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‘Two new melhods for designing uniformi and non-uniform digital filter banks with fiat coinpo-
site response are presenled. The individual filters 1n the bank are FIR (finite impulse

‘ruespoase) digital fllters with linear phase.

CFhe first method {3 basud on the conventianal window method, bul oblainy a noarly equiripple
.response of the individual filters in the panks by using an optlmal window specifically designed
{or the tosk. This window is oblained by piroperly modilying the coeflicients of u differenUator

fllter designed by the Remez exchango tlgarithm.

“I'he second method Is based on a welghted nunimum mean square error criterion, which
;assures a flat composile response by properly incorporating this requirement tnto the design
-process. The new optimal window method 15 demonstraled by design examples and is compared

Ew'\th carlier known approaches,

1. INTRODUCTION

The conventional window method, for the design cf
linear phase FIR filters, can be used Lo achieve a flat
composite response for both uniforms and non-
uniform flter banks [1,2). However, the magnitude
response of the individual fliters in the bank is not
oplunal (in the min-max sense) and a longer filter is
needed Lo meet  the magnitude response
specifications, as compared with a min-max (equiri>-
ple) design [3]. On the other hand, application of tha
lKemez Exchange method [3.4). for the design of
ecquiripple linear phase fillers, does nol resull, in
general, 1n a Nat composite response of the fifter
bank. Por non-unitorm Alter banks an automated’
trial apd error approach of iterated designs using
the Remez Exchange method is applicable, but it is
practical only for simple fliter banks (those with a
few wideband filters) [5]. For uniform filter banks ony
needs only Lo deslgn a single lowpass prototype fliter,
and a reasonable approximation to a flat compusite
response can be oblained by iteraling the design
several Umes (with slightly different band edges
specificalion). Alternatively, adopling vhe approacti
11: {6}, every N-th term (except Lthe center one) in the
uupulse response of the prototype fliter can be
forced Lo zero (a constraint that rnust be satisfled i/
the uniform @ltor bank is Lo have a flat composite
response [1]). This causes however, a degradalion ir, .
the flter performance and longer filtors are negaded
Lu meet the specifications.

The optimal window miethod presented in the next
sechion assures a Nat composite response. I resulty
in a better magnitude response (in the min-may
sense) of the individual filters than ths conventional
wiidow method. For uniform filter banks it resulty ir
a sinilar performance to the approach in [6}. and for
pon-uniform filter banks it resuits in a similar per-
formance Lo the method in [b]. 1L is however simpler
than the method proposed in (5], and can be uscd lor
both uniform and non-uniform filter banks (unlike
the approach in {6]).

“Phe Weighted Minimum Mean Square Frror (WMMSE)
‘criterion was used in {7.8] for the design of band-
‘pass filters. A new design method for non-uniform
‘flter banks, which are composed of optirmnal WMMSE
Nindividual filters. 1s presented in the last seetion This
cdesign method assures a lat composile response of
‘the filter bank and allows Lhe individual filters to be
ol different lengths

‘

‘2. TIE OPTIMAL WINDOW WMITHOD
i

“The convenlional window method can be used tor
idcsigning filter banks wilth flal composile response,
by properly setting the cut-ofl frequencics of Lhe
‘individual Alters in the bank [1). The same window
.must be used for all the filters in the banik and hence
ithey all have the same length {1},

"The maln disadvantage ol the conventional window
'method is in the use of classical windows which resull
'in a non-optimal {in the min-max sense) magnitude
;response ol the individual filters.

(Our aum is to design a special window thal will resall
|In en optimal response of the individual fitters i the
Niter bank. We will describe here in detatl Lthe destrn
Eor the optimal window sequence for odd length filters
HAM=2L+1) only. For even length window sequencus a
similar method oxists.

'Since all the fiters aro designed Lo have ilnear plaase
!Lhcy have a symmelric lmpulse response, and the
window scquence will be assumed Lo have the sy
jretric form: P L)oo w(1),w(0) (1), w(L))

lAn analysis of the magnitude response error i the
'design of mullibandpass/bandslop fllters using the
‘window method is given in [9.10]. From this analysis
"lwo important resulls follow:

(A) Proper gain of the fillers imposes w(0)=1.

(B) For wideband filters (i.e., for which Lhe widihs of
the pass/stop bands are greater than the widih



of the transition bands), the magnitude

' response of length 123 samples. The sampling rale 1s

response error near a cul-off frequency of the {OkHz, so that cach individual filter is to have a
desired flter (Fc), will have approxunately the “bandwidth of 500Bz. The transition band width is
shupe of the function J (lf =Fe ). whero specified to be 137.5Hz. Table | compares the desin
_ W(Tl) - results using four different design methods wilh

() A (0.5-f)w(0) - )_: sinznn f (1) ‘three different values of k=4, /4,.
Due to result (B), the maximal devialion in Lhe U is seen thal while the method denoted by DIX has
slop/puss bands, whose edges are al (£, £4F/2), will " the smallest values of d, 4,1t resuits in nypoor cum-
be: s posite responsa, especially for £>> 1. Therefore, DUY
s aF) = = Wel/ )] (2) Cisopreferped only for AW Howover, in U casn, T4,
‘lﬂ'” 03] VOV, and KY have values of 4,.6, no targer than Lwice
Where AF {3 the width of the transition band. cthose of DMX, For k2ot TMX and O have simitar pere
tformanee, while KW iy inferior Lo ther. Nole thal TVHX
The optimal window sequence {w'(n){t,_, is defined »i8 applicable only to e design of unilorm filter

banks and for a himitod rango of & ((W—1)=k=1, seo

(6.

Lo Le tho sequonca thal minimizes §,(AF) over all
cymmelrte window vequonces of langth RL+1 sallsfy-
ing w(0)=1, Lo, '
N ) For non-unlform ftiter banky both KXW and OW can be
é6,(8r) = _'""v‘:‘ﬁ“, téx(aF) (3) used. However, OW {s preforred on KW. In Ref [4]

with #{0)a1 cthere are two examples of designing non-uniform
filter banks using an weralve wpproach. The pro-
posed OW method which requires no \lerations
achieved the same performance using the same filter
length, Figs. 1 to 5 illustrale the shape of the fre
quency response of the prototype filter which resutts
when the TMX, OW, KY, and DMX methods are used. All
the flgures refer to the design example in Table I,
and for &£=10. Fig. 1 shows the response of the
equiripple filter designed by DMX, as well as e com-
poslte response ripple of the designed fllter bank
The column under A, 1n Table | refers Lo Lhe compo-
' stte response ripple oblained with DMX, which 1s hiere

Combinng (1), (2) and (3) resulls in the following
minimization problem

Maz l(O.S—/)—)i: y—(nzl_n—)-sinErm/ H(q)

Mn |
fuin)ita, f€lAF/2,03)

This problem is a Chebyshev approximation problem,
and caa be solved either by means of linear program-
ming or by the Remez exchange method.

The solution of Lthe above problem gives an equiripple | 3dB. Fig. 2 is the response of the filter designed ywitn
response to J,(/f ) in the frequency band (AF/ 2, 0.5]. CTMY. The frequency bands areund
Sinco Jo /) is only an approximation of the exacl: i{0. 5¢m)/ N, m=},.. . N-2, (i.c. the lransition bands of
mspailude response error, the designed flter will’ .Lhe other filters in the bank) ure excluded from the

only nearly have an equirlpple response, jstopband, and therefore, in these bandy, the

rattenuation is quite low (in this example 1L 15 aboul

Uy n simple change of vuriub_les the minimization 3041 soe also the column under A, in Table ).
prublem In (4) becomes the design p_roblom‘ol en odd Flgs 3 and 4 illustrate the shape of the filters
lungth optimal (min-max) differentiator. This latter ‘designed with KW and OW methods, respectively Note
problem can be solved using the well known program 'Lhut tor / »F,. the deviation with KW drops below
of MoClellan. Parks and Rabiner in [4]. The change of -00dB, while with O it remains aboul -46dl Fig o
variables 1s as lollows: Ishows the responses of the fliters designed by KW uml
J =05-0 ; Fy i} 05 —-AF/2 (5) JOW methods at the frequency band near the Lransi-

. tion band. It is seen thal at the edge of transilion

w(n) = 2m(-1)"*"'a(n) n=12..L (6) 1band OW resulls in an allenuation of 46dB where with

VKW it Is only 38dD.
With this change of varmbles (4) becomes: '

|
1Nate: the optimal window design method presenled

lu(i!)l;',"- t (Muz 1o~ 2“):,ln(n)sm2n‘nﬂ|§ (? ‘above refers to k=1 only (i.c. 6,,:6.)‘ For k #Y sinular
- ‘equalions result. tlowever, it k#1 Lhe differentialor
This s exactly the design problern of an odd length (in (4J)) has two bands, having the same slope but
R differentiator, with a desired slope of unily, and a ‘different weight function values. The cul off Irequen-
weight funclion of unily tor [¥|<Fy and zero else- ‘cies of Lhese bands are related Lo k via the empirical
where, The fiest L coeflicients in the impulse ‘design equations in (9,10].
response of the differentiator are {u{L),...a(1}] and ¢
u stimple modification of them (according to (8)) giv:s TS WHMSE METIIOD FOR FILTER DANKS

e oplimal window sequence {w'(n)]t..; (wi.h
w’{0)=1 due to result (A) above ).

Jn the previous seclion we proposed a new design

The deviation of the differentiator (lter from thae ‘method and compared it with other known methods
seal differentiator (which is an oulput of the pro- for (ilter bank design. In those methods the purfor-
goam in {4]), is exactly 6.'(M")' and this is (apprexi- .mance of the individual filters in the (ilter bank was
mately) the deviation of the indwidual filters in the ;measured under the mun-max criterton. A d:ruct
filter bank from the ideal response. 'mothiod for optimal (in the min-niax sense) Al

. lb.mk design, salisfying the constrainl of flal corupo-
To illustrate the design of a uniform @iter bank we ‘site response, {s notl known. Therefore, those design
consider a bank of 16 filters, having cach an impulse ;methods were sub-optimal methods. We shall now



!introduce another perforimance measure for the
‘individual Qlters in the (lter bank, and tnterpret it
Then, we shall present a direct optimal design
method under that measure, combined with the (lat
composite response constraint. The performance
measure of Weighted Minimum Mecan Square Error
(WMMSLE) was used in [7.8] in the deslgn of mull-
bandpass/bandstop FIR flters. This performance
measure was interpreted elther statistically [8] or
deterministically {7]. For the individual filters in the
flller banl, the classical deterministic interpretation
of the WMMSE criterion is as follows:

The WMMSE measure seeks to minimize the weighted
energy of the nagnitude response error of each indi-
vidlual filter. The weight funclion sels the relative
iimportance of the error in tho stopbands and in the
passhand, The transitlon bandy arv avsuinod to be of
fo truportance, and hence are glven a weight of zero.

Mavinuzation of the WMMSE measure gives therefore

the best separation ‘of 'bands in the filter bank in
Lorins of residual energles.

The statistical interpretation of the WMMSE criterion
in filter banks is as [ollows:

Each Individual Qlter refers to the inpul signal [re-
quency components in ils passband as the desired
signal, and to the frequency components in tls stop-
bands as the noise. Since the transition bands arc of
no amportance, the {requency components in these
bandy aro ignored. If both the desired signal and Lhe
toise ure ussumed to be samplous ol Lwo uncorrelated,
cero-mean, wlde-sense statlonary continuous random
processes, then the optimal WMMSE filter will maxim-
e the signal-lo-noise output ratio (SNR).

fhe selung of the weight function Is based on the a-
puiori knowledge of the relalive magnilude of the
desired signal in the input in reference to the magni-
tude of the noise in the Input.

e shall now slate the design problem. The flter
hank s composed of N individual flters. The filters
sre FIR filters  with lincar phase and impulse
vesponses fa 1%, of lenpths {415, All flters have |
real coetlicients (a €M), although generalization
Lo complex fiiter banks is easy. I{ the filters are of
non-equal length, a proper delay is assumed Lo be |
inserted (n gach channel, so Lhat the overall delay in
ull ¢channels 1s the same. The composile response of
the filter bank is the sum of the responses of all N
chiinels, and it ought to be fNat, in soimne frequency
band of interest. The WMMSE performance measure
S the sndividual Atters in the Qiter bank is given by:

]
o= [ HAFIDL )= Ha (S NS i1l (0)
-ud

Vhere W, (f)=0 is the weight function, D,(f) is the;
desired frequency response of this fllter and /i, (f) |
15 the uctual frequency response, related Lo the
wapulse response u; { and including the inserted
additional delay). The composite response perfor-
maiice Measure iy dz.nncd in a sirmntlar manner by:

8fn = fmv.l (I NDn (S ) ~Hyy, ()RS (9)

Wnere Wy, (f)=0 15 the weight tunction related Lo
the composile response, and Uy, (/) is the desired

;composite response (here (lut response). /1, I(f) is

Lho actual composite response of the fliter bank, and
\s given by:

N
Hogo AS) = 0 Ha(S) (10)
i=1

! Equations (8) and (8) define (N+1) different WMMEL
; design problems, but due Lo (10) these problems are
!, tied together and musl be solved simultaneousty.

“In order lo complele the specifications. cach of the
"(N+1) different problems is given a relative weight
VK20, =12, N+1. The optimal WMMSE Qller bank s
‘glven by Lhe set {a J ot impulse responses thut
- achieves:
: M Nil KEal

LT
i lo 1y sm) ‘ (11)
;The detailed solution ol (8)-{11) s given in the
i Appondix. Three diflerent Lypes of solutions exist, as
! toilowing:

(A) When Ky,,=0 there is no specificalion on the

conposite response and cach individual fter 1y

l designed separalely using tbhe stindard WY4M3E
! wethod (7, Br

!

1 (B) For Ky, ==, il the specification on the composite

response can be [ulfilled by any filter bank c¢rme-

! posed of FIR hncar phase filters (i e. i 6,y =001s
| possible tor al least one set {a ]/l ,) itowild be
; tulfilled by the solution fa |,
i

(C) For a positive, Nnile value of Ay,,, Lthe composite

tormance measure.
sarily be with Lhe desired composite response.
However, 1t will probably have a conmposite
response which is close Lo Lhe desired one under
tho WMMSE eriterion.

The application of this method to the desipn of
varlous non-unifornt flter banks is new under
exanmunation.
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APPENDIX

Here we shall derive the solution of the YWHMSE
design problem forinulated in Eqns. (8)-(11), First we
introduce some notation:

Let

b & iz ()

The augmentation of a vector v ¢R', denoted by
SpoMan -
o CHY¢ (t=Myy1). 13 composed of v clements 1n
Llu. center ! coordinales and zeros al the edges.

The, My, XMy,, augmented matrix of ## ( an Ixl
matrix), using £ in the ! rows and columns around
the center, surrounded by zeros, is denoted by K, .

v |, €r' is ke reduction of v e, (L=Aly,,). tak-
ing only lhe U elernents of u around the cenler
(M7 2 coordinate).

Define the tollowing values (for i=1,.. . N+1):

A .Z”"’ 10,(1) 1% (r2)

.(k)g_oja Wl VED(f )ed¥m 5 dy, k=01, M ~1(A3)

ek am) 2 ZW\(/)’W'/(“”‘M/, (A1)
kom=0,1,...M -1

Let d lCl(u' be the veclor whose elements are d, (k)
snd 7, be M xM, malrix whose elemenls are R (k,m).
Now we define:

A -
65 = al-d {R7'd (A5)
Under the following transformation of variables:
a =R 4D 1=1,...N :
ot ‘{\ _:lt i ) (AG)
“_N-1=RN»1d_Nn"llNo|
The WMMSE criterion for each filter 1s:
sf=e6t +0 Rb,  i=1LLN+ (A7)

The dependence of the (N+1) optimization problems

is manifested by the facl thal b y,, is o lincar coinbi-

1%isN ( since a_y,, represent the com-
posite response) or.

nation of b,

) — v
)_‘lf_“—1£ (R
1=1

M
w == m!
=1

The optimal WMMSE flter bank is derived by the salu-
tion of:

r_l_(‘-l‘/\'/\/'nl|‘4_‘_)h| (AG)

Min b Rb
T .>:’n R
subject to (AD). It at least one K, ( with M&:an)
equals zero, we can mintouze (Lo zero) the criterion
(A10) by vetting all b ¢-s (except of &, ) to zuro, while
b. =u_ salisfles (AB). For 1,= (N+1) this case coin:
cldes with the conventional WMMSE design in (7], (8]

Whon all &, are positive, a direct solution of (A10) is.

(A10)

1 - .
b, = ;QTR‘ | g izl (V) (AL1)
v o= P (Ai2)
'where:
Ny
Py Lopn (A1)

We assumed that [2]XV s well av /2 are non-
singular (for lincar phase fiiter bank [/ NV are
p.s.d. When all of them are p.d, P s also p.d and
non-singular). For /= 15N, the i-th filter 1n tne
bank will be optinal regardless ol the composite
responsce shape {b ;=0). Whereas for Ky, ,+= the com
posite response error will be the minimal attainable
by FIR filter bank (8fy,,),), while possibly inereasing
the individual (iiters errors.
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Fig. 17 " Direct application of the Remez Exchange

method (DMX):

(a) Frequency response of lowpass proto-
. type filter,
(bs Composite {requency resonse.



Table 1 "kaiser Windcy Optimal Window mlin-wax |
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