally developed to construct codebooks
for vector quantizers (VQ).

The clustering algorithm with the splitting method works as
follows.

1) Assign all the vectors in W to one cluster and compute its
mean vector m using (13).

2) Split the mean vector into two vectors m + A, where A is a
fixed perturbation vector.

3) Use the dynamic clustering algorithm that is introduced above
to find the optimal partition and the mean vectors of that partition.

4) Repeat steps 2) and 3), doubling the number of clusters in each
iteration, until the desired number of clusters is reached.

The result of the clustering process is a segmented image where
each block belongs to a cluster of blocks having similar spectra.
Fig. 6(c) demonstrates a segmented image for ¢ = 16 clusters.

C. Code Construction and Adaptation

The clustering process segments the image into ¢ classes with
different spectral characteristics. The next step is the code construc-
tion and adaptation. To determine the trellis structure we first have
to estimate the eigenvalues (spectrum) corresponding to each clus-
ter. These eigenvalues are used to compute the rate for each cluster.
The estimated spectra and the cluster rates are then used to deter-
mine the structures of the trellis diagrams as described in Section II.
A smoothing operation is used in the spectral estimation algorithm
to improve the spectrum estimation and to reduce the side informa-
tion. Because each block in a cluster usually has different average
power, an additional adaptation process is needed. This adaptation is
provided by modifying, for each block in the cluster, the population
of the basic trellis for that cluster, as explained in the sequel. The
algorithm which estimates the eigenvalues (spectrum) of each clus-
ter is as follows.

1) Compute the set of normalized variances of the vectors (blocks)
of the kth cluster C¥, according to the following equation:

(u (l))

Yk i
uj eCk

§k(l)= I=1,2,--,N

(15)

where
S (Iy—the normalized variance of the /th coefficient in C*
N—the vector size
y,—the cardinality of C*
u (I)—the Ith coefficient of the ith vector in C,
P¥—the power of the ith vector in C*

= X (w(n)’s weck, (16)

2) Average the normalized variances S"(I) over successive M
neighbors to get N, = N/M, terms in S¥(1), according to

- 1 I+Mg—1 -
S = 3f Zl §¥(J),
s J=

I=1,1+ Mg, 1 +2Mg, -, N- Mg+ 1. (17)
3) The remaining terms in S*(/) are obtained by straight-line
interpolation between the already computed N; terms.

4) Compute the gain factor for the ith block in cluster &
Pk

S50

Gk =

i

(18)

5) The values of the estimated spectrum for the kth cluster whic.h
is used to determine the cluster’s rate and to construct the trellis
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diagram, is then given by
Tk
g3

Gf = §*G*
Ye i '

(19)
¥
u,-eCk
where G* is the average gain factor of cluster k, i.e.,
1
G*=— Y G}

Y oo
u,-eCk

(20)

The above procedure is repeated for each cluster in the image,
(k=1,-",0).

The next step is the rate allocation among clusters. If the same
rate is allocated to all the clusters, the scheme would not be optimal
(in the MMSE sense) because clusters containing high variance
blocks need higher rate than clusters with low variance blocks.
Therefore, rate allocation among the clusters should be performed,
such that for a given total rate the best performance (i.e., the
smallest MSE) is obtained. The algorithm which is used here to
allocate rates among the clusters is motivated by the rate-distortion
function solution for Gaussian sources given in (2) and (3). The
algorithm is formulated as follows.

1) For a given desired total average rate R (in bit/pel) determine
where

the parameter 6 such that
1 & XN 1
R==% Z‘ykmax{o,—log( )} (1)
P i 2
R—the desired total code rate,
P—the number of pels in the image (P = N T v,),
N—the number of pels in a block,

Sk (/)—the Ith coefficient of the average spectrum of cluster &,
vx—The cardinality of the kth cluster.

$4(1)
8

2) The average rate (in bits/pel) of all the blocks in cluster &,

k= 1,--+,cis given by
where @ is the parameter found in step 1).

The cluster rate R* and a reordered version of the estimated
spectrum S$* are used to construct the trellis diagram of the kth
cluster, as was described in the previous section. We use a re-
ordered version of the estimated spectrum in decreasing order of its
coefficient energy, since such a reordering improves the perfor-
mance. This is because code coefficients with similar rates share the
same level of the trellis, i.e., they will be coded at the same rate.
The same reordering can be done at the receiver since the estimated
spectrum §* is transmitted as side information. In addition, since
the first K — 1 stages of the trellis are not fully developed, i.e.,
they have the form of a tree, the performance of this part of the
trellis is inferior, to later levels of the trellis. Therefore, we
arranged the trellis levels in inverted order, so that the first levels
correspond to low energy coefficients.

The last step in the code construction is the population of the
trellis diagram. As was said before the population is performed
separately for each block in the cluster, to improve the adaptivity of
the scheme. The values of the estimated variances of the ith block in
the kth cluster that are used to populate the diagram are given by

G
vk = FG’!‘ (23)

R* lﬁ
= — max
N[O

§(1)

(22)

011
,203

where
l{{—the estimated variances of the ith block of the kth cluster,
§*—the estimated spectrum of the kth cluster,
G*—the average gain factor of the kth cluster [defined in (20)1,
GF—the gain factor of the ith block in the kth cluster [defined in

(18)].

1875

Etror Vector| Quant.&| Sh
IConstructiol Coding
Y4 2D U _[Rearrange; u Trellls Path map Q
ourcd DCT 2D ~-> 1D | Cooder To channel
Clustering s1,
e & Quant.
(a)
SIE
Sia
From channel Trellis Vector

Hneumg. v 20 Y

1D ~-» 2D 10CT on
(b)

(a) Transmitter. (b) Receiver.

Construction

Fig. 4.

D. Search Algorithm

A trellis code requires a search of the trellis for the path-map.
This path is populated with a sequence of branch code-vectors,
which provide an adequate match to the input sequence of source
vectors. An exhaustive search which covers all candidate sequences
will determine the best possible match. However, this search is not
instrumentable for a trellis with a large number of possible paths. A
class of algorithms which overcomes this difficulty is the class of
parallel search algorithms based on the Viterbi algorithm [13]. In
our simulations, we used a suboptimal version of the Viterbi algo-
rithm known as the M algorithm [13]. The M algorithm finds at
each level of the trellis the best M states, and extends them to the
next level. The process is repeated until the end of the trellis is
reached and the best of the resulting M path-maps is transmitted to
the decoder.

E. Blocking Effect Suppression

One of the most disturbing effects in transform coding at low bit
rates is the blocking effect. Several methods were reported to
address this problem, namely the overlap method [20], [21] which
operates on the source image, and the filtering method [20] which
operates on the reconstructed image. In the proposed scheme we use
the fact that both the source and the reconstructed images are
available at the encoder, and apply a method which operates on the
error image, i.e., the difference between the source and the recon-
structed images. The error vector is constructed by subtracting the
code reproduction vector, comprised of concatenated branch words
residing along the chosen path-map on the trellis diagram, from the
source vector. A uniform scalar quantizer is then used to quantize
the terms in this error vector having large magnitude. The magni-
tudes and locations of the nonzero coefficients of the quantized error
vector are coded efficiently by Huffman codes, and sent as side
information denoted by (SIp) to the decoder. The rate Sl is
determined by the scalar quantizer step size. In essence, the final
coder is a two stage coder composed of a trellis coder followed by a
scalar quantizer.

The encoding of the large magnitude terms in the error vector
significantly reduces the blocking-effect. The additional complexity
is very small, since the decoding process needed to create the
reconstructed image, which is used in the creation of the error
image, is done anyway as part of the search process in the trellis.
The complexity accompanying the Huffman coder is negligible.

F. Summary of System Description

The implemented encoder [Fig. 4(a)] performs two passes on the
input image.

_
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Fig. 5. Results for 256 x 256 image. (a) Original. (b)) R = 0.6 b/pel,
SNR = 32.6 dB. () R = 0.76 b/pel, SNR = 33.6 dB. (d) R = 0.92
b/pel, SNR = 35.2 dB.

@ ) ©
Fig. 6. Results for 512 X 512 image. (a) Original. (b) R = 0.41 b/pel,
SNR = 37.4 dB. (c) Clustering image 16 classes.

In the first pass the structure of the encoder is determined. The
image of size [P’ X P’] (total of P pels) is divided into s blocks of
size [N’ X N’] (total of N pels). Each block undergoes a two-di-
mensional discrete cosine transform (DCT) and produces an equal
size block of transform coefficients. The s transformed blocks are
rearranged as vectors and are classified into ¢ clusters according to
the clustering algorithm which was introduced in Section III-B
above. For each of the clusters that were created a cluster spectrum
S* is estimated. The estimated spectrum, along with the dc coeffi-
cient of each transformed block and its gain factor, each of them
represented by an 8 bit codeword, are sent as side information (SI ;)
to the decoder. The eigenvalues N(/) of each cluster k = 1 to c,
which are_used in the code construction, are taken to be the
elements S"(I) of the estimated spectrum (19) in decreasing order
of magnitude. The variances used to populate the trellis for each
block are computed from the estimated spectrum and the corre-
sponding gain factor [as given in (23)].

In the second pass, the encoding pass, the DCT coefficients are
reordered to match the order of the corresponding code-words on
the trellis, and this vector enters the encoder. The encoder ‘then
searches the trellis for a code-vector that minimizes the squared-er-
ror between this vector and the input vector, and forwards the
corresponding path-map Q (g-ary letters) to the receiver. Along
with the trellis encoding process, an error vector is constructed and
those of its coefficients having large magnitude are quantized,
Huffman-coded, and sent to the receiver. The receiver [Fig. 4(b)]
uses SI, to replicate the encoder trellis, and uses the received
path-map to uniquely determine the code vector . The error vector
coefficients that were transmitted as side information (SIg) are
added to the code vector ¥ to produce a yet unordered reconstructed
vector. SI 4 is then used to reorder the elements of this vector into
its proper order, to obtain the vector v, which is then rearranged as
a block V. Finally the block V is inverse transformed to obtain the
spatial domain reproduction block Y.

IV. SIMULATION RESULTS

To evaluate the performance of the proposed coding scheme we
simulated it on a VAX/750 computer with a Gould IP8500 image
display system. We use the woman’s head and shoulder image
(““LENNA™) of size 256 X 256 pels shown in Fig. 5(a), as test
image #1, and a high resolution version (512 x 512 image size) of
the same image shown in Fig. 6(a) as test image #2. The perfor-
mance is evaluated by the following.
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. TABLE 1
PERFORMANCE COMPARISON (256 X 256 IMAGE)
Reference Rate [bits/pel]  SNR [dB]
067 309
[9]
1 325
0.74 324
(11
1 328
05 275
{10}
1 30.9
proposed  (Fig 5b) 0.61 326
coder {Fig 5¢) 0.76 33.6
(Fig 5d) 0.92 352

1) The subjective quality of the reconstructed image.

2) The signal-to-noise ratio (SNR), expressed in dB, of the
reconstructed image which is defined as 101log,, of the ratio of the
peak to peak signal (255) to the root mean square (RMS) error
between the original image and the reconstructed one [8].

The optimality of MSE as a measure of distortion is an open
question especially with regard to the human observer. To take into
account known characteristics of the human visual system, one
could weight the spectral coefficients by the relative contrast sensi-
tivity in the derivation of bit allocation formulas and design of the
scalar quantizer of the large magnitude error terms. However, we
prefer to present the scheme optimized for squared-error only, as
almost all lossy coding schemes are derived and tested for their
squared-error performance. The test of the worth of our scheme
should be in squared-error and visual comparisons against other
reported squared-error-based schemes. In fact, fair comparison to
other schemes can be made only on this basis and are available only
on this basis. Adjustments for visual system characteristics can than
be made once the scheme has shown sufficient merit in these
performance comparisons.

Fig. 5(b)-(d) shows reconstructed images of test image #1 at
three different rates. Fig. 6 shows a reconstructed image of test
image #2, along with its rate and SNR value achieved at R = 0.41
b/pel. The subjective quality of the reconstructed images in Fig. 5
are rated according to our judgment, from very good quality—for
the image in Fig. 5(d), to good quality—for the image in Fig. 5(c),
to better than fair quality—for the image in Fig. 5(b). The SNR
achieved in our simulations for test image #1 are presented in
Table 1, along with the performance of other coding systems on the
same test image which were recently published. The table shows
that the performance of our coder is better than the performance
obtained in [9], [10], [11]. The subjective quality of the recon-
structed images resulting from the more redundant image [Fig. 6(b)]
is very high, and one can not see any difference between the original
and the reconstructed images. The SNR value achieved for test
image #2 is very high compared to the performance achieved for
test image # 1, as is expected due to the higher correlation between
pels in the higher resolution image. The results achieved for test
image #2 are much better than the results reported in the literature
for this image. Table II presents the results that are achieved by the
proposed scheme for test image #2 along with the performance of
other coding schemes for the same test image. The table shows that
the performance of our coder is better than the performance ob-
tained in [16], [17]. In all the above simulations the constraint
length is K = 3 and the branching factor is ¢ = 256. This branch-
ing factor enables allocation of 8 bits for the largest coefficient of
the block. The block size used in the simulations for Fig. 5 is
8 X 8, whereas the block size used in Fig. 6 is 16 X 16. Typical
side information rates used in the scheme are summarized in Table
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TABLE I
PERFORMANCE COMPARISON (512 X 512 IMAGE)
Reference Rate [bits/pel]  SNR [dB]
(18] 0557 32.19
th] 0.65 313
proposed  (Fig 6b) 0.41 37.44
coder
TABLE HI
TypicAL SIDE INFORMATION RATES
R SI, [bitsipel) SIg [bits/pel]
Fig.5d 0.92 0.185 0.117
Fig.6b  0.41 0.062 0.091

III. The overall rate is denoted by R, the side information needed to
send the estimated spectra and the gain factors is denoted by SI 4,
while the side information corresponding to the scalar quantizer is
denoted by SIz. The overall rate R can be determined in advance,
however, the allocation of this rate between the trellis (i.e., the
path-map and SI ,) and the scalar quantizer (SI) is image depen-
dent. The optimal allocation could be determined iteratively, but as
a rule of thumb one can allocate 85% of the desired rate to the trellis
and 15% to the scalar quantizer. We found by experience that the
deviations in the scheme performance, in terms of SNR, is less than
1 dB, when small modifications are done on the above suggested
allocation.

.V. SUMMARY AND CONCLUSION

The transform trellis coding scheme described in this work en-
codes cosine transform coefficients of an image on a trellis diagram.
The image is segmented into several clusters using a dynamic
clustering algorithm. Each cluster is coded by a different trellis
diagram, constructed by using an estimated spectrum of that cluster.
Each block in a cluster is encoded by the corresponding trellis
diagram using code letters which are scaled to match the power of
that block. To reduce the blocking effect encountered in transform
coding schemes, a scalar quantizer is used to encode large magni-
tude coefficients of the error image in the transform domain.

The trellis coder is used in our work due to its optimality for
signals having a Gauss-Markov model, considered to properly
model real images, and because its implementation is simpler than
tree and block coders (for the same performance). The deviation of
the image from the assumed model is compensated by the clustering
process and the scalar quantizer used. The performance obtained
with the proposed scheme is superior to those reported in the
literature with other coders (9, 10, 11, 16, 17). The complexity of
the scheme is indeed very high. However, most of the complexity is
in the encoder part of the scheme. This fact enables employment of
the proposed scheme in image storage and retrieval systems, where
the decoder simplicity is a vital property. With the continued
development of VLSI technology, it is believed that this scheme
could in the future be implemented also in real-time systems.
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