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Fig. 1.1: Schematic Description of a Digital Filter Bank.
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1. The WMMSE Design of Iilter Banks

The formulation of the design problem is as lollows:

(A). The filter bank is composed of N individual digilal fillers. The i-Lh filler
is a lincar combinalion of A; basic components having [requency responscs
Py (L)Yh=1.2 - M (for u convenlional FIR Gller, the basic cotnponenls ure
delays, and thus Ey (/) Lakes the form By (f )=e 7" H‘)f).

All Lhe resulls lo be derived in Lhis seclion are for complex filler banks.
Thus, Lhe coceflicienls of Lhe linear combinalions (denoled by uy, k=1, - - -, #;)
are assumed Lo be complex numbers. In the next section we slate and prove
sufficient conditions for Lhe realness of Lhese coefTicients.

The requency response of Lhe i-Lh filler is Lherefore:

M
H() A Y au(s) (1)

(B). The desired frequency response of the i-th filter is denoted by
D(f).i=1, - N. The error between this desired frequency response and the
frequency response of the corresponding filter is weighted according lo a
specified (real) ﬁeight function #;(f )3

YWe use the Mean Square Lrror (MbE), as the crror norm, and therefore Lhe
i-th filler response crror s defined as:

0.5
6f & J W IO )~ ) % ()
(C). The composite response of the filler bank is the sum of the responses of

the individual fillers. Let the composite frequency response be denoled by
N

HyerkS ). Thus, Hyo(f )= Hi(f ). The specificalions on the composile response
izl

arc given by a desired composite frequency response denoted by Dy,,(f ). and

by a (real) weight function Wy.y(f)? relaled Lo the MSE norm of the cornposile

response. Therefore, Lhe composile response error is given by:
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0.5
6far= [ Muwedld PIDwo(f )= Hw i) P ()
Ii.g., if a flat composile response is specified | Dy, (f)| = 1, and for cqual error
weighting in frequency Wy, (f) = 1 as well.

(D). The performance of Lhe filter bank is measured in Lerms of a weighled
combination of Lhe individual filters response errors | The i-Lh coceflicient of Uhis
combination, denoted by i&',;z reflect the relative importance of the i-th filter
specification. Thus, /G=0 means Lhat the frequency response of the i-th filler can
be set arbitrarily ( but subject Lo fulfiiling the composite response
specificalions), whereas K;-% mcans that Lhe [requency rcs.ponsc of the i-lh
fillee should be as close as possibie Lo ils desired frequency response, regardless

of Lhie composile response specifications.

The overall weighted MSE is denoted by €2, and is thus given by:
2 A W a2
£* £ ) KPP (4)
=1 .

(E). Two kinds of composite response specifications are possible. The firsl is
a lolerance specificalion, stated by the constraint 6§,, < n?%, and lhe sccond is
an indircet specificalion, by incorporaling the composile response error 0i s

into Lhe weighled MSE:
ef 4 e+ K{ 110 1 (5)

N _
(). The design problem is to find the optimal sct of Ma=2Mi coefTicicnts

1=l
H.N
Ly . The optimization criterion is minimization of &#, or minimizalion of
k=1,1i=1 v
¢? subjcet Lo Lthe composite response constraint.

Thercelore, two difTcrent oplimization problems can be stated:

/1. rnin ef
: Gplp tei ' (6a)
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II. min {e?)
{agli - 0far s m®

(6b)

(G). Both &* and 6§+, are convex funclions of the unknown variables. rom
he theory of convex programming [56, Scc. 4.5}, it follows immediately Lhat Lhe
two oplimizalion problems ére equivalent. We Lhercfore starl by deriving Uic

solulicn of the {irst oplimizalion problem, and then describe how Kni(n) is

found, in order to usc this solution for the sccond oplimization problem.

Before we derive the optimal filler bank solution, we focus on lwo cxlreme
composite response specificalions:
(1). As n-o (Ky41~0), an arbitrary composite response is allowed. Therefore in
order Lo rinimize t:z(.‘:i?), we can minimize the N oindividual filler crrors
§6; 1/, scparalely. The original oplimizalion problem is thus converted into
N simpler optimization problemns. For convenlional FIR slruclure the solu-
tion of each of the N oplimizalion problems is the Wicner filter derived in

[52,33].

(2). As Ky, > { 7 approaches ils minimal possible value), the optimal compo-
sile response is oblained. If thie desired composile response can be mel by
‘any filter bank of the prescribed structure (i.c. if there is al least once sct of
fay}ix for which 6§.,=0)., then it is guarantecd that this composite
response¢ is achieved by the proposed design method. If this desired compo-'
site response is not feasible, the resulting filter bank will have a composite

response that is ils best possible approximation in the MSE sense.

Solution of Lhe First Oplimization Problem
M. N
ef is clearly a p.s.d. quadratic form of the unknown variables {u.‘k]
i=1,k=1
Thus Lthe optimal scl of cocflicienls is given by a solulion of a scl of M, lincar

cqualions. However, in most praclical applicalions, the basic componenls of all

the N individual filters are takecn out of a sc¢' of only My, <<M, distinct
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elements (e.g., for conventional FIR structures Ey(f) represents delays and

My, é (max NEM.;I which is Lhe largesl delay in Lhe filter bank).

In this case the size of Lhe set of linear equalions is reduced Lo My, Lhus
reducing dramalically Lhie cornplexily of the design, as claboraled [urlher in
Seclion V. Inorder Lo exploil this propccely we inlroduce Lhe following nolation:

The composile frequency response Hy+i(f) is a linear combinalion of the
frequency responses of all the My, distinct basic components. We order Lhesc
My ey basic componcnls arbilrarily and denole them by
l'T(N...l)k(f) k=1, My We dcnoté Lhe coeflicients of Lhe lincar combinalion

by ey and Lhus:

M -1
Hyo(f) = ’g‘ avee E e (S) (7)

Let the vector g; € ch represent Lhe coeflicients of Lhe i-th filter for
i=1,...,N+1 (where gy,; represents the above coeflicicnts of the composiLe
responsc).

I whal follows, an augmented version of any vector 2, € € M is a veclor in

¢ denoted by (14)" as defined below:

The k-th clement of the vector (14;)® is zero if Ewene(S) is nol a basic
component of the i-th filter. Othciwise, if E'(N,,,)k(f)=Ei,,L(f) for some m,
1= = M;, then Lhe k-th element of the veclor (114)* is Lthe m-Lh clement of
.

From Lhis definition, and equalion (7) it follows:

N
o\ - .
oy =) ()" (8)
i=]
ILis casily verified that the augmentaltion operation is a one Lo one mapping
CoN M Y’ NP . . - My 4
of € into € . The reduced version of a vector € € , denoted by

.'Q]A,QG CM‘. is defined as follows: If ¥ is in the range of the augmentalion
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operalion, i.e. ¥ =(2;)*¥9 then y_]u‘=g. Olherwise, the vector v is projected into
Lhe range of Lhe augmentalion by replacing Lthe appropriate (My,,—#;) clements
by zcros and is then reduced Lo C H as defined above. Augmenlation (reduc-
lion) of square matrices is done by augmenting (reducing) bolh Lhe columns and

the rows,

Note that augmentation (reduction) from € “#*! to itsclf is an identily
opcralion, hence in the scquel we usc augrnentation symbols for rmatrices and
Q: MN 1

veelors in as well if 1l is convenicnt for Lhe presenlalion.

In Lhe sequel a super-bar denoLcs‘ complex conjugation and 27 denotes con-
Jugale lransposilion of 2.

Subslituling (1-4) and (7) in cqualion (5) and rearranging e expression of
¢f in terms of the coeflicient vectors {234 we oblain the following allernalive

éxpression for Lhe optimizalion problem in (6a):

Nel -~ '
min 3 K¥[(a~af)" R (o; ~af)+37] ()
fagdfy i=1

. . . oy — . . M,
Where ay . is given in (8), and of 4 R, is a vectorin € 1.

The clements of the square malrix I, are:

0.5
Ri(m k) = {Wi(f)inm(f)Eik(f)df i=l - N+l mk=1- - M (10)
<05
The clements of d; € € “ arc:

05
&(m) = [ WS 2Eum(f)D(S)df i=1, - N+1; m=1,--- .M, (11)
<05
The value of 6% is:
. 5
8= [ MU VPIDU)S ~dR7 =1, N1 (12)
205
Nole that the WMMSE approach in [33] lcads to the solution o =af

i=1, -+ ,N, for which 51'2'—'31'2 is minimal for 1 £ N . However, Lhe oplimal set of

cocflicients of the composite response, which is %4+, iS in general not equal Lo
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the augmented sum of these filters. Therefore, this filter bank is not necessarily
the solution of (9).

The optimization problem stated in (9) is the minimization of a p.s.d. qua-
dralic form; Its analytical solution (obtained by differentialion with respecl. to

the unknown variables) is:
1 - .
(v.:(’!’-{-_._liz {‘quH‘ =1, ,N (13)

.« M . . .
Where g€ €™ is a correclion vector due to the composile ccsponse

specification and is given by solving the [ollowing set of linear equations:
[ 19 |
l& ‘1-‘:2—(11[’)““9 =p (14)
i=1 A4
The vector p is Lthe difference belween Lhe oplimal sct of coeflicienls of Lthe

composite responsc and the augmented sum of the oplimal individual filters,

e

B = ~ 3 () (15)
i=}
The resulting e}'rors are:
L~ 1 _ .
6F = 0F + rea R'gly, i=1,-- N+ (16)

This completes the solution of the first oplimization problem under Lhe fol-
lowing two reslrictions:
(2). We assume Lhat cach of the weight factors K; is neilher zero norvapproach
infinity, i'e. 0<K;<» i=1, - - ,N+1.
(b). We assume thal all the p.s.d. matrices that appear in cqualions (9)-(14), are
regular maltrices (.. p.d.) and thus their inverses exist.
We will now extend the resulls for weight values which arc cilher zcro or

approach infinity.
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If K;-o, the j-th filte- desired response over-rides all other specificalions,
thus forcing the j-th filter Lo have the minimal error 3: (i.e. in (13) we get in Lhe
limit, as Kj-e, that o;=af). This aflects the correction vector g by omilling
(R71)*9 /7 K# from (14), since this value approaches zero as Kj-»e. However, as
shown in the scquel, increasing the value of K; resulls in an increase of Lhe
overall error of Lhe remaining fillers.

In particular, qu"H - corresponds lo a constraint on Lhe cornposile
response, and in this casc Ryl,/ K§,, is omitled in (14), thus increasing lhc
overall error of the individual fiiters: The solulion then coincides with an carlicr
result we prescnted in [58]. As menlioned earlier, Lhe composite response error
6%+, Is minimized in that case. However its minirnal value Eﬁﬂ is not necessarily
ZeTo. | |

When K;=0 équations (13) and (14) become singular. Returning Lo Lhe origi-
nal problem statement in (9), we observe that for K;=0 the value of a; afleels
the error measure only through the composite response. Taking the dcri;/ativc
of £ in (9) with respecet to g;, we find that Lhe optimal value of g; is the one that
guaranlces _q_]uj 4 KﬁHRNﬂ@'NH‘EX/ﬂ)]M,?D.G c, Therefore, only the

(Mn+1—M;) clements of g which are not in _Q_],uj have Lo be evalualed via equalion
(14). The terms ;T(R[‘)“g_q_ in equalion (14) were substituted there inslead of
i .

(a;-a¢)®, sceording to equation (13). The latter equation is valid now only for

1#7 (since Kj=0). Therefore equation (14) is modified to:

[N_’\l 1 -1 aug] - v\auy
ién EE‘(Ri ) ‘.Q—Zl‘(ﬂ_j"&j) (17)
i#j

Subsliluting g_],qj=_(_)_ in cqualion (17), gives Lhe following reduced scl of
.(1?1,“1—-,’,!]-) lincar equalions whose solulion is ﬂ-"”mr”; (i.e. the elements of g

wiich are not mg]yj):
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k—(ml)w ity -ty = 2luy,, -4, (18)

MNM"M]'

3 i D"H-

L

Nole that matrix reduction means omitting both columns and rows.
We summarize below the modified design process in this case:

(a1). Find the (My, 1—M;) clements of g which are not i“,’l,],ul by using cqualion
(18).

(b). Complete the correetion veclor g using _q_]M,=O.

(c). The coeflicients of all Lhe filters, except for Lhe j-th filler, are given by equa-

tion (13), and the resulling crrors by cquation (G).
(d). The j-th filler cocflicients are now cvaluated from the coneraint:_q_]Mj =0

The z:xbovc discussion considered in detail the case in which K;=0 for some
J7=N. A more ifnportant case is Lhe onc in which Ky,,=0 (i.c. an unconstraincd
composile response). Following the same arguments il is casy to verify thal now
the oplimal filler bank has a zero correction vector, and Lthus the oplimal (ilter
bank is based on the optimal individual filters {a? JX,. Thus, in this case, the new
melhod coincides wilh previous design melhods [32,33), which arc applicable
only if Lhe composile response is unconslrained.

So far we considered the situation in which one of the A;'s is cilher zero or
lends to infinily. However, the modifications of the basic algorithms thal were
derived for these two situations can casily be extended to the gencral case in
which some of the A;’s arc zero and some olhers are approaching infinily. Since,
for cach valuc of A; thal approachcs infinity the corresponding Llerm

}—(_:-—(RL 1% s omilled from cqualion (14), the sysiern of lincar cqualions

defined there may become singular.
We refer now Lo this issue. By definition, the (N +1) malrices 1, are hermi-

tian (Rf=R;) p.s.d. matrices. The matrix R; is singular ifI Lhere exists a non-zero
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set of the i-th filler cocflicients for which {SWi(f Y H;(f)|?df =0, and hence
the i-th filter error does not have a unique global minirma. A sufficienl condilion
for X; Lo be a non-singular malrix is that Wi (f)*>0 on a scl of [requency poinls
of non-zero measure, and Lhat Lhe functions Ey(f) arc lincarly independent
funclions ou Llhis sel of poinls. for example W (£ )*>0 in an inlerval and
Ey. (f)=e—j3"“k”‘) obey this condition. Hence, for all practical purposcs we can
assume that R; are non-singular matrices. It is easy to verily that therefore R!
arc also p.d. and hence Lhe malrix which appears in equation (14) is p.s.d., being
an augmenled positive linear combi‘nation of p..d. matrices. This malrix is singu-
lar i Lhere is al least one function LN+1k)(f) which is nol a componcenl of any
of Lhe fillers wilth £ <, and in this casc it has al leasl one zero row and column.
II this occurs, one simply has Lo omit Lhe irrelevant basic components [rom Lhe
desiga, since Lhe corresponding cocflicients do not affecl Lhe performance of
the filter bank. There is one cxception Lo this rule, which is when bolh Ky4 and
at lcast onc of the K; values approach infinity. In this case Lhe element of p
corresponding Lo Lhe zero row of the malrix may be non-zero, reflecling a con-
Lradictlion in the dcsig'n specifications which have Lo be modified. Thus we have
seen that if Lhe design problem is well defined all the matrices in the design pro-

cess are non-sungular.

i Solulion of the Second Optimization Problem

The scco'nd opl..imization problem, stated in (6b), can be solved by convert-
ing il Lo the problem in (6a) which we just solved. This is done by {inding Lhe
weighling faclor Ky, which incorporales Lhe composile response specificalion
into (6a), from Llhe given lolcrance 7 on the composilte response crror. We

describe now an algorilhm for computing Ky.1(n).
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Re-writing equation (14), we obtain the following relation between q and the

value of Ky ,:

RyhL+Tig=p (19)

[

where T2 L —{R7)*™ is an My,;xMy,; matrix which is independent of Ky .

/,,
Equations (16) and (19} give an implicit relation between the value of 6§%,, and
Ky In order to find an explicit relation, we make a change of basis in equalion
(19) so thal both Ry}, and T become diagonal in the new basis of C Mvar por
that purposc we use the [ollowing lemma which is easily derived [rom theorerm

7.12.2 in [59]:

lemma 1: or any Lwo hermitian malrices A and 13, with A being a p.d. malrix,
there exists a non-singular matrix V such that V¥AV=1 and VIBV=D where Dis a
diagonal malrix.

The matrix Ry4, is clearly a p.s.d. hermitian matrix, and for well defincd
design problems it is non-singular. Thus, Ry}, exists and is a p.d. hermitian
malrix. The malrix T is.also a p.s.d. hermitian malrix (being an augmented sum
of 'p.d. hermilian matrices 1§, Thus, Lernma 1 holds for Lthe pair of malrices
Ry}, and T and there is a non-singular matrix V of dimension My 1XMp 4 so Lhal:

ViIRgL V=1 © (20a)
VIV = diag (dy, - - - .duy,,) (20b)
We can cxpress d, in terms of u,, the n-lh column of V, as follows: d, =u!My,,.
Stnce T is p.s.d., Lhis expression implies that &, =0. The malrix Vis non-singular,

and Lhercfore we can perform a change of variables [rom p, g Lo 2, 4 as follows:

4 =V (R1a)

CB=Vip (21b)
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Multiplying equation (19) by V¥ and using (20,21) we obtain My,, scalar
cquations:
T 1+Kfad,

Subslituling (22) and (21a) in (16) we obtain the following relation between Kj

n=1 - My (22)

and 6 ,,.
e 15,1
n=1 (1+1(!$+ldn)2
From (16) and Lhe definition of the filter bank error €* in (4) we oblain:

2 _ %2
Ofey = O0fe, +

(23)

sR =32 +£I.”T.€L (24)

N
where 'E"'z:l: 6f is Whe error of the oplimal filter bank wilh unspecified composile
i=1

response (7 -e). Subslituting (21a), (20b) and (22) in (24) we obtain:

B (KR 1P l""

2 _~2 (1 +! pn "

EC = + d,, p 20
7%"'-‘1 [1+Aﬁ+ldl‘. ( )

Using (20) and (21b) we can evaluate Lhe values of lim (6{.,) and

+
lim (&%) from (23) and (25) and oblain:
Kjj, _
3}'3.,‘1 :A: lim (dj%.gl) = 3]’6’+1+12”I€N+L'Q_ (26(1)
™
32 4 lim (&%) = 8¥+p¥y"1p (26b)
K”+l—+w

It is casily verified from (23) and (25) that 8f+1 is a monotonically ducz;easin{.:
funclion of A§,,, and ¢* is a monotonically increusing function of §,,. Upper
and lower limits of Lhese Lwo funclions arc 0§, (®) and 8}, (3%), respectlively.

The Tollowing important properly is oblained by evalualing 2(6f+.1)/ d(Kfi+1) and

d(e%)/ ¢ (Kf,. ) from (23) and (25), respectively:

d(&? -
d(85+1)

From (27) it follows thal the design curve of ¢% as function of 61 is a

- Kﬁn (27)

monoltonically  decrcasing  convex curve, and Kﬁ“ has lhe geomelric
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interpretation as the slope of the curve at the point (6f+1. £7). Fig. 3.1a illus-
trates a typical design curve.
Three different ranges of the value of the tolerance specification n* should

now be considered:

The first range is 773<3,%-.,.1, in which Lhce Lolerance specification is aclually
irrelevant since there exists no filter bank of the given structure that can fulfill
this specification. Values in the second range, defined by 772’2?5'/%/“. are aclually
fulfiled by the optimal filter bank which ignores the composite response
specifications (the Wiener solution of). The third range is 'Eﬁ/HM]zESﬁH. and in
this case, since ¢® is a monotonically decercasing function of 6,%..,. 6541 = 772.
Thus, for the latter situation we have Lo solve the non-lincar scalar equalion
derived from (23),‘ namely 7°=6%,,(Kf.,), in order Lo evaluale KR+ . An allerna-
live approach is to draw (irst the design curve 82(6;';’;”) using (23) and (25), Lthen
choose the desired point on this curve, and find Kf geomelrically as illus-

trated in Fig. 3.1b.

Il we want to solve Llhe non-lincar equation 77"3:5)'\)7,..1(1(,{?1.,) Ly numerical
melhods we can take ad\;'untagc of the fact that 8%,, is a monolonically decreas-
ing and convex function of Kf+1, whose higher order derivalives can be
cvaluated analylically a-priori. In order Lo reduce the number of ilerations
necded in evalualing Kf,, (1*) by numerical methods, we derive upper and lower
bounds on XK., (n%) which are casily computed. We denole by d, Lhe minimal
value among {d, }:ﬁ,”‘ and by d. the maximal value in this set. Now the following

incqualities hold for all n:

4K dy 1+ K dy <1+ KF, du ’ (28a)
(d'n./dw)+hﬁ+ldnsl+1\,/,\70+1dn*<—<dn/do)+Kﬁ+ldn (ng)

Subslituling these inequalities in equation (23) and using (26) and the monotoni-

city of K., (n?) we obtain the following upper and lower bounds:
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max[VB{m)-1/4d,, (VA(n)-1)/dJ<Kf,, <

29
min[VB(n)-1/ d.., (VA(n)-1)/d,] (29)
where
s 2"Rynp _ B,
A(")) = 2 2 = P ¥ (:S():l)
7N°=8K 1 7N =0
My
it
I |Bn %7
By & TRy T _ 71.2:-:‘l Pnl (30b)
Ne=65 41 ")2—61%/44

Note: The design curve of ¢f—K76¥ as a function of K} has the same propertics
as the design curve of £2 as a function of Kf§.;. Therefore, our remark Lhal an
. . r? . . - .

increase in the value of K;° implies an increase in Llhe overall error of the

remaining filters (i.e., £f=K?67), follows as a consequence of {25).

1I. Phase Lincarily and Realness of Cplimal [filter Banks.

In the gencral model presented in Lhie previous section, we assumed Lhat
N. K,
thc designed filter bank has complex coefficients {a.,,k] . and have nol con-
i=1,k=1
sidercd Lhe issuc of phase linearily of Lhe resulting fillers. We discuss the sub-
jeels of realness and phasé linearily in this section.

Two thcorems are presented, the first provides a sufficient condition for
rcalness of the oplimal filter bank coeflicients, and thc second provides a
suflicicnt condition for zero phase error in the responses of all N individual
filters in the bank. Thesc two Lhecorems are derived for the general structure
defined in Scection 1. However, their interpretalion ior the important class of FIR
[iler banks is given by means of corollaries [ollowing Lhe relevant theorem.
Theorcem 1 provides suflicient condilions for the realness of Lhe cocflicienls of

Lhe optirnal filter bank.
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Theorem It If W;(f)*= W;(=f)* i=1,- - ,N+1, and a function ¥(f) ecxisls
such thal the following conditions are satisfied:

(@) Du(f) = Be(=1)ef™)  i=1 o N+1

(0). Ep(J) = Eyp (=S )W) 4=1, ., N+tim=1, - M,

then all the filters in Lhe oplimal filter bank have real coeflicients. Furthermore,
the malrices {R3E] and Lthe vectors {dy,af ¥4 p, and g, arc all real. Thus, the

design proces. involves Lthen only opcrations on real numbers.

Prool: It is casily verified from (10), (11), that conditions (a)-(c) arc sufficientl
conditions for realness of the matrices R; and the vectors d;. Since {uf}X4, p,
and g arc given in terms of Lhese values, Lhey all arce real vectors and so are Lhe

coeflicients of the individual filters of Lhe optirnal filter bank.

Corcllary L Tor a filter bank composed of conventional FIR fillers (i.c.
o —j2nf (K +, o : . . X

Ly (f)=¢e Jani +‘)), lhe individual fillers in the oplimal filter bank have real
cocflicients provided Lhat all Lhe impulsc responses relaled Lo the desired fre-

quency responses D;(f ) and weight functions W;(f )? are real sequences.

Prool: For conventional FIR filters, condition (c) is satisfied with 9(/)=0. The
corollary Lthus restates conditio'ns (a) and (b) for B(f)=0, in a slightly different
manner.

Theorern 1l below provides sufficient conditions for exact fulfilment of Lhe
desired phase.response specifications ( up to an integer multiple of 7 due to sign

inversions).

Theorem II: Under the following two conditions:

(a). All the filters in the bank have the sume desired phasc response (up Lo an
inleger mulliple of ) ¥(f), L.e.:

D(S)=D(F)ed¥ ) i=1, - - - N+1; with D; (/') being real funclions.
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(b). The basic components of each filter can be divided into dislinct pairs such
thal in every pair the frequency response of one componenl is Lhe complex

conjugate of the frequency response of the other component mulliplied by

@32,

Writlen formally: For every 4, 4 = 1, ..., N+1, Lhere cxisls a permulalion

i such Lhal (W k) ( By (f):E‘ini(k)(f)ejZﬁJU) ).

The phase response of each filter in the optimal filler bank is exaclly the
desired phasc response (up to a integer multiple of m ) ie.
Hi(f)=1?i(f )ed¥U) 4=1, . .. N+1; with [7i(f) being real funclions.

Proof: IL is casily verified that conditions (a) and (b) arc suflicient for the follow-
ing results:

(1). &(m) = d;(m;(m.)) for all m and 1.

(8). Ri(m k)= Ky(m(m),m(k)) for all m,k and 7.

It is easily proven that from (2) follows:

(8). &N m k) = B (mi(m),my(k)) for all m.k and i.

Frorm (1) and (3) follows directly that:

(4). af(m) = @2(m;(m)) for all m and i.

Since (3) and (4) hold for i=N+1, the augmentalion of af and R;! only reorders

the pairs of clements according to my,,( - ) instead of m;( - ), and therefore:
(©). n(m) =p(my.(m)) for all m.

(6). T(m.k)=T(myy (m)my,a(k)) for all m k.

Thus:

(). 2(m) = §(ny,(m)) for all m.
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The reduction of g to _Q_]M‘ reorders Lhe pairs of elements according Lo Lhe per-
mutation m;( - ) and thercfore:

(8). qlu(m) = gly,(m(m)) for all m and 1.

And the (inal resull from (3),(4) and (8) is Lhat Lhe oplimal coeflicicnls salisfly:
(9). a;{m) = &;(m(m)) lor all m andi.

Combining (9) above with condition (b) one easily oblains the resull that

I(f) = H(f )e3®V), which means that H(f)=H,(f)ei%) with H;(f) being

rcal {unctions.

Nole: Similar results holds for D;(f) being pure imaginary funclions, with f7,(f)

being pure imaginary, and a (-) sign in (1)-(9).

Corollary 1. For filter banks composed of conventional FIR fillers (Le.
e (Y=g IRl . . 1

Eg(f)=e ), wilth the addilional delay values being I; = E(MN-H_I'Ii)_]--
so that all N fillers have the same delay, and desired frequency responscs D;(f )

which have the same linear-phase response Y(f) = = nnf (My,;—1), the oplimal

fillers are also linear-phase filters.

Proof: For L = JZ(MN,.l—Mi)—l, cod Y(f) = = mf (Mya—1) it is easily verificd
Lhat condition (b) of Theorem II holds for m;{(n)=(#;+1-n). Condition (a) wa;
salisfled in the corollary statement and thus the result follows from Theorerm 1.
Il should be noted that the phase-linearity of Lhe optimal filter bank is not
obtained when odd-length and even-length (ilters arc mixed Logelher in the same
filter bank, since then some of Lhe :dditional delays of the individual filters (&

values) involve half-sample delays, which are difficult Lo realize.
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1). Slatistical Inlerprelation of the WMMSE Mcthod

The slalistical inLcrprcLaLion of Lhe WMMSE crilerion for Lhe design of o win-
gle FIR filter was presented in [32]. We present here its exlension to the design
of filler banks, composed of FIR fillers, wilh a specified composile response. This
interprelalion is useful for applicalions in which Lhe inpul process has a stalisti-
cal-characterization. |

Since each filler in the filter bank is usually designed to pass a different
frequency-band of Lthe common input signal, we may define differently Lhe so
called signal and noise components for each filter in the bank. The convention
taken hiere i1s Lo consider all Lhe frequency componenls of the comimon inpul,
which arc in the passband of the i-Lh fiter as its input signal 8; and all the com-
ponents in Lhe stopband as noise n;. Because we denal wilh a filter design prob-
lem, components i(l Lhe lransition bands of cach individual filler arc ignored.
Thus we view cach filler as having ils own inpul denoted by z; ;s,; +ny;, for Lhe i-Lh
filter in the bank. Notc that according to the above convention the inpuls
x;, ©=1, - - N arc not identical, unless all the Lransilion bands arc clirninaled
(i.e. sebl Lo have zero bandwidth). I'or the mathematical development il is con-

venient Lo apply Lhe following veclor nolation:

The impulse response of the i-Lh filter, which is of lenglh M;, is denoled by
the vector o;. The input vector, which compriscs of M; conseculive samples of
Lhe random process z;, is denoted *© by Xi(k), ic.
XE)={z k), - (k=(M=-1)]T. Thus the corresponding  oulpul s
Yi(k)=a/X; (k). As explained above we regard inpul samples as being the sum of
signal sarnples and noise sarnples, and we assume Lhal Lhey are samples of Lwo
{\'izic-scrzS(: slalionary conlinuous random proeessces. The desired signal al Lhe i-

“th oulput at lime & is defined to be the delayed version of the input signal, i.c.

yi(k)=s; (k —pi). o diverl now from the usual cénvention of assuming thal Lhe



- 100 -

signal componenl &t the oulput is the response of the filter to the signal com-
ponent al the inpul and inslead set Lhe signal componenl al Lhe i-Uh filer nulpuld
Lo be the desired response y3(k), which is independenl of the filler a;. This way,
Lhe noisc component al the outpul of Lhe i-Lh filler conlains both Lhe fillered
inpul noise, and the distortions of Lhe input signal in' roduced by the i-th filter.

With Lhese assumplions Lhe signal power al Lhe oulpul of Lhe i-Lh filler is given

by:
Soi = Ll yd(k)|?] = (s1)
and the corresponding noise power is:
Nog = Ly (k) =y )1*] = (0 —ae) 1 (0 ~ ) + 6 (42)
where:
o A 1
uf = Itld; (33)
_and:
82 & o2-gliRg, (:34)

& is a M;xM; autocorrelation (Toeplitz) matrix defined by:

R & B[ (k) Xi(k)T) (135)
with d; ¢ €™ defined by:
i & B[ s (k-p)&i(k) ] (136)

£2 is exaclly the Wiener filter coeflicient vector which minimizes Lhe oulpul
noisc power of the i-Lh filter [32]. This filter also maximizes Lhe ouLput.SNR of
the i-th filler since S,; is independent of Lhe filter g;. Independent designs of Lhe
individual fillers, using the Wiener fillers, may resull however in a poor compo-
site response. To solve this problem a composite response specificalion is now
incorporated into the design process. The desired composile response s
sbcci!.icd as Lhe frequency rcsponsc of a desired FIR filler a8, (c.g., 0f,, which
I1s. 2 unit veclor represenls a flab compnsite response). Since cach filler has a

different lquh and dclay, Lhe Lor.lpomtv response of Lhe filler bank is an aug-
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N
mented sum of the coeflicicnts of Lthe individual (ilters, L.e.: ay,, 4 2(a)® . The
i=1

augmenlalion opeoalion Lakes care of Lhe different, lenglhs as well as Lhe addi-
tional delays needed. The composile response error measure is a weighted MSH
between Lhe desired response 2y, and Lhe actual response iy g, i.¢. Lhe compo-

sile response “noise’ is:

8 . ' T ' -
No(N-l—l) = @.’.NI—I_Q.XH-I)"I{N+](‘_’:.N+I—QXI+I) (37)
where Ry, is an My, XMy, p.d. matrix (with My =max(M;)). This s--cific

T

crror measure Is used in order Lo obltain a stalislical inlerprelalion Lo the
WMMSE crileria. If Ry,, is a Toeplilz malrix, onc can interprel Nyyvyyy as the
weighled L norm of Lhe composile [requency responsc error. Using Parsevall's

theorem, the frequency weight Tunclion is given by:
Wa(S )2 = FiRy o (k+d, k)] (38)

With /"{ - { represenling the Fourier transform of the autocorrelation scquence
wilh respecl Lo Lhe variable d. |

The opliral filler bank is the filter bank wilh Lhe minirmal weighled sum of
()ul.pul. noisc powers, armong all Lhe filler banks having composile response noisc
power which is below %, Wrillen formully:

min 3 K¥(a—08) "R (a;~02) +37) (39)
iy Ny vy 202 {31 , '

'I;his is exaclly the second oplimizalion problem presented in Seclion 1, [or
Lhe special casé of I'IR filters (see (9) for comparison).

Since the output signal powers of the individual filters are independent of
the cocflicients of Lhe filters, it foltows Lhal the above defined oplimal filter bank
also maximizes the weighled harrmonie mean of Lhe oulpul signal-to-noise ratlios,

l.c. il is Lhe solution of:



max [ ]
AT l;v_ﬁ [%1 (40)
=1

Where ¢ 8 o2k

We have thus presented the cquivaience in Lhe filler bank design preblem
belween minimal-noise  powers, maximal oulpul signal-to-noisc ralios and
WMMSE crileria. Furlhermore, we can relale the desired [requency responses
and Lhe weighling funclions Lo signal and noise speclra by comparing the stalist-
ical and determinislic definilions of B; and d;. This is done under the assumption
Lhat p; = ;ﬁM‘-—l) and {; = iﬁMNH“Mé)_l- and Lherefore Corollary H from the
previous seclion holds, and all Lhe individual Olters have lincacr-phase. [L follows
that cach 'wcighl.ing function represents the speclrum of the corresponding
inpul and each desired frequency response is Lhe cross-speclra of Lhe
corresponding inpul and ils signal component divided by the speclrum of Lie

inpul. Written formally:

Wi(f )2 = FLE[E (k) (k+d)) =1, N, (11)

| Wl VIO = il zi(k)s(k +d)])y =1, - N, (12)

In communicalion applicalions lhe inpul process is characlerized by ils
autocorrclation sequence and its crosscorrclation with Lhe desired signal. iqua-
tions. (41) and (42) cnablc Lthe use of the new design method lor these abplicu-
lons by suggesting a way of choosing the weighl funclions and desired [re-
quencey responses in terms of the aulocorrclalion and crosscorrelalion
scquences. Furthermore, subjecl lo these relalions, equalion (40) gives an

inlerprelalion of Lhe design crileria in Lerms of the oulpul SNR's.
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1V. On tac Complexity of the ViMMSE Design Method
The cl(:.s;i;.;x'l of an optimal filber bank is (:urnpo.s'(ﬁ of Lhe following sleps:
(a). Bvaluation of R; and d; from the specilied frequency responses (according
Lo (10), (11)).
(b). Calculation of 1" and af (Lo oblain e filler bank for unspecified ¢onipo-
sile response).
(¢). Computalion of p; where if cither 0.=0 or Ky,,=0 Lhe design is complele.
(d). For specified values of Ky,;>0, find g by solving cqualion (14).

(¢). For specificd values of 7>0:

1). Find lhe matrix Y and the values of dy - dy, ) defined in (20).
. N1
(2). Compule B and solve the non-linear scalar cquation (243) for K§,, .
(8). Given the value of K§,,, g is computed via cqualions (22) and (21a).
(0). Cice g is known Lhe filters coefficients arc oblained by cqualion (13).

We analyze now the complexily of each of Lhe above steps.

1
Y, M¥) integrals Lo be evaluated in Lhis

i=1

N
i=

Step (o) In general there are O

sl.cp. It is highly complicaled to evaluale these integrals numerically. However,
for weighting [unclions thal arc piccewise linear, and basic components Lhal arc
FIR fillers, the inchr.als that define the malrices i can be cvalualed érxalyl,i-
cally.

Let 8; be the number of distinet picees in the i-Lth weighling function, Lhen

N+t
lthe R; malrices can be cevaluated in 0(2 ME13;) operalions. T'he desired fre-
i=1

Nt
. Al -
queney responses arce present only in O L M;) inlegrals, and Lhus Lhe complex-
i=1

ily of step (a) is unaffected whelher or nol these responses are piccewise linear.

For the special case of conenlional FIR fillers, and piccewise linear desired
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responses, the ma'rices I are Toeplitz matrices, thus only M; elements have to

be evaluated for each malrix, and the inlegrals involving the desired responses

N1 -~
can be evaluated analytically, therefore the overall complexity is O Z‘ M; By),

i=

—

where 5 is the number of uislinct pieces in W (£ )20,(f).
Step (b) involves solving (N +1) systems of linear cquations, or alternalively
(

caleulating (N+1) inverses of the matrices R;. The complexity of this step is Lhus

N+l
O( Y} M3). TFor filters composed of all-pass sections as illustrated in I'ig.3.3 Lhe
i=1

matrices I arc Toeplitz matrices. Similarly for filters composcd of seclions hav-
ing the same phase-response and powcrs of a basic magnitude response, as illus-
lraled in Tig. 3.4, Lhe malrices I are Hankel matrices.! The first struclure coin-
cides with the conventional FIR structure for ®(f )==2nf. Furlhermore, Lhis
structure scems suitable for the design of filter banks composed of 1IR filters. In
this case (G(/) rcpresents an IIR filler designed so thal ils magnitude response
is very close to Lthe desired magnitude response of the i-th filler, and the all-pass
scclions are used for the phasc-correction nceded to approximate Lhe desired
(lincar) phase responsc. The second structure is especially suitable for the
design of fillers based on shorl FIR filters in ca-scade. In thal casc,
C,;(f)ze_jz"’rp‘ is the dclay that guarantces casuality of the i-lh filler and:
[A:(/)}| is the magnitude responsc of the short prototype FIR filler. This is
exaclly the structurc uscd in [35,36]. For both structures the malrices It are

inverlible in O(#4?) operations and the overall complexity of step (b) reduces to

N;'_"l
o( Z_, HE).
i=1
0.5
YRy(m k)= f Wo(r )2 C(f) 1A (f )|k df gives a Henkel matrix for the structlure
-0.0

. 0.6 i
in Fig. 3.4, and Ry(m k)= f W A(f 1 C(f)) 2 34 Nn k?df gives a Toeplitz matrix for the
-0.5

structure in Fig. 3.3,
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N1
Step (¢) is of ncgligible complexily (O( 2. #;)).
. 1

i=
Step (d) involves Lhe solution of a sel of My, lincar equalions and ils com-
plexily is Lthus O(MJ,,). This step is of negligible complexily. in comparison Lo
step (b) for Lhe general case, bul il dominales the complexily ol the design
when we deal willy convenlional FIR fillers, since Lhe cquation malrix in step (d)

¢
is not a Tocplitz matrix while all Lhe I, matrices are Toeplilz malrices.

Step () involves three different operations, out of which Lhe Lhird (recon-
strucling Lhe vector g ) is of negligible complexily (O(Mf.+1)) compared Lo step
(b). The scecond operalion involves solulion of a non-lincar scalar cqualion and
its complexily can be eslimated by O(Mp 1 Nyer), where Nygr is Lthe number of
i.Lcratiorl'ls in Lhe solution (i.e. number of values of Kjjyy tried until convergence).
Since My >>1, Lhis compfcxity can be regarded negligible in cornparison Lo Lthe
other design sleps. Thus the dominant opcration in step (e) is Lthe evalualion of
the matrix Vand its complexily is about O(Mg,,) as discussed in Seclion V].-

Step (f) which concludes the design process involves malrix veclor mullipli-

Nal
calions and Lhercfore ils complexily is O Z M3).
' =1

Table A-1 summarizes Lhe overall cornplexity of Lhe design procedure.
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Tol3LIS A-1: COMPLEXITY ANALYSIS

Probicem Charucleristics Complexity Dominant Step
N1
General Weighting Punelions O( 2_: MEF) > )
i=1

or Non-I'IR Busic Components

) N+l {1 o
Piccewise Lincar Welghting ( E frfi3+l>—: MED;) | (0 &b)
i=1 i=1
Functions and FIR Dasic Components
o Axy o,
Conventional FIR Filters, or O(Miy + ), MP) (b&dore(1))
: i=1

Specilic Structures (Pig, 2)

N,
Conventional FIR Pilters, No 0( L Miz) (b)
1=1

Composite Response Specificalion

Note Lhat no distinction is made belween Lhe Lwo types of composile response

spccificalions, since Lhe complexily of sleps (d) and (e) is aboul the same.

V. Design lixample
To illuslrale the new method, Lhe following design example is presentod:

The problem we consider is Lhe design of an oclav-band filter bank com-
posed of five fillers. The composile response is specified Lo be flal. The first
filter in the bank is a lowpass filler, the lasl one is a highpass {iller and Lthe olher
three are bandpass filters. The i-th filter has a bandwidlh which is lwice Lhe
bandwidlh of Lhe (i-1)-lh filter, starting willy a lowpass filler having a passband
widlh of 20CHz. The transition bandwidths of the i-th filtor are proportional Lo its
bandwidth. Thus, Lhe lasl (highest) filter has the widesl transition band. The
individual filters wre convenlional IR fitbers, and Lhe sampling fr't:quurluy"is

BOCOITz. In order Lhal all Lhe fillers have Lhe same performance, Lhe producl

“ach cperation in this row is a nemerical inlcgration.
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"fter-lenglh X transilion-bandwidth' is set to be about the same for all five
fillers [18]. or Lhis reason all the weight faclors K are cqual (K;=1), excepl Tor
the composite response faclor K thal takes different values for different
designs. For real lime applications, an upper bound of 1.68x10°% mulliplics per
second is allowed in a particular implementalion of Lhe filler bank. This lcads Lo
filter lenglhs ranging from 19 samples Lo 139 samples (Luking advantage of Lhe
linear phase). The desired responses Di(f)i=1, - ,5 are Lhe responses of ideal
lowpass/bandpass/highpass fillers respeclively, i.e. sel Lo onc in Lthe desired
passband and zcro clsewhere. Table A-2 summarizes Lhe exacl passband / stop-
band frequencics of the individual fillers and their lenglhs. The magnilude of
l.l:w desired composile response Dg(f ) is unily. All six frequency responses
Di(f)%=1, - ,6 have tho same lincar phasc Y(f )=-mf 138, which corresponds

Lo a delay of 69 samples. Additional delays of 69— ;—‘(Mi—l) samples are required

so Lhat all five fillers have Lhe same delay, and thus the condilions of Corollary
Il arc salisfied and the resulting filters have linear phase. |
The weight functions W;(f)? for i=1, - - - ,6 are all piecewise conslant func-
lions. "‘or cach filler in Lhe bank, lhe weight function W,(/)? cquals to one in
the passband, zero in Lhe Lransilion bands, four in the lower slopband and nine
in We upper slopband. For Lhe composile response a unily weighl funclion is
uscd, thus 6§ is the cnergy of the composile response error. Since Wi(sz and
Di(f) =1, - ,6 correspond Lo rcal (possibly infinite) sequences, the condilions
of Corollary I arc salisficd, and the oplimal individual filters are all real valued
IFiR filters. Two extremal values of K are used: Ki=0 and K§-e. ['or Lhe first
case, Lhe resulling filler bank is composcd of optirmal filkers Lhat can be
designed cilther by the new method or by Lthe design melhod in [32,33] since the
composite response is of no relevance. This design oblains the minirnal

o . ~ ' . . . ";1' . .. gy w0
welghied MSE for cach individual filler 0f, and Lhe minimal MSE 72 lowever,
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since the composite response is ignored in this design, the result is a very poor
responsc as illustrated in Fig. 2.2 by the solid line. The sccond extremal casc is
obtained by specilying a flal composile response as a design constrainl. This
lcads Lo a filler bank wilh a flat composite responsc, and the new melhod minirn-
izes Lhe overall MSE subjecl Lo Lhis constraint. The optimal filters oblained using
1‘{.’;’ e, arc ol course degraded with respecl Lo those oblained using Ki=0, and
their MSE is &% i.c., a worst performance Lthan for any f(inile valuc of K§. On the
olher hand these filters minimize the composite response error, which is here
zero (i.c., 6(5:30:0). whereas Lhe filters oblained using A§ =0 have a comnposile
response crror of 6(5:'30:0.218. A trade-ofT belween Lhese exbremal cases can be
obtaincd cither by using (inilc values of K§ or by choosing a desired point on Lhe
£4(n?) curvclus illustrateetin fMig.3.1.

Ihe frequency responses of lhe optimal individual fillers for lhe Llwo
cxtremal cases arc comparced in [ig.3.5. The frequency responscs of the fillers
oblained in the flal composite response design arc illustrated in l"ig.l}.f)u,‘mnd
the frequenc) responses of Lhe fillers obtained in the un-conslrained design are
in 'ig.3.5b. Bolh are shown on a lincar magnilude scale. Ior further comparison,
Lthe frequency responsce of the fourlh individual filler in Lhese Lwo designs s
illustrated in Fig.3.6a and Tig.3.6b respeclively, on a logarithmic magnitude
scale. The values of 62 oblained in Lhe two extremal designs, and Lhe overall MSH

el ' . - m P
g~ are summerized in Table A-2.

1L is significanl thal the Lwo extremce values of £? arc quile close Lo cach
other (last row in the Luble), whereas the values of 68 differ dramatically. Thus,
wilthh moderale incrcase of Lhe MSE a flat composile response is oblained,
instcad of the poor composite responsc which results in the design which

ignores composile response specificalions.
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Tablc A-2: Design Specifications

rospe )

I"ilter No. tliter Lower Pussband Uigher Brror In I tirror {n
& Type Length Stopbuand Stopband Un- I'at-
Counstrained Composile
Desinn Design
[11] 2] |11] @) @)
D=0.W%=4 | D=1,1*=1 | D=0 ii=9
1 (L) 139 - 0000 - 0200 | 0300-4000 | 0.04x10 % | 1.914%i0 *
2 (BPI) 139 0000 - 0200 0300 - 0500 0600 - 1000 | 0.B49x107°% 2.518x107%
3 (3pPw) 79 0000 - 0400 | 0600-100G | 1200-4000 | 0.,53x10°% | 2.881x10 ©
4 {BP") 39 0000 - 0800 200-2000 | 2400-4000 [ 0.816x107¢ 3.200x107%
5 (LD 19 0000 - 1G00 | 2100 - 4000 - 0.746x10°% | 2.396x107%
6 (Compesile | 139 - 0000 - 1000 - 46.670x102 0

MS3E ¢

1.582x107%

5.859%x1072

VI. The Compiexily of Evalualing the Matrix V.

In Lhis scction we invesligate the complexity of cvalualing Lhe clemenls of

Lhe matrix Vlhat appears in Lemma 1. In [59] the following melhod is applied for

cvalualing Vas well as the values of (o, ], A

(a). Compule Lhe malrix €= Ry, 1.

”1",' I;

(b). Solve Lhe cigenvalue/cigenvector problem Cu=iu.

IL can be shown Lhal for Ry,, and T which are bolh hermilian, and Ry, being p.d.,

Llie malrix € can be diagonalized.

Now, since Cis a diagonalizable malrix, Lhere exists a non-singular malrix U

(whose columnins are Lhe cigenvectors) such Lhat: CU=Udiay [d, - -

are

Lherelore

Lhe

cigenvalues

g My o = Iy =
Un Bpy 2 Ry ithgy =20, =0.

of ¢ It

can be

shown

iy, 3 ity

My

Lhal  Tor

(c). If all §d,,},':’2’l"‘ values are dislinel, Lhen Vis oblained from U by scaling Lhe

columns of U as [ollows: 2, =u, / (@lRgY )V 2.
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(d). If the eigenvaluc d, has m=1 eigenvectors associated with it, a Grahm-
Shmidt orthonormalizalion process on the sub-space of dimension m of
Lhese cigenveelors, will give Lhe m colurnns of Lhe malrix V corresponding
Lo this eigenvalue. The orthonormalization process is with respeet Lo Lhe fol-
lowing norm of ¢*¥*1 defined by ea)=="Ry) . For Ry, which is a p.d. hermi-
Lian roalrix Lhis is a well defined norm, and Lhe case of =1 discussed in
;ccl.iou (c) above is only a speeial case.

The complexily of Lhe malrix mulliplicalion in slep (a) above is 0(Mj,,). The com-

plexity of Lhe eigenvector /eigenvalue problern Lhat is solved in step {b) is about

C(#+) using eflicienl numerical methods [60]. The corplexily of Lie normaliza-

lion process in sleps (¢) or (d) is also O(Mj,,). Thus, Lhe overall complexily of

evalualing the elements of the malrix Vis O{Mg,,). However, this task is cerlainly
morc complex Lhan simply inverling an My, xMy,; malrix.

Note thal for Lhe special case of a desired (al composile response, Ry, =1,
and slep (a) is Llotally omilled. Furthermore, in step (b) c=T is an hermilian

p.s.d. malrix, thus it has a unilary diagonalizalion ¥ which is the malrix Lhal

appears in Lemma 1 (sleps (¢) and (d) are omilted).
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1. Conditions for the Optimality of Prolotype Lranslaled

IFilter Banks

We begin with introducing the design problem in a general framework,
which is applicable to almost any design criteria, and for a generalized structurc
of the Glter bank. Allhiough this complicales the presentation, it enables Lo

obtain results for both the WMMSE and the Min-Max crileria.

Problcm} Statement:

(A). The filter bank is composed of N individual digital filters. The i-Lh filter is a
linear combination of M; basic components having the frequency responses
Ly (f)k=1,..., M (for a conventional FIR filter, Lhe basic components are
delays, and thus Ly (f) takes the form of E,(f) = e‘jzn(““)!). Since all the
resulls derived in l;his section are for a complex filter bank, the coeflicients of
the linear combinations (denoted by ay, k=1, . . . M), are assumed to be com-
plex numbers. The conditions for realness of the optimal coefficients and phase
linearily of Lhe filters for a wide class of design criteria are presented elsewhere,

With the above definition of its components, the frequency response of the i-th

Ulec 1s:
A M -1 )
(/) 8 % awBul)) (1

(B). The desired [requency response of the i-th filler is denoled by
(S )i=1, ... ,N. The crror between this desired frequency response and Lhe
freguency response of the corresponding filter is measured by a serni-norm
(denoied by || ;) which is defined on lhe space of complex funclions wilh real

argumicnt which are periodic with a periodicity of 1. Thus, ‘the i-th filter

]

esponsc error is defined as:
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6 £ 1D(f) =~ Hi(f)hs (2)
05 :
For example, in the WMMSE design: 6; & [ 1w XS ) = Hilg ) 12df 4,
, 0.5

whereas in Lhe Min-Max design: §; 4 oSu os“ Wi O(S) = H (S )], Sinee
I i is only a semi-norm Lhere may exist non-zero functions having a zero-norm.
However, the design problem is well posed only if |H;(f)]; > O for cvery filler

defined by (1) with a non-zero set of coeflicients.

(C). The composite response of the filler bank (denoted by H.(f) is the sum of

the responses of all N fiters, i.e: H (f) & }A_I:Hi(f ). The specification on the

i=1
composile response is given by an allowed Lolerance 7 willhh respecl to Lhe
desired composile frequency response D, (f). The error between Lhe desired
composite response and the composile responsc of Lhe filler bank is measured

by another semi-norm (denoted by | ) an.! lherelore:

8. A D.(r) - HF e | (3)

Thus, the tolerance specification is 6, <7, and for example, a flat composile
response is specified by D;(f) = 1. In both the WMMSE and Min-Max designs || |
usually has the same form as || [, but uses a diflerent weight function (denoted

by ‘W, (S ).

(D). The overall performance of the filter bank is measured by yel anolher
semi-norm (denoled by | [7), which takes into account Lhe response errors of all
Lhie fillers. Lel §€2¥ be the vector, whose i-th component is §; - the error of Lhe

i-th filler, Lthen Lhe overall error is defined as:

e & |olr | | (4)

there | |y is defined on R¥, the space of N dimensional rcal vectors wilh non-
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negative components. For example, in the WMMSE design: 8]y = [

-,
N
-—

N
whercas in the Min-Max design either: |d] = éflq.'?v“[(ild.;{ or {6y = )| K |6,
: 1= i=
with A; being appropriate weighting factors.

(). The design of an optimal filter bank with a specificd composile responsc is

therefore the solution of the following optimization problem:

Min fel -
tay; ‘ﬁ\.gi) l"u"’l _ (5)

The existence of a solution (not necessarily a unique onec) to this design problem
is guaranteed for large enough 7, provided that the following threc assumplions
hold:

- (AS1). The overall error is defined such that an increase in the errors of some of
the individual fillers never decreases the overall error, i.e., for every 0, AdeRY,
18 + Adlly = |8)r.

(AS2). For every filter defined by (1) with a non-zero sel of coeflicients,
IH (S ) > 0 fori=1, ... ,N.

(AS3). Since some of the basic components of different filters mighL be identical,
let Lthe composile response of the filter bank be rewrilten as a lincar combina-

tion of P linearly independent basic components:

H(f) = ”zob E(f). (6)

Now, the assurnption is that for every composite response defined by (6) wilh at
least. onc of the b, —s which is non-zero, |JH, (). > 0.

If the design problem is well-posed, Lthen Lthese assumptions hold. For cxam-
pl.e. bolh Lhe WMMSE and Min-Max designs of conventional FIR filter banks obey

these assumplions as long as each one of Lthe weight functions is non-zcro on a
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set of positive measure. The proof of this existence theorem is beyond the scope
of this paper.

(F). Definition: A Prototype Translated Filter Bank (PTFB), is a filter bank with
the property: H;(f — A - ;\'I—) = H,(f)i=1, ..., N, for some value of A and some
function 77, (f).

A Complex Uniformn Vilter Bank (CUFB) is characterized by:

DS —8- 5 =D, ) =1, ¥ (7a)
DS - 72«-):00(/); i=l,... N (7b)

and Lhe error crilerion salisfies

lA(f — &~ 71\/_)"0 = [|A(f )li:for any function A(f) and every 1<i<N (7¢)
14(f = 5 = 1A(/ )l for any function A(f) (7d)
18y = 18lly: for any serY (7c)
where 6")r=1, ..., N, denotes the veclor obtained by a cyeclic shift of the com-

ponents of the vector §, i.e.: ofr) = O(i+r)moan- The interpretation of (7a)-(7e) is
that the individual filters specifications are translated versions of a prototype
specification, the composile response specifications are invariant under [re-
quency translation, and cach one of the filters has the same contribution Lo the
error measure.

The following theorem relates any CUFB design problem with an opltimal

solulion which is a PTFB.
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Theorem 1: Let the basic components of the filters have the following property:
For any frequency response of the i-th filter #;(f) defined by (1), there exists a

set of coeflicients of the (i—1)modN-th filter having the frequency response
' 1

Hi(f - —.

Then, any CUIMDB design problem has al leasl one oplirmal solution which is a
Prrg:
Proof: Due Lo assurmnptions (AS1)-(AS3) Lhere exisls al leasl one oplimal solulion,

N "\
denoted by {#;,(f)3X,. Define: £7;(f) 2 /1\/—}_: H(f - %ﬁ—) fori=1,... N,
’ k=1

it is casy to verily Lhal the theorern's condition implies the existence of a set of
cocflicients {uy{ for which A;(f) is the frequency response of the i-th filter in
Lhe filter bahk. Furlhermor:, it is easily verified Lhat this (ilter bank is a PTI'D.

Using the triangle inequality, and homogenity of || [; together with (7a) and (7c¢)

results in 3 & |D(f) ~ (/) = ,L'—kﬁlnﬂ,,(f) ~ H(f == .. Using (7a)

N
and (7c) with respect to || [ transfers the above inequality into: 3; < -;V-E O
k=1

Following assurmplion (AS1), the triangle inequalily and homogcnily of | [

resulls in lhe following inequality: & & 3], < llfv—ﬁ 0¥, < #ﬁ 6%, 1low-
k=1 k=1

ever, from (7e) this is equivalent to % < ¢. Thus, the PTFB achieves the minimal

error, and it only remains to sh‘ow that 3, 4 1D, (f) = H (). = 8.. Rearrang-

ing the expression for the composite response of Lhe PIBF as

H.(f) = ;/—ﬁ HAS - -I]V—), using the trianglc inequality and homogenily of | |,
Jj=1

N .
resulls in: G, < #}_) 10.(f) = 1 (S _-jj\T)”" From (7b) and (7d) follows thal
. j=1
C¢ = 6, and Lhe proof is complected.

 The following corollary restales Lhe condilion of Theorem 1 for Lhe conven-

Liona! structurce of filter banks:
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Corollary 1: For conventional FIR filter banks (i.e., with delays as basic comn-
poncnts) any CUTH design problem has at lcast one PTFB optimal solution, pro-
vided thal all ¥ individual filters have the same length (i.e., M; = M) and the
sarne delay.

When the condilions in Lhis corollary hold, Lhe oplimal PTFB can be

obtained as the solution of a much simplier design problem as suggesled by the

9

followinig Ltheorem:
Theorem 2: Undcer the conditions of Corollary 1 Lthe optimal PTFB is oblained as

follows:

(a). Solve the following IR filter design problem:

Moy ey "
Min Dy (f) = ) agee 32 (k1)) : (8a)
o=y k=0 ,

Subject Lo the following constraint imposcd by Lhe composile responsce

specification:
‘M-—lrrll
6 A "l)( )"'N ﬁ: ,—-j?.n(j-lA)mN” <
¢ = . (S ' Qo (mN-1)€ e =7 (Ub)
m=ll-lq-]

(b). The coeflicients of the PTFB filters are obtained from the optimal prototype

filter (Lhe solution of (8)) by:

il A (i
j n(TA)(kH) 1,....N; k=0,...,M~-1. )

@y, -é- Qoi € 1=
Proof: From the definition of the PTIFB, and the structure of conventional
 filter banks implied by Corollary 1, cquation (9) follows immediately. I'rom
(2), (7a) and (7c¢) il follows Lhat in any PTFB solution for a CUFB design

‘problem all the N components of 8 are equal. Thus, due Lo assumnplion

{AS1) Lhe oplimal protolype minimizes cach component of &, i.c. it is Lhe
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solution of (8a). Equation (8b) follows from the definition of the PTFB, equa-

. R —jzn%-_ N k = 0(modN)
tion (3), and the well-known result: X_,oe =1y elsewhere

Since A in the PTFB and CUFB definitions is arbilrary, ils value can always
be chosen so Lhat Lhe prolotype filter is a lowpass filler.

Kor any filler bank slructure, for which Theorem 1 holds, the analogue of
Theorern 2 can be easily derived. Since in Lthe sequel we concentrate on Lhe con-

ventional FIR structure, we omit the derivation.

1I. WiMSE Design of Uniform Filter Banks.

The WMMSLE design of filler banks with specified composile response has
been presenled in [61). llere we define the WMMSE CUFB design problem, and as
a conscquence of Theorem 2, obtain a simplified algorithm for the design of Lhe
optimal (in the WMMSE sensc) PTIFB solution.

‘he serni-norms | i, | |c and | |r corresponding to the WMMSE design cri-
teria have already been dcfinerd as examples in the discussion of the previous
scction. The definition .of the WMMSE CUI'B in terms of the WMMSE design

specificalions is thercfore:

DA b= =D,() 1sisN (104)
DS —7";/—)=Dc(f) 1<i<s N (10b)
WS —A-%—): W,(f) 1<i<N (10¢)

AT —;—);wc(f) 1=i< N | (104d)
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K =11=i=sN ‘ (10c)

And the optimal prolotype filter is Lhe solution of:

Mip ¢2 & Nf W, (f)I3D,(f) - La. ¢
{0 {ic =0 =0.5

Subject to:

0 lll-n»l i-ll
- P N ‘v . o
62 & f | W (SIBID(f) = N E: Qg iy TR MY (247 < 2 (11b)
m=lod
A’

(a

This convex programuning problem is equivalent Lo [906, sce. 4.5];

Min itf + K26%)

otu.—o (1‘3)

{a

['or some value of K(7). Diflerentiating (12) with respect to Lhe uhknown vari-

ables and rearranging the resulting equations leads Lo the solulion:

a, = RO, + 1Ty] (134)

\"hcrc € C¥ is the vector whose elements are the coeflicients of the prototypc
filter. The clements of the P.D. Hermelian MXM maltrix [, are:
0.5
A,,(m kY= [ W (f)|2ei®n/m®lgr mk=0,..., M-1 (13b)
. <08
And the elements of d, € C¥ are:
5

0
do(m) = [ | W, (f)2D,(f)ei3™ Mgy im k=0, ..., M-1 (13c)
-05 ,

The clements of the @xM matrix H (with § = [M%H-j —[jlv—] + 1) are:
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l

k = + -l

| _ 1 mN ([—]N N ). _ - (13d)
H(m,k) = 0 elsewhere im=0,...,@-1,k=0,...,M-1

The vector g€ C? is a corrcction vector duc to the compositc responsc

speaificalion and is defined as:

| Ay
q= -[!(-2_19;1 + NHRHT ] (R7d, — NHR 'd,) (13c)

Vhere Lthe clements of the P.D. Hermitian @%@ malrix K, are:

0.5
Re(m k)= [ W (f —d)j2ed?fm-)gyr g k=0, ... M-l (130)

-0.5

And Lhe elements of d, € €C? are:

) % 1 [—l—]N
| Ho(F =)0, (1 =)™ W

.
)
-

0
de(m) = { df ;m=0,...,Q-1 (13g)

Equations (13a)-(13g) describe the oplimal prototypc given K%(n?) and arc the
simplificd version of (10)-(15) in [61]. The overall error (£2) and the composite

response ecror (6%) of the optimal PTFB are:

0.5
g2 = N[ [ | W,(S)D,(f)]%df — SR, + g HT R g ] (14a)
-0.5
0.5
8¢ = [1WAS)DAS)N2f ~d BT, + g Rl (14b)
-0.06

where 27 denotes conjugale transposilion of 2. The valuc of K(7) is oblained,
similar Lo [61, cqualions (16)-(24)], by simullancously diagonalization of R
and T & NHR;HT. Similar to [61], the optimal protolypc has rcal coeflicients

provided that |[W,(f)|% |W.(f - 83 D,{f) and D,(f —A) are Fourier
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transforms of real sequences. Furthermore, if both D, (f) and D, (f —A) have
lhe lincar phase e 72 W+M=-1/2) 4nq 214+(HM-1) = OmodN, the optimal proto-
lype has a linear phase [61]. However, phase lincarily of the original
specifications (Le., 2,(f)) imposcs { = -(M—;—l— Le., both O,(f) and O.(f - A)
have zero phase.

Usually | #,(f)]% iWu(f - 8)|% D,(f) and D,(f —A) arc piccewisc conslant
functions, and all the integrals appearing in (13) and (14) can be cvaluated
anaiytically. Thus, the complexitly of the design is O(M2 + a(M/ N)®). O(M?)
operalions are needed (or the inversion of the M dimensional Toeplilz matrix R,,
and for oblaining the solulion g, via (12a). O(a(M/ N)®) operations arc necded
for Lhe simu}Luncous diagonalizalion of Lhe %@ symmelric malrices 7Y and
NHRYHY, where @ = M/ N, and a > 1 represents the relative complexily of
unitary diagonalization of a matrix compared to ils inversion. In comparison, the
original algorilthm of [61] involves inversion of N Tocplitz malrices, Lhen a simul-
laneous diagonalization of wo MXM rmatrices, and Lhus its complcxit); is
O(NM* + aM®). For cxample, the design of a typical digital filter bank wilth 32
fiiters, cach of thent is an FIR filter of length 256 takes a few CPU scconds on &
16 bil computer using the new 'algoril;hm whereas a dircect design requires Lhe

solulion of an optimizalion problem with 8192 variables !

I1l. Real WM¥SE Uniform Filter Banks
In many applications, rcal outpuls are desired while preserving the efficient
implementalion of the PTFB. This is done by adding Logcther proper pair of oul-
puts of Lhe FPITB. The following result is an irnmediate conscquence of equation
(9):
Lemma. 1: Adding pairs of oulpuls of a PIFDB wilh a real protolype filler having a

zcro-phase responsce, resulls in a real filler bank if and only if A = Omod(le—.
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Two different structures of real filter banks can thus be obtained from Lhe
same real protolype filter. The first one (denoted as structure (A)) corresponds

to A =0 with the i-th and (N—i)-Lth outputs being added, yielding [Nd;l] rcal

filters; whereas in the sccond slructure (denoted by (9)) A = -z—llv—and Lhe i-Lh
and (N -1-i)-lh outpuls are added, yielding [I—av-] real filters. The main difference
between thesc two structures is in Lhe bandwidlh of the first (lowpass) filter in

Lhe rsulting real filter bank.

For both structures the design’ specifications are no-longer those of a
Cul.

A RUFB, is a filler bank characterized by (7b), (7d), (7e) and:

DALY = GIDAS + 5o + DS = 253 (150)

A) = AT = 1A + 520k = 140 = 22k

(15b)
for any funclion A(f)
Wherc 1 = 0,24, ..., for structure (A), and © = 1,3,5, . . ., for structurc (B),
and G 4, cxcept for G, = Cy 4 0.5.
Real filter banks obtained from a PIFB have the following property:
T ( - | ._1:___ Sp— L 3

Where the values of 4 in (16) arc determined by Lhe struclure uscd in combining
pairs of outputs of the PTIFB. In general the optimal solution of the RUFB design
problem does nol possess the property implied by (16). Thus, unlike Lthe CUID

case, in general any PTFB provides only a sub-oplimal solution Lo Lhe RUFB
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design problem. However, one can impose equation (16) as parl of the design
specifications to guarantee an eflicient implementation via a PTFB. In this con-
text the queslion of finding the oplimal prototype filter arises naturally. We con-
centrale therefore on the WMMSE RUTFB design subject to equalion (106).

Spccifically we usc the following weight functions:

'i — o - - e
111~ 77 I€[o, r}*]""”*ﬁ;k” ThR g (17)
" : i . e »1 1
[ We(f)I =0 |f -5 €(tp.Fs] or IS+ grd €l ) s 5

w clscwhere 4

Fig.4.la illustrates a Ltypical wcig.hl; function and Fig.4.1b illustrates the

o cquivalent low-pass weight function | #,(f)|* used in the design of the optimal
prototype of the corresponding CUIB. The cormposite response specificalion
imposcd on Lhe protolype filter of the WMMSE RUPB design is given by (11b) as in

" Lhe CUFB case. The overall error of Lhe WMMSE RUFB design, which is obtained
by substituting (7),(16),(15a), (10e), in (1),(2).(4) is for structure (A):

[e:f, + NyYyy ; N odd
td = fe2 + NYywy i N even (18a)
2 .

l

and for structure (B):

rs:f, + NYy : N odd

12—
Eh TR+ N(QRyy~y¥n) i Neven (18b)
- 2

Where £Z is the overall crror of the WMMSE CUFB design given in (11a), and

Yy is Lhe following correction Lerm:

Por Iy> ;—-1——11123 definilion becomes inaccurale for i =1 (the first filter in structure (B)). To

cecommodale for this particular case in the design process equations (17)-(20) have to be slightly
modified. However, this modification complicates the presentation and therefore is omitted here.

2;(f ) is periodic with o period of 1, and in that context we interprel the word “clsewhere”,
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1.N—l

4 5L j(lmU)lz-—w)IDo(f + 1 = Holf + 5%y

(18¢)

0.5 . .
+ ] @IW(IE - wIRel(BTT = BB +72 = o ([ + ) )s

whci'c 'superbar’ denotes complex conjugalion. Duc to the cxistence of a non-
zero correclion term 9y, €5 and &5 differ from the overall crror g% of lhe
WMMSE CUFB. Thus, the optimal prototype for the WMMSE RUFB design is
different [rom the oplimal protolype for the WMMSE CUI'DB design. Furlhermore,
for an cven number of flters, Lthe optirnal prololype for structure (A) is nol Lhe
of:.imal prototype for structure (B). For oplimization purposes lhe corrcction

Lerm Yy is rewrilten as the following quadralic form:

Y =

m_1~

(J?N + Ry)a, —dya, = a,dy + Y, (19)

where ¥, is a constant (independent of a,, and the clements of the Mx/! malrix

ey are:

Ry(m.k) = -—/]\/—(3180 (m k) ~2w) + (K, (m k) —w)6(m = kmodN)

(20a)
+ (2R, (m k) —w)d(k =1 modN)
and the clements of dy€ C¥ (assuming that D,(f) =0for | f| > 2—3\/— arc:
dy(m) = _/!v_d"(m) + dy(m)é(m =1 modN) ;m=0,...,M-1 (20b)

Therclore, the design of Lhie oplimal prololype Tor the WMMSLE RUT'B is via cqua-
tions (13a)-(138g) with £, and d, being replaced by Lhe following expressions,

respeclively:
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(a). Ro+%—(RN+RA’,) . d+dy for N odd .
(b). .R°+7;—(]?ﬂ_+1i’£,,_) vy tdy for N even and structure (A).
z 2 2

(¢). Ry+IRy+Ry — %—(Rlﬂf_fv_) 4, +2dy—dy for N even and structure (I3).
2z 2 P]

The issucs of phase-linearily, und design complexily are similar Lo the CUIMB

Case.

IV. Min-Max Design of Uniform Filter Banks.

Optimal Min-Maz design of filter banks with specified composile response
involves lincar programming teehniques. The lincar prograrn for the i-th filler is
of M; unknown variables and F; lincar conslraints, where the conlinuous fre-

quency response crror of the i-th filter is uniformly sampled with a sampling

" interval of %—[25.26]. For the whole filter bank design, the overall lincar pro-
i

N N1 .
rramaming cfforl inVolves () M;+1) unknown variables and > P linear con-
é ]

i=1 i=1

strainls including the composile responsc specifications. We shall concentrale
on conventional filter banks with delays as basic components, and assurne that
all the individual filters have the same length (i.c., #; = M). Furthermore, it is
assumed that the sampling interval is the same for all (N+1) frequency
responscs (i.c. F; = P). Lach iteration of the linear programming algorilhm
involves (N +1) FI'T"s of dimension M each, followed by interpolations by a faclor
of P/ M [26]. This step which has a complexity of O((N+1)MlogsM + (N+1)ai?)
operalions per iteration determines the complexity of the algorithm, where o is
Lhe number of operalions per output sample of Lhe interpolalion fitler. For Ly pi-
c(;xi values of N = 32, M = 206 and P = 1024 Lhis algorilthm is quile complex.

A Min-Max CUFB is defined by design specifications that salisfy (10) using

the weighted Lo norm for | |; and | ;. As a particular instance of Corollary 1
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and Theorem 2, the optimal Min-Max CUFB is a PTF'B whose prototype filter is

the solution of:

- . Mal o ienses
M Sup (WD) = S aesenrienn (21

fagy 1! S €0

Subjecel Lot
3

lH—lHl
> & w
jcl_égl‘po 5]” Wc(f)“Dc (f) - N L a‘o(mN—l)e jen(s +A)mNHSn (2“))
o m=l 4
N

This modified design problem involves only M variables and 2/7 constraints, Lhus
the cornplexity of the design is reduced by at least a factor of N. The oplimal
protolypec filter has real eoeflicicnts and linear-phase provided that the condi-

tions presented in section 11 are fulfilled (i.e., l=—gi2——1L. D,(f) and D, (s ~4)

arc zero-phase funclions, and |W,(f)|, |W.(f =A)|, D,(f) and D.(f —A) are
Fouricr transforms of real sequences).

Whereas the designs of the optimal protolypes for the WMMSE RUFB and
WMMSL CUFL have the s‘amc complexily, the design of the optimal prolotype for
the Min-Max RUFD involves the evaluation of (N+1) different frequency
responses and is thus more complex than the design of the Min-Max CUFB.
Nevertheless, equations (15)-(17) can be uscd to reduce the complexity of the
linear programming algorithm in the design of a RUT'B as well.

Il can be shown that for | W, (f)] and | W,(/ )| which are positive on a scl of
non-zero measure, there exisls a solution of (21a)-(21b), which is obtained with
cyualily in (21b) provided that 7 =,,. Where the minimal composite response
crror 1,, is Lthe solulion of:

' , R —jensN(m+ L)
= M Su = DD (S —B)=N Y by v
Tim wif;;}_ bi reSuP | We (S = DI~ 8) N};o e ¥ (22)
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with @ & MLl iy,
_ N N
The design of Lhe oplimal Min-Max protolypc for 7 = 7,, can Lhus be done in two
steps:
(). Solve (22) Lo oblain 7,, and {b,, |22},

(b?. Subslitule a.o(mN_l‘(#N_” =b,, and solve (R1la) to cgmplcl.c Lthe impulse

response of the prototype filter.

Each onc of thesc steps involves a linear programming solulion of a con-
straincd FIR digital filter design problern, similar to the onc prescnled in [40).
For the parlicular case of a flal composile response (i.e., O, (f) = 1), Lhe unique -
solulion of (22) is b,, = é6(m +[—LN—]). wilh 7y, = 0. Thus, Lhe oplimal protolype for
« specified flul composite response with zcro Lolerance is the N-lh band FIR
filler designed in [40]. The 1incar; programrming approach is quite salisfaclory for
saort length prololype designs (typically, for M < 100). However, for valucs of A
which are several hundreds Lhis approach becomes impraclical.

V. Approximalte Oplimal Window Design

The following Lheorem relates the oplimal Min-Max CUFD design wilh Lhe

well-known Window Method for the design of FIR filter banks.

Theorem 3;

(a). For any CUIB specifications the Window Melhod resulls in a PTIB.
i=0

Nz
(b). It D.(f) = ¥ Di(f) then in the Window Method lhe composile response is

Ho(f) = DS )*W(f) with W(f ) being the frequency response of Lthe window
scquence.
(¢). For D,(f) which is an ideal LPF of bandwidlh :;‘Wand a flal cornposile

response specification (U, (f) = 1), lhe optimal Min-Max CUFB for zcro

Lolerance (7 = 7, = 0) can be oblained wilh Lthe Window mecthod.
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Proof: The proof of part (b) of this theorem is given in [37], and this is essen-
tially the molivation for using the Window Mcthod in filter bank designs. The
proof of part (a) is: In the Window method 75(f) = D,(f)*W{/). Using (10a) and’
clementary properties of Lhe convolulion opcralor lecads Lo

‘ _ . .1 A 4 4q,
Bi(F) = [D WIS +3+0) & H,(F +240).

The proof of part (c) is: Due to part {a) the Window Method results in a PUFB. Due ;
to part (b) this PTFB has the composite response H,(f) = 1*W(f) = w,. Thus.
for any window wilh w, = 1 the Window Mecthod results in a PTFB with Nn=n, =0

For D,(f) which is an ideal LPF of bandwidlh the coeflicients of Lhe

1
2N’
corresponding impulse response d,(k) are zero only for k = 0(modN). There-
fore, any PTIB wilh a flal composite responsce can be designed by the Window
method, provided thal a proper window sequence is used. In parlicular lhe
. . ‘,opl.i_r;ml PTI'B can be oblaincd byﬁ the Window method.

Dus to this theorem Lhe Oplimal Window (in the Min-Max sense) leads to Lhe

solution of the Min-Max CUFB design problem. Since for 0,{f ) which is an ideal

LPI" of Bandwidtlh Ellrany window scquence resulls in a flal composile response,

hie Oplimal Window is any solulion of:

DY = B euse ) e

iwkj,jlmf(l 0-)0 J ' k=-fi]

Where we assumed that I = —( ) Lo assure phase linearity of all Lhe filters in

2
the optimal PIFB, and {d, (k )}t ;| are lhe coeflicients of the desircd (infinilc)

irnpulsce response, i.¢.:

1 Tk »
;k'-bln N) ]C-./-()'

(k) 2 A fD (f)e?*rrkaf =1 (R4)
-0.5. ]T k=0
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For |Wo(f)| = [W,(=f)| there is always an Optimal Window with zero-
phase, rcal coeflicients, and satisfying w, = 1. Restricting the solution of the

design problem to have Lhese properties, the Optimal Window is lhe Solution of:

e

Sup_ 1M1 )ID, <f)——~—£ il ™ ycos(znsh)l}  (e0)

Min [6
relo.;

twetdd, !

.This problem can be solved by linear programming as in [40). IL secmed at
firsl that Lhis is a Chebyshev approximation problem and Lthus the Remez
exchange method can be appliced. This is not Lrue, since the Chebyshev approxi-
rmaticn problem with unknown coeflicicnts aye 2w d, (k) resulls in gencral wilh
% (mN) # 0, contradicting the constraints d, (mN) = 0. For this recason Lthe
melhod presenled in [39] is sub-oplirmal. Similar Lo [21], we represent the error

induced in the Window Melhod as follows:

bu = Haz§ Sup | Wo(Pu(hr) + hulahrt /)L,

!tlo——-l
(26a)
Sup | Wo(/ Wl =5 + du(1= 5o/ )1}
fL[E_N—O"]
Where:
L 03 J‘wlc . .
sy = [ 21+§_42wkt,05(2m%.)d‘0 (0.5-1) = ST 2% Go(enrk) (26b)
s k=1 k=1 Tk

In [22] the following approximation of 6,, (denoted by 3,,) is used:
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1 - 1 p
B & .Ma.rif ?;LP_}IW(f)IMU—[le(gj\T-f)l.le(gj\-,-+f)l].

(27)

S |tz (14, - A L Tu(i= = 11

ft is easily verified that d,, < 29, for any window sequence. Furthermore, in
[21,22] this approximation was used for most of the known window scquences
and for many design cxamples, always leading 6y, = 3y,. Lel the approximale
~ optimal window (AOW) denote thc seducnce wilh minimal value of By. We there-
fore expect Lhe error of Lthe PITB designed using Lhe AOW scquence Lo be williin
a factor of two from the minimal ercor. Combining (6b) and (27) and rcarrang-

ing the resulling expression, the AOW is the solution of:

1 lf'hﬁl {,up, [ #(0)[0.5-5- 2 —-:m(dm?k)l]i (28a)
Where:
| ()| & UW( -9 |W( TR ANEL (13-——)| | W (1~ —-’0){1’%)

AndA'm (28b) we interpret | #,(A)| as zero for A <0 or A > 0.5. Unlike the original
roblem stated in (25) this is a Chebyshev approximation problem, thus the

Remez exchange method can be applied, and the AOVW is casily oblained even for

filter iengths of several hundreds. Solving (28) with Lhe Remez exchange melhod

appcars Lo require a special program. However, Lhe available program in [27] is

suitable for Lhis purpose by applying the following algorilhm:

(a). Design an oplimal (in the Min-Max sensc) differentiator of lenglh M for the

weight funclion | #7{0.5-9)| using [27] with an absolute crror criterion.
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(b). Let fay... @1.0,-a,,...,~ay,§ be the coeflicients of this optimal
differentiator,  then  the  desired  window sequence  is given by
we & 2rk(-1)f*g, k=1,..., L]

The AGY was defined for the CUFB with an odd lenglh protolype filter. I'or CUI'B

with an cven lenglh prololype filter, Theorem 3 holds, although (21b) is inaccu-

ratc $ince now ! is not an integer. The AOW is defined as the argmin of 3, defined

in (27) and for even length sequences it lb the solution of:

M

(;Ml?kr’z/ M[c.:éo] [| #(9)])0.5 - 2, (a/c k=) 5P m3(2k —1)| |} (29)

With | #(8)| defined by (28b). The expression above resulls from Lhe analoguc of
(26b) for cvén length scquences. The available program in [27] can be uscd to
solve (29) using Lh.c following algorithm:

(a). Design an optimal (in the Min-Max scnsc) Hilbert transformer of lenglh M

for the weight function | #(3)| using the prograrn in [27].

(b). Let tay, . .. e, -ay, .., —a y be the coeflicients of Lhis filler, Lhen Lhe
2 2

desired window sequence is given by w; a 'n(k—%—)ak, k=1,..., —':—I—

For a general (Non-Uniform) filter bank with specified flat composile
response the AOW can be defined in a similar manner, where the weight function
[ #(8)| given in (28b) is properly changed. The AOW resulls in an approximalion
to the optimal filter bank among those designed by the window melhod. There-
fore it usually lcads to a superior performance as compared with conventional
window scquences. However, for Non-Uniform filter banks Lhe AOW design is nol,
neCcssur‘ily an approx‘rmation lo the optimal (in the Min-Max sense) filler bank.
For Lhis rcason we concentrated on the CUFB casc although the AOW may be

usclul in Lthe more general case as well.



- 170 -

We compare the design using the AOW sequence with the optimal Min-Max
prototype via the design cxample 1 in [40]. This cxample corresponds to the
design of a CUFB composed of ecight FIR fillers, cach onc of them has 39 taps.
The passband of the protolype is f €[0,0.10625), whereas its stopband is
J €[0.14375,0.5]. The desired passband deviation cquals the desired stopband
devialion (i.e., Wy (f) is as in Iig.1b with w=1). The oplimal Min-Max prololype
has pz;ssband ripple of 0.35dF, and stopband attcnuation of 33d3. The AQW
design resulls in passband ripple of 0.43dB and stopband attcnuation of 32d.3.
Thus, the degradation due to the sub-optimality ¢. the AOW design is very small.
Sirnilar results have been obtained for other design examples. For longer fillers
(typically above one hundred taps), the optimal Min-Max design is too complex.
Thus, we comparc Lhe design using Lhe AOW sequence with various sub-optirmal
methods, namely: The conventional window method in [37] using Lthe Kaiscr Win-
dow (dcnoted by KW), the sub-oi:timal Min-Max design of [39] (denoted by TMX),
and the un-specificd composite response design in [27)] (denoted by DMX). The
comnparison is via a CUFD design cxample. Since TMX is applicable only to odd
lenglh fillers we consider a bank of N = 16 filters, having cach an impulse
response of lenglth M = 123 samples. A flul composile response is spectfied, i.c.

De(J) = 1, and the desired protolype frequency response is thal of an ideal LP)

of bandwidth % (Le., Dy(f)=1tor |f]| = ,_;1? and zcro clsewhere). All four
design melhods are applied Lo design a PTIB. For these specificalions KW, AOW

and TMX guaranlee a flat composile response (6, = 0). The prololype weight

function is:

ARy ]
TG B0 B <ITI<B By < o< R (30)

K Ii,=|f]l =05



The transition bandwidlh is Fj -F, ——— For KW, DMX and TMX

(Fy + 1)/ 2= -Blz—whcrcas for the AOW (/7 + F})/ 2 is oplimally set according Lo
[21]. Table B-1 summarizes the performance obtained for three typical values of
K =1,10,50. As cxpected, the DMX design has the smallest passband ripple, and
largest stopband allenualion. lowever, il rosulls in a poor composile response,
with a ripple of up to 8.73db [or K = 50. For K = 1 all four methods resulls in a
similar performance, whereas for X > 1 the AOW is certainly preferred on T'MX
and KW. Since TMX is applicable only for (N=1) = K> 1 [39], iL is nol uscd for
K = 50. Figures 4.2 to 4.5 illustrate lhe shape of the response of Lhe protolypc
filter which resulls in the DMX, TMX, KW and AOW designs, respeclively, Tor
£ = 10. In IFig.4.2 the composilte response of Lhe DMX filler bank is also illus-

trated.

It is obvious in I'ig.4.3 Lhat Lhe low slopband allenuation of Lhe TMX resulls

duc to the spurious peaks in the [requency bands around 31—)+%
m =1,...,14 I thesc bands are excluded [rom the stopband by proper

change of | #,(/ )| similar performance to the AOW is achieved. Figures 4.4 and
4.5 illustrate the shape of Lhe filters designed using KW and AOW, respectively.

Note that the AOW results in a nearly equiripple response.
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TableC-1: CUFB Design Example.

KW [37) AOW TMX [39] DMX [27]

A, As A A Ay As Ay As Ac
=1 1022 |38.10 | 0.25 | 38.45 | 0.14 | 41.57 | 0.14 | 41.68 | 0.03
K=10 | 022 | 88.10 | 1.10 | 46.68 | 1.03 | 30.25 | 0.54 | 50.08 | 4.61
bl
K=50 | 0.22 | 38.10 | 3.09 | 51.22 | - - 1.08 | 58.18 | 8.73

A, - Passband Ripple in dB.
A - Stopband Allenuation in df3,

A - Composite Response Ripple in d/f.
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1. Statistical Model of the A/S System

We present below a statistical model of a fixed time reference [6,13] A/S
system with WOLA synthesis and quantization of the output of the analysis stage.
Although most of the A/S systems contain the DFT transform in the analysis
stage so that the quantizer input is the Discrete Short Time Fourier Transform
(DSTFT), of the input signal [5], some contain other linear regular transforms
(such as the DCT, or Hadamard transform). Therefore, the modeling of an A/S
system with an arbitrary linear regular transform is presented, in order to apply
the new design method to various coding systems. A schematic description of
the A/S system is given in Figs. 5.1, 5.2. In order to simplify the presentation of
the new design method, we frequently use infinite sums, so as not to bother with
explicitly stating their limits, although they are actually ﬁnite unless explicitly
stated. The time domain sequences as well as the analysis and synthesis windows
have real values, whereas the transform values may be complex. A detailed

description of the model is given below.

(A). The input signal sequence z(n) is multiplied by the sliding analysis window
h(-) hdving a length of I, samples. A time aliasing operation reduces these
L, values into a vector of length M (the transform size), denoted by z,.
These vectors (for different time instances) are decimated with a decima-
tion factor #, 1=R<M. The m-th element of the vector z,p is given by:

Zep(m) = i h(sR—m —Mr)z(m+Mr), Osm<sM-1 (1)

ro—-w

A linear regular transform of size M operates on these vectors and results
in output vectors X;r of M elements each. This transform is represented by the
MxM dimensional matrix T, whose (k,m) element is denoted by

t(k,m), 0sk,m<M—1. The k-th element of the vector Xy is given by:

3
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-1
. Xer(k) = & t(k,m) zsp(m) O<sksM-~1 (2)

m=0

If the DFT transform'is applied (i.e., t(k,m) = exp(—j-z—lflﬂlﬁ), the sequence

of vectors Xyr is the DSTFT of the input signal. For the general transform
represented by T we denote the sequence of vectors X;p as the discrete short-
time transform (DSTT) of the input signal. This completes the analysis part of

the system.

(B). Let the modified DSTT (MDSTT) sequence of vectors be denoted by X,R.
Before describing in detail the various quantizers considered (i.e., the vari-
ous types of mappings of X,,R (Xsr)). we describe the WOLA synthesis which is

used in all the systems considered here.

An inverse transform operates on the MDSTT and results in time domain
vectors Z,z of M elements each. The inverse transform is represented by the
matrix T~! of dimensions #xM, whose (m k) element is denoted by ¢ ~!(m k) for

0<m,k < (M—1). The m-th element of £.p is thus given by:

Zer(m) = fg; tYm k) Xep(k) . Osm<M-1 (3)

The sequence of time domain vectors Z,p is interpolated with an interpola-
tion factor 1?. and a weighted overlap-add operation reconstructs the output
sequence y(n). This operation is done using a synthesis filter f () of L; sam-

ples, and is described by:

y(n)= 3 f(n-sR)Ep((n)y) (4)

where (n)y denotes n(mod M).

I
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(C). Two types of quantization approaches are considered:

1. Fine Quantization (FQ)

When fine quantization is used, there are typically about 5 or more bits per
input sample and the output signal to noise ratio (SNR) is quite high. 1t is well-
known that for this case the quantization error can be reasonably modeled as an
additive noise vector that is uncorrelated with the input signal [66]. We shall
further assume that these noise vectors are samples of a wide-sense stationary
process with zero-mean (typically, assumed to be uncorrelated), and known

covariance sequence. Let ¥;p denote the noise vector added to Xsr, then:

Xor(k) = Vip(k) + Xop(k) . Osk<HM -1 (5)

For convenience of the presentation we denote by ¥sg the inverse transform
of the vector ¥, and use the covariance sequence of w,p rather than the covari-

ance sequence of V;p. Thus,

Zop(m) = Zer(m) + veg(m) .,  Osm<H -1 (8)
and:
Elvsp(m)] = E[ugr(m) z(n)]=0 Vn.s: osm<H—1 (7a)

E['UBR(m )‘U(, +d)R (n)] = ‘I’m,n (dR) A4 s, d; 0sm,n<sM-1 (7b)

For example, if the vectors Jsr are uncorrelated both in time and in the
transform domain, then ¥,,(dR)=0 for d#0. Furthermore, if the DFT
transform is used, the matrix whose elements are ¥Ym.n(0) is a Circulant matrix
whose first row is the IDFT of dimension M of the sequence
(E[Ver(0)?], . . ., E[Vep (M -1)%]). The latter sequence is closely related to the bit

allocation used in the different bands.




- 176 -

2. Matrix Quantization (MQ)
The matrix quantization of blocks of B>1 DSTT vectors is explained below:

The vectors {XeBR 1w venn Xsp+(B-1)r), are regarded as an MxB matrix
Xs(pr)- The code book contains L diflferent matrices {C“’, .. ,C“”} and the

space of all MXB complex matrices is divided into / distinct sets
L

§AM, . ALY, such that U AW = C¥*B_ In the time instance s, the coder
1=1

selects the index 1=i,</, according to:

iy =1 if X@ped® 1=i<y (8a)

When a specific index value ! is received by the decoder, it uses the matrix

V) as f(s(gm and therefore the sequence {g_,(‘). C. .QS'_), } = T7'C) is used as the
sequence of vectors {Z;pp, . . . ‘Z(sp+(p-1)r} in the synthesis. This sequence is

assumed to be real even for complex transforms (one can easily guarantee this
property by an appropriate selection of the code book matrices). The output
samples of the A/S system are the result of a WOLA synthesis (using (4)), applied

to the concatenated sequence:

(1)

i(st)R:Ed . 0=d<PB-1, 1<i;<[,, —co<s<oo (8b)

It is quite difficult to design a complete codebook for large values of [ (e.g.,
1024 and above), and therefore product codes are usually used. In a product

code the index 14, is essentially a vector of length J=1, i.e.:
J

iy = (i5(1), ... ,%(J)), where 1<ig(k)<I, with L = ]I Le. The reduction in
k=1

complexity is obtained by designing J independent codebooks, with the k-th

codebook being described by the pair of sets

(AR ,A(L"'k)], fchx) ,C(L"'”]. and the coding-decoding scheme is:



- 177 -

k)=l iff Xppedl®) |, 1sl<l,1<k<J (9a)

&)k ,
_f_(sma)R:é!.-‘.d“'() ) 0<sd<(B-1),1sig<L,©<s <™ (9b)

k=1

The linear combination of the representative vectors is not an inherent property

of préduct codes, but seems reasonable when the synthesis is linear and high

quality reconstruction of the time domain waveform is desired. We give below

four particular cases of this general framework, which are usually used:

(a).
(b).

(c).

(d).

Vertical Vector Quantization :corresponds to B = J = 1.

Scalar Quantization with Fized Bit Allocation : corresponds to B=1,J/=M
(or M/ 2 for the DFT transform), L, is the number of quantization levels of
the k-th sample of the DSTT vector, and C+*) is the k-th unit vector multi-

plied by the value of the l-th qﬁantization level of the k-th sample.
Horizontal Vector Quantization : This is the generalization of the scalar
quantization to the case B > 1, where CY¥) is a matrix in which only the k-
th row is non-zero.

Cascaded Vector Quantization : This is a variant of the vertical veclor
quantization, with B=1, J>1. A coarse vector quantizer of size L, is first
designed and then the residual vectors Xgp —C“') are used as input ‘

sequence for a second vector quantizer of size Ly, etc.

In analyzing this type of quantization we make the following assumptions:

(a).

The quantizer is unbiased, i.e:

CU®) = E[Xoory | Xeamy €AHH] 1sksJ, 1si<, (10a)

This property guarantees an unbiased output signal, and is automatically

satisfied by many optimal matrix quantlzers (e.g., those designed under a



(b).

(c).

(d).
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minimum-mean-square-error criterion).

The expected value of the input sample z(sBR+d) given that X (pr) € A

depends only on the delay value d, and is known at least for several values

of d (as specified in the sequel). Let:

G*Nd) = E[z(sBR+d)|X, gg) € ACH)] (11a)

The occurrence probabilities of codewords in each one of the J codebooks
is known (measured), as well as the probabilities of occurrence of a specific

pair of codewords, with a speciﬁc delay d(BR) between them, i.e.:

PU*) = Prob (X, gr) € A4*)] (11b)
F(l.k).(t.j)(d) = Prob !xe(BR) GA(I.k)m)qa 4+d)(BR) EA“'”] (11c)

- J
There are L 2 Y. L different codewords in the union of the J codebooks
k=1

and therefore for each valﬁe of the delay d, L different values of G(')(d) and
L? values of F"’(d) have to be known. If one assumes that different code-
books’ outputs are independent, then this large amount of measurements is

highly reduced (nevertheless, this assumption is not needed in the sequel).

We assume that the input signal z(n) is composed of samples of a wide-
sense stationary process with zero-mean and known autocorrelation
denoted by p(d). If the input is a speech signal, p(*) represents the long-
term autocorrelation sequence of the speech, thus taking advantage of the
non-flatness of the speech spectrum in the design process. Furthermore,
although in various steps, this sequence appears inside infinite summations,
thé final result is that only the terms of p(d) for |d|<Ly+L, are used in the
design of the optimal A/S system, and these terms appear only in the case

of FQ. A similar remark applies to the covariance sequence of the additive
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noise that is used in modeling the FQ effect.

In assumptions (b) and (c) above, we assumed knowiedge of values which depend
on the codebook used, the analysis window, and type of transform. Therefore, in
the sequel we assurne that all these factors have already been determined, and
concentrate on selecting the optimal synthesis filter for a given analysis and
codihg system (quantizer). Since usually the design of a MQ is based on a typical
training sequence, this sequence can also be used to determine PO, F®) and
G(')(d) which will afterwards determine the structure of thé synthesis filter.
Again, to simplify the presentation, we will use the sequences F)(d) and GN(d)
inside infinite summations, but in the final result. it is implied that only the

values for |d| < L; + L, are actually required.

1l. Error Measures.

Physically realizable A/S syst‘;ems introduce signal delay. It is known that
the delay of Lthe A/S systemn depicted in Figs. 5.1, 5.2 is an inleger multiplc. ol
the transform size [6]. We therefore, assume that the A/S system has a delay
Mr,, with 7, being an integer. Since in an ideal system the reconstructed signal
y¥(n) coincides with the delayed input signal, we define the output error signal

as:

s(n) 4 y(n) -z(n — Mr,) (12)

The assumption that the quantizer is unbiased ((7a).(10a)) guarantees that
the output error signal has zero mean. The WOLA synthesis is a time varying
operation due to the embedded interpolation, and therefore when quantization
is applied ¢(n) is not a wide-sense stationary process. Thus, in order to measure
the error induced by the A/S system with different synthesis fliters, we general-

ize the usual MSE error measure for a class ' of non-stationary processes which
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of course includes the error process g(n) above.

Let the autocorrelation sequence of £¢(n) be denoted by ¢(), i.e.:

p(d.m) & E[e(m+d) e(m)] V dm (13)

In Section V expressions for ¢(-) are given for FQ and MQ. Furthermore, this

function has the following two properties (as proven in Section V):

l¢(d.m)| = Const. Vv d,m (14a)

p(d.m+IN) = p(dm) Vdmi (14b)

where N 4 BRM/ gcd(BR,M) (where gecd(BR,M) is the greatest common divi-

sor of the two integer numbers BR and M, and B = 1 for the FQ case).

Let G(f) be a non-negative real and symmetric weight function in

5
L,[-0.5,0.5], whose Fourier coeflicients, g(n) & f G(f) ef?/ndf, converges
-o.

<}

absolutely, i.e.,

lim 3 lg(n)| <= (15)

1 +> n=—t

The first error measure we consider is given by:

vé i g(d (18)

1 N1

~ & pldm)
N mz=:0

which due to (14a) and (15) is well-defined. Furthermore, it has a spectral
domain interpretation as the natural generalization of the MSE criterion for
processes with bounded periodic autocorrelation sequence (i.e., satisfying (14)).
The following theorem (whose proof is given in Section V) summarizes this

intefpre tation.
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Theorem 1: Let:

) 0.5 .
e 5 eme i izgr)ar wan (17)

n=l-r

Then:

(a). For any value of , lim (y; ) = U. Therefore, U = 0.
. -

(b). For &(n) that is wide-sense stationary process, having a spectrum

S(f)€Ly[-0.5,0.5], it follows that:

0.5
v= [ sU)6()as (18)

The error measure U defined in (16) is based on the error signal in the time
.domain. An alternative approach is to define the error in the transform domain
(i.e., in the domain in which the quantization is done). Let Y,5, —o<s<e denote
the DSTT sequence of vectors generated from the reconstructed signal y(n).' In
an ideal A/S system, y(n) is a delayed version of the DSTT of the input signal
(with delay of Mr, samples). Thus, the sequence of error vectors in the

transform domain is;

Exr & Yo = X(sr-Mr,) (19)

Since the DSTT is a linear operation and the error in time domain &(n ) has
zero mean, it follows immediately that fyr has also zero mean. With the DFT
transform in mind, it is natural to consider the expected value of the Euclidian

norm of the random error vectors Eyp, i.e.:

Avsn & E[|Egl?] = :ﬁ; K| Yo (k) ~ Xer-ur, (k)] (20)

1t follows from the definition of the DSTT ((1) and (2)), and of £(n) (in (12)), that
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Vs can be represented in terms of the autocorrelation sequence p() as:

Ur= Y Y h(sR-t)h(sR—r) p(rt.t) a((r)u. (t)n) (21)

re-w {=—w

where a(i,5) is the (i,j)-th element of the MxM matrix defined as:

A= T (22)

where * denotes 'conjugate transpose’.

Since the A/S system is time-varying, the error signal £,z is not a wide-
sense stationary process, and vz depends on the time instance sRk. However,

due to (14b), the sequence Vg is periodic with a period of NV, i.e.:
V(sR+IN) = UsR V s,l integers (23)

We now define the second error measure as the time average of vgg over

one period of this sequence, i.e.:

1 ~1
|4 é Fl&; VsRi+m (24)
m=0 .

Substituting (24) in (21) results in:

oo o0 1 -1

ve 5[5 re)amea)] 03 pam) almiditma]  (2s)
=—m p=-w m=

Comparing (25). with (16) it is easily verified that when the matrix 4 is a circu-

lant matrix (i.e., a(i,7) = a((i+d)y.(j+d)y) for d=0, ..., (M~1)), V coincides

with U, provided that the following weight sequence g (d) is used:

g@) = 3 A(n)h(n+d) a((d)y.0) (26)

ns-—w
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It is shown in Section V that (28) is equivalent to:

cr)= L5 1 ap + By 27)
, M r=0 M

where H(f ) is the frequency response of the analysis window and A 1B are
the eigenvalues of the circulant matrix 4 which are found by applying the IDFT
on its zero-th column. Thus, for example, when the transform T used is the DFT,

A =1, 0sk<M-1, and since the analysis window is an approximation of an

ideal LPF with cut-off frequency 2—1;1—.“. follows that G(f ) ~ 1 in (27).

It is also shown in section V that A is a circulant matrix iff the transform T
is of the form T = YA where 4 is a circulant matrix and ¥ is a unitary matrix. In

particular, this is guaranteed for all unitary transforms.

Since the error measure V coincides with U for this wide class of

transforms, we continue in what follows with U only.

The error measure U given in (18) is suitable for the design of an optimal
synthesis filter, given the analysis window. However, when the design of Lhe
optimal analysis window is considered, the error measure U should be modified
in order to incorporate the low-pass frequency response specification of the
analysis window, into the design process. Following the approach in [54], we add
the weighted MSE between H(f ) and the desired frequency response D(f), to U.
Let. W(f)=0 denote the weight function, and U/ the modified error measure,

then:

o

5

U=U+ [ w(F)IH() - D(F)I2 df (28)

-0.5
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III. Design of Optimal Synthesis Filters.

The optimality criterion is the minimization of U with réspect to the unk-
nown synthesis filter coefficients. Combining (16) and the expressions for ()
given in Section V, it is easily' verifled that for both quantization approaches con-
sidered here, U is a P.S.D. quadratic form in terms of the synthesis filter vector

of coeflicients f, i.e.:

U=C+=(L'QL -b'L) (29)

where the apostrophe denotes transposition. The expressions for the L,xL,
matrix &, the vector b of dimension L, and the constant C are given in section

VL

Thus, the optimal synthesis filter is given by the solution of the following set

of linear equations:

- (@+ @)op =0 ' (30)

If this set of equations is degenerate, each of the infinitely many possible

solutions corresponds to the same (minimal) value of U.

We now interpret the general expressions for various particular cases of
practical importance, and analyze both the complexity of the solution and the
type of data needed, starting with @. In this case, =@, +§,. where the matrix
@, reflects the quantization effect and depends on ¥, ,{*) (defined in (7b)), and
the matrix ), depends on the analysis window and corresponds to PortnofI's
conditions [15]. It can be verified that when a unity system exists (which
requires either R < M or L,=L,=M=R) and no quantization is applied (i.e.,
¥m.n(d) = 0 and therefore @, = 0), any unity system is a solution of the (possibly
degenerate) set of equations (30), regardiess of the weight function G(f) and

the input statistics.
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For R=M and L,;,L, > M (which is the typical situation in waveform coding
applications), no unity system exists [12]. In this case we derive in section VI
sufficient conditions for uniqueness of the solution of (30) even if no quantization
is applied. This solution accounts for the statistical properties of the input sig-

nal.

If quantization is applied, uniqueness of the solution of (30) is guaranteed
when G(f)=1 and the noise process v,g(m ) is nondegenerate for 0<m<M -1 (in

the sense that v,z(m) cannot be predicted with zero mean square error from
Ly ' L o :
the last R samples ‘U,R_dg(m), d=1, ..., —RL) The proof is given in section VI.

Similar conditions can be derived for G(f)#1, but are omitted here for

simplification.

For @,=0 there are infinitely many possible solutions of (30), but one can
choose among them the appropriate solution assuming a characteristic noise

statistic ¥y, ,, (dR) as follows:

Use £ ¥,,, o (dR) in the expréssion for @,, where £>0 is a small value govern-
ing the overall noise level. If the uniqueness condition presented above is
satisfied, then (@ + @') is a Positive Definite Symmetric matrix for every £>0.
Let £, be the unique solution of (30) for £>0, then it is shown in section VI that

lirrol (L) exists. Furthermore, it is shown there, how this limiting synthesis filter
[ a4 .

can be determined explicitly.

It is important to note that the above limiting synthesis filter (which guarantees
a unity system), depends upon the specific noise and input statistics, as further

elaborated in section VI.

In order to illustrate the effect of the quantization noise, we consider now

two simple examples in which a closed form solution of (30) can be obtained.
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Example 1:
G(f)=1, =Ly =M, 7,=1, p(d)=026(d), ¥pm »(dR)=6(cd)((m —n)y).
In this case it is shown in section VI that the optimal synthesis filter is:

.fopt(t)= o h(M_t) O0st=M-1

Y h(M—t—rR)? + ¥ (0)/ o2 (31)

. rE-w

which extends the results in [16,17], to include the effect of quantization noise.

Example 2:

G(f )=1, R=M. In this case the set of L, linear equations given in (30) is decom-
posable into M sets, of about the same number of equations in each. Let J+(z)
denote the 7-th polyphase [B] of the synthesis  filter (i.e.,
z) B f(remg), 0<t<M-1) ; ‘h,(z) denotes the properly delayed and
inverted in time, 7-th polyphase of the analysis window (i.e.,
hy(z) = h(Mr,~(7+Mz)), 0<T<M-1), and p(d) denotes the decimated, by M,
autocorrelation sequence of the input signal. Then, the optimal synthesis filter is

the solution of:

L hde-dlpd) = § 1 @wRY) ¢ s o]

4=-= y=-= O<z<| -I-'% (32)

where: |,

Ry & ¥ hfrey) ¥ hr—1pl) —w<y<m (39)

r=—no l=—w

The derivation of (32),(33) is given in section VI. For Ly = e (and non-
casuality of the synthesis filter is allowed) these equatiohs have a frequency
domain interpretation which resembles the classical Wiener filter. Let

FAJ) HAS). R(f), ¥,,(f) be the frequency responses of f(z). hy(z), p(d)
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and ¥, (dM) respectively, then (32), (33) inply that:

Hi(f) B(s)
Yool £) + RO HAS) P

Fof) = -05<f =05 (34)

In order to analyze the complexity of the design procedure and the data
needed, we assume throughout that g(d)=0 for |d| = L,. Table 1 summarizes
the complexity of various steps in the design process, and the maximal distance
d for which p(d) and V¥,,,(d) still affects the solution (assuming that:
Mr, & (Lr +14)/2, f(z) = 0 for z > Ly —1 or £<0, and h(z)=0 for <0 or z>1y),

the details are given in section VI.

Note that at least for G(f)=1 and M=R the complexity of the design is
small as only (L; + Ly)/ M values of p(?), and L,/ M values of ¥y, m(*), are used

(this case refers to Example 2 above).

We turn now to M@Q.

In this case, due to the inherent non-linearity of the quantization process,
the matrix @ cannot be decomposed into @, + @, as with FQ. Moreover, the
implicit dependencé of the synthesis filter on the given analysis window
coeflicients is only via the statistics F(d), GY(d) and PY. Furthermore, since
there are only L possible different MDSTT vectors, it is clear that in general no
unity system exists (i.e., U > 0 even for fop obtained via (30), and rio matter
what are the values of R, M,Ls.L, ). A sufficient condition for the uniqueness of
Lopt obtained from (30) is (as for FQ): G(f)=1, and the process Z,p(m ) is nonde-
generate for 0sm=<M-1. The only example in which a closed form solution of

(30) is easily obtained is for G(f )=1, Ly =¥ =R, in which case:
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B-1

' Y, & POcf)(m)G (m +M(d~r,))

f(m) = d""_(_’ =1 = 0m=<M-1 (35)
::0 kél é:l F(k)(,)(o)cék)(m)cy)(m)

Where for ease of presentation we reorder the L codewords and thus replace the

pairs of indices ({,k) in (11) by a single index.

This result is derived in section VI, as well as the simplified expressions of

and b for the important case of G(f )=1, R=M.

It is also shown there that the complexity of the design in this case is small,

provided that L is small enough (typically for L~256).

IV. Design of Optimal A/S Systems with Fine Quantization.

If fine quantization (FQ) is used, the error measure 0 is given aé an explicit
function of the coefficients of the analysis window. Combining (16) and (28), and
the expression for ¢(-) given in Section V, it is easily verified that U is a P.S.D.
quadratic form in terms of the analysis window vector of coeflicients h. Thus, for
a given synthesis filter, the optimal analysis window which minimizes 0 is the

solution of a linear set of equations, as follows:

(b} + 5’/ +@p + @'p) hope =Bp + 8, (38)

The expressions for the L, %[, matrices 5,,51; and the vectors .EDI"J of .dimen~
sion I, are given in section VII. 1t is also shown there that for a weight function
W(f ) which is positive on a set of non-zero measure, there exists a unique solu-
tion of (38). The matrix @p and the vector By reflect the frequency response
specification on the analysis window via (28), whereas 5, and E,. which depend
on the synthesis filter, reflect the desired unity system specification. The statis-
tics of the quantization noise do not affect the optimal analysis window. Further-

more, regardless of the quantization, the optimal analysis window does not
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correspond in general to a unity system, but is rather a compromise between
the fréquency response specification and the unity system specification. Unlike

the set of linear equations in (30), the equations in (36) are usually irreducible

even for M=K and G(f )=1.

The design of an optimal A/S system with FQ is done by the following itera-
tive algorithm, similar to [54]:

1. Initialize =0, and let A, £ denote the given initial analysis and syn-

thesis filters.

2 Let A"tV e A,(£)) be any solution of (38), for the given synthesis filter

L("). with the exception that if A is a solution choose this solution.

3. Let L") € Ay(h{"*Y) be any solution of (30), for the given analysis win-

dowlr._("“). with the exception that if L(') is a solution choose this solution.
4. L) = LD AR = Br4) 5h0p: otherwise 7 « (r+1) and returnto 2.
Here A,(-) and A;(-) denote the sets of solutions of (36) and (30) respectively.

This iterative algorithm consists of alternately solving two sets of linear
equations. For the special case off R=M, G(f)=1 ¥nn(d) =0, and
p(d) = 6(d), U is similar to the error measure in [54] which is the deterministic
MSE between the A/S system unit sample response and the desired ideal
response. The only difference is that we incorporated the linear constraint on
the gain of the system, used in [54] into the error measure, thus avoiding the,

need of using Lagrange multipliers and hence simplifying the design algorithm.

The following theorem which is proved in section VIl summarizes the con-
vergence properties of the iterative algorithm, assuming that #(f) > 0 on a set
of non-zero measure (thus, (36) possess a unique solution for every synthesis

filter), and denoting the set of fixed points of the iterative algorithm by I'.
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Theorem 2:

(A).

(B).

(C).

(D).

(E).

0 is monotonically decreasing from iteration to iteration, unless the

algorithm stops at a fixed point in I’

['is the set of stationary points of 0, and all the stable points in T are

local minima of ﬁ

When &, is non-singular (i.e., (30) also possess a unique solution for

every analysis window), then:

Every sequence generated by the algorithm has at least one limit

point, and all limit points are in I
0 possess a global minimum which is in T\,

Assume that (30) possess a unique solution only in some neighborhood
Clpo) = thilth—B) @(h—E) < po} of E & (@+Q'p) 'bp. Then, for any
initial condition (£.© A0 satisfying
[T(£O@ RO — inf U(f h) — Ko] <po, property 1 of (C) holds, where

05
f W{(f)|D{f)-H(f)|?df is the frequency response error of

He

Ko

the analysis window &. If such an initial condition exists, then properly

2 of (C) holds.

Even when (30) does not possess a unique solution for any h, the
sequence of analysis windows generated by any instance of the algo-
rithm has at least one limit point. Furthermore, any limit point of both

LandhisinT.

Assume that (f*.,h*)€l, and that at (f*.A*) both (30) and (38) possess

unique solutions, then the iterative algorithm converges linearly to (f* ,h*). The

rate of convergence is given by:

Sz = 12 gzt 4 o (5z(m) . . (37)
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(n) _ r*

where '_ég(") é is a vector in ]R(L’ +in) which measures the conver-
A(M) — p»

gence error at the (n)-th iteration, 0(dz™)) denotes a vector of functions

2(6z™) such that l(im {g(8z(™)/ |8z} = 0, and the matrix L is given by:
™0 .

jaz(n)
; 0 | -AC
L= - l - (38)
-B'C | o

where:
A 62(7 = + 0 .4+ + 0

A" - [afiafj (£°h*) (Qh Qh @ QU) (396)

A 62[7 - ~d ~y - ~ ~,
By & [ah,lah., o =Bt By B ) (390)

WL ]
2fj NG +@ %) L-b);
¢y = |22 At QWL | 1<i<L,, 1<j<I, (39c)
afiok, |..... ah
j (.l L ) ) j (;o_ho)

The derivation of (37), (38) and the explicit expression for (39c) are given in
section VII. It readily follows from (37), (38) that:

. n+1) _ra — — )\MAX(CC') .

] Miax(CBICA2CBIC ) < 2/ 40
w(‘»’ﬂw{ L0 £°] ]S N A = N (W an(®) (40

. R(n+1)_pe VS P e Auax(C'C)

1 = C'A'CB*CA™! _— 40b
,,,,(‘Sﬁ*o{ L—ge] | = Y un(CAICBCATIC) = T o (400)
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V. Derivation of the resuits presented in section II.

1. Explicit equations for ¢(d,m) and its properties:

Following (12),(13) and (4) it follows that:

p(dm) =p(d) = ¥ J(m-sR)E[Zep((m)u)z(m+d—Hr,)] -

— Y J(m+d—sR)E[Z.p((m+d)y)z(m—Hr,)] (A1)

+ Y Y f(m—tR)f (m+d-sR)E[Ep((m+d)w)Er((m)y)]

g=~w { =—w

Following (1).(8) and (7) we obtain for the FQ case:

E[Z.p((m)y)z(m+d—Mr,)] = i h(sE-m—M)p(M(r+r,)-d) (A2a)

r=—w

E[Zup((m +d)i)z (m~Hro)] = T h(sR-m-d-ri)p(H(r+ro)+d)  (A2b)
E[Zor((m +d)u)Zir((m)1)] = Yimrayy.omyg (E=5)R) +

(A2¢c) '
h(tR~m —rM)h(sR-m ~d—-nM) p(d+M(n —r))

™Ms

+ 3
r=—=n

—~0

Following (9-11) we obtain for the M@ case:

E[Z o ((m)u)z (m —d —Mr,,>]=f;1 PO {8, (m)u) GO +2—Hr, -| SHBR)(A3a)

L
E[Zer((m +d)y)z(m ~HMr, )]=IZ)1 POl ((m+d)y) G (m —Hr, | %‘]BR)(ABb)
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E[Zr((m+d)y)Zp((m)y)] =

. (A4)
%1 £ P00 (51~ 159 of, ((m+ 2l (m)a)

1k=

All the infinite summations in (A1) and (A2) are actually finite since both
f (-}-and k() are of finite length. The periodicity of ¢(d,m) in the second variable
with a period of N & BRM/ gcd(BR,M) can be verified from (A1-A4) using ele-
mentary (although tedious) algebra. For the boundness of |p(d,m)] it is enough
to check that this sequence is bounded with respect to d, for 0<m<N-1. This
property follows from the fact that f(-) and h(:) are of finite values and length,
and from the assumption that the covariance sequences p(*) and ¥(-) are
bounded, aé well as the conditional expectations sequences G(')(-)'. Note that the
. terms which appear in (A4) are always bounded, due to the boundness of
0< F®)(:) < 1. The boundness assumptions on the input signal are quite

natural and not very restrictive.

2. Proof of Theorem 1:

(a). Since the summation over m in (17) is finite, all the expectations
involved are finite (due to (14a)), and the Fourier coeflicients of G(f ) are well-

defined, it follows that:

we= 3 gla-m) p(n-mm) i (A5)

nz=l-r m=l-r

Using the periodicity of ¢(+) with respect to the second variable (see (14b)),

we rewrite (A5) as follows:

d=-2r

wur= $ g() '&o o(d.m) wyr(d.m) (A6)

with
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w . (d,m) 8 |{zil-rszsl+r Al-rsz+dsl+r A z=m(mod N)}|/ (2r+1).

The sequence w, ,(d,m) is a window sequence having the following two proper-

ties:
wy(d,m) =0 |d| = (2r +1) (A7a)
gr+1-{dl, 1 2r+1- |_|1 1
== s wrldm) sI==5 sy ldl=% (A7b)
and from (A7b) it follows immediately that:
1 _ldly_
Define:
v, & (d) N (d m)| {1 - d (AB)
T __2, ' 2r+1

ug 8 g(d)[ l&) p(d,m) (A9)

d=-2r

Then, from (A7a), (A7c), (AB), (AB), (14a), and the triangle inequality for the (,
norm:
1
-— < ———————
|vy ul.rl d=§—2r lg(d)l C (Br+1) (A10)

Due to the Riemann-Lebesgue lemma [71]. for every

G(f )€ L,[-0.5,0.5], ‘liim lg(d)] =0. Therefore, from (A10) it follows that

lim |v, =4 .| = 0. Thus, in order to prove that lim () = U it is suflicient to
oo  gadocd

v

si’:ow that lim v, = U. Since v, = Yy, it follows that lim uw, = U implies
b ind 2T+1 k=0 r-w
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that lim v, = U (although the opposite direction might not hold). Let:

r-ow

W)= 3 % pldm) (At1)

It is obvious that if 4, converges to U < =, then U is given by (16). Furthermore,

given that i: g(d) converges absolutely, for p(d) which is bounded (by (14a)) ,
. d=—r

i: g(d) p(d) also converges absolutely, and therefore limu, = U < =, This

d=-r roe

completes part (a) of the proof.
(b). For g(n) which is a wide-sense stationary process, the period N of 10]

is one. Therefore, from (16) U = )] g(d)p(d). Since g(d) converges absolutely,
d

it follows that G(f)€L.[-0.5,0.5]C Ly[~0.5,0.5). If £(n) has a spectrum, S(J).
“which is in Lg[-0.5,0.5], we can apély Parseval's theorem to obtain (18) (due to

the realness of G(f ) the complex conjugate operation is omitted).

3. The relation between the errox; measures U and V:

It is well-known that for a circulant matrix 4 the eigenvalues are the IDFT of
the zero-th column [67]. Furthermore, due to (22), 4 is a P.S.D., Hermitian
matrix and therefore it possess real non-negative eigenvalues, i.e.,

-1 2_"_"* '
A 2 = & a(m.O)eH” (A1)

m=0

Substituting (A12) and the definition of H{(+) into (27) we obtain that:

= =1 2n o - . +k s
G(ry= Jll—’&:”& a(m'o)eJW )IED) h-('n)h.('r)eJ2 (43 (n=r)

m=0 k=0 Nn=—w p=—w

(A13)

Where actually all summations are finite. Using the well-known formula



- 196 -

1 A5t sZe(men-r) _ |1 m=(r—n) mod #
FL_:oe - 10 otherwise

we obtain:

G(f)= 5 ¥ k(e ™" a((r—n)y.0)

nN=—w rz—mw

(A14)

$ 24 P h(n)h(n+d)a((d)y.0)

d=—w n=—co

By evaluating the Fourier coeflicients of the trigonometric polynomial G(f )
given in (A14), we readily obtain (26). Since g(d) is a sequence of finite lenglh,
there is a one to one correspondence between g(d) in (26), and G(f) in (27).

Now if T = ¥4 with ¥ a unitary matrix and A a circulant matrix, then A
which is defined in (22) equals T*T = A*A. The class of circulant matrices is
closed under conjugate transpose operation and under multiplications [67].
Therefore, for this class of transforms A = A*4 is a circulant matrix. |

Assure that 4 is a circulant matrix. Due to (22) and the assumption that T
is a regular transforrhation it follows that A is a P.D. Hermitian matrix and

therefore:

A = Q*AQ = (*TQ)*(Q*TQ) (A15)

Where {0 is the normalized DFT matrix which is a unitary matrix, and A is a diago-

nal, P.D. matrix [67]. We define T A 0*71, and thus:

T*r=A (A16)

Since A is a non-singular matrix, so is any solution 7 of (A16). It is straightfor-
ward to verify that if T,,7; are two solutions of (A16), then 7y'T; is a unitary

matrix. Thus, any solution of (A16) is of the form: -
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= Tpk (A17)

Where ¥ is an arbitrary unitary matrix, and A¥ is a diagonal matrix (satisfying

NN = A). Now, from (A17) and the relation between T and 7, it follows that:

T = Qr0* = (Q¥0* )(NA¥Q*) (A18)

Since A¥ is a diagonal matrix it is well-known that i (QA¥0*) is a circu-
lant matrix [67], and since 0¥ and Q* are unitary matrices so is ¥ A n¥o..

Thus, T = ¥4 with ¥ a unitary matrix'and 4 a circulant matrix.
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VL. Derivation of the results pregented in section 1I1.

1. The expressions of §.b,C in equation (29):

The quadratic form (29) is obtained by substituting (A1-A4) in (16) and rear-
ranging the resulting expression as a quadratic form in terms of the coeflicients
of the synthesis filter. We present here only the final results, i.e., the expressions

for computing the matrix @, the vector b and the scalar C.

c= ¥ payd) | | (B1)

For the F@ case the t-th element of the vector b (0 <t < L,-1) is:

b(t)= 3 h(Mr—t) 3 g(@)p(d-M(r—r,)) + p(-d=H(r—r,))) (B2a)

r<—c d=—w

and the elements of the matrix @ are given by:

Qt.s)= 3 S h(Mr—s)h(Mn—t) 3 p(M(n—r) + (s—t) + Rd)g(s~L +Rd).

ro—w ns-w d=—w
(B2b)
= (N=D)
.+ d_Z: g(s—t+Rd) 7}\?,- '§] V(m +(s~t)+Rd)y.(m), (—Rd) ; 0=t ,s<[, -1
me(t)p
Likewise, for the M@ case we obtain:
-1 I -1
b(t)= % ¥ PO E S mm)
J=o I=1 N m=0
(m—!)R=0
{m—t)gr=i
(B3a)

o Y g(d)(G(d~Hr, +t +jR)+ GO(—d—Mr, +t +jR))

d=-—o
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J=o i51 k=1 m=0
{m-t)p=0
(m-2)pr=j
(B3b)
.afz‘i cflay, ((m+(s~t)+Rd)y) cfH((m)y) Fm'(k)(_li%d—])g (s~ +fed)

The indices (¢,s) in (B2,B3) are limited to a finite interval of length L,, for
which the synthesis filter's coefficients are non-zero. The summations over the
(r.n) indices in (B2) are therefore finite, but the summations over d in (B2,B3)
may be infinite, if g (<) is infinite. However, these summations can be alterna-
tively ev.aluated in the frequency domain using Parsevall's theorem. The matrix
@ in (B2b) is ﬁ)terpreted throughout as the sum of two matrices &, + &,, where
@, (t,s) is the first term in the right hand side of (B2b) and @,(f.s) is the second

term.

2. Unity systems when ¥,, ,(*) = 0.

We consider the case of FQ with ¥, ,(*) = 0. In this case Zgg(m) = zsp(m). A

synthesis filter satisfies Portnoff's rules, iff:

1 r=0
0 otherwise

i f(m=sR) h(sR-m~-M(r-r,)) =

(B4)

In that case £(n) 8 y(n) - z(n—Mr,) = 0 and therefore U=0 according to (16).
Since U =0, as shown in Theorem 1, it follows that any synthesis filter that
satisfies (B4) is a solution of (30), i.e. is an optimal filter. Thus, when a unity sys-

tem exists it is a solution of (30) when no-quantization is applied.
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3. Uniqueness of the optimal synthesis filter.

The optimal synthesis fllter is the point in which the global minimum of the
P.S.D. quadratic form (29) is obtained. Uniqueness of the optimal filter is pro-
vided when the matrix @ is a P.D. matrix, i.e., when f'Qf >0 for any vector f #0.
Furthermore, in the FQ case the matrix & is the sum of two P.S.D. matrices @,
and @,, thus if either one of them is P.D., then & is also a P.D. matrix. For sim-
plicity we restrict the discussion to the case in which G(f) = 1. In this case from
(A1), (18) and (29) follows that: -

L § 5 fm-sR)f (m—tR)ELE () Eee((m )]

mz=0g=-—w f=—w

rer

(BS)

'2 EW( S fm=sR)zur((m)u))?]

2

Assume that there exists a non-zero vector fo#0 such that f'oQfo =0
Since fo#D, there is at least one value D<mgy<(N-1) for which the set
{f olmo—sR)}s=_.. contains a non-zero value. Let fo(mo—s¢/¢)#0 be the last non-

zero value in this set. Since the synthesis filter is of length of [, samples,
L
Jo(mo—sR) =0 for s {so——# . ...Sg}. Now, due to (B5), since £'0Qfo =0, in

particular:

0= E[ 24, £ omo=sR)Zar((my)u)?]

(B8)
8p—-1 s
= f o(mo—soR)? E[(fs"R«mt’)”)—usog,m fi(t;(nn:fs 1]:)) Zep{{mo)u))?]

And therefore Z;p((mo)y) is a degenerate process.

We have t.hus proven that if Z;p(m) is a nondegenerate process for any

0<m<(M-1), then there is a unique optlmal synthesis filter. This is the
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uniqueness criterion we stated for the MQ case. In the FQ case, by substituting

(1),(8) and (7) in (B5) and using the definition of @, and @, from Section V we

obtain:
' 1 N >
L'@L = 7‘/_"?':'0 A =2_1,_%.?"(7’7"- —sR)vsg ((m)g)?] (B7a)
LL= 5% BT f(m-sRzs((m)a)] (B70)

A similar argument guarantees that when vgz(m) is a nondegenerate pro-
cess for any Osm<(M-1), then &, is a P.D. matrix and therefore there is a
unique opt.irnal synthesis filter. This is one of the two conditions for uniqueness
we have stated in Section Ill. When no quantization is applied, then @, = 0 and
this condition is not satisfied. However, at least for an uncorrelated input signal
(i.e., p(d) = 0, for d # 0), equation (B7b) is essentially:

55 (5 sm-sRMsR-m—H(r-r))? o(0) (B8)

m=0r=—w §g=—w

L't =

z|=

Thus, L'Q,,L = 0, iff the output of the A/S system is identically zero regard-
less of the input sequence. For #=R, this implies that £ = 0, provided that non
of the polyphases of the analysis filter is identically zero. Thus, for ¥ =R, at least
for an uncorrelated input signal, there is a unique optimal synthesis ﬁlte;r. pro-

vided that alt the M polyphases of the analysis filter are non-zero.

4. The limiting synthesis filter for noise level approaching zero:

We consider the case of a characteristic noise statistic ¥, ,(dR) for which
usp(m) is a nondegenerate process for 0sm<(M ~1), i.e., the matrix @, is a P.D.
matrix, and so is the matrix @ = &, + £@,, for every £>0. Let £, be the unique

solution of (30) for £>0, i.e.:
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Heh + @a) +e(@ + @)L= (B9)

Let A denote the matrix (@), + @'4) and B denote the matrix (g, + @',). Both 4
and B are P.S.D. symmetric matrices, with B being a P.D. matrix. Thus, B has a
non-singular real root C (i.e.: B = CC', where C = U A% with the columns of U
being an orthonormal basis of the eigenvectors of A, and A is the corresponding
diagonal P.D. rmatrix which contains the eigenvalues of B). Equation (B9)

becomes (after multiplying from the left by C™1):

fcla(CY) +ef(C'f)=Cc" . (B10)

Now C'A(C-!) is a symmetric matrix, thus it possess an orthonormal basis of
eigenvectors, i.e.. C'A(C™!)' = VDV' with V an orthonormal matrix, and D a

diagonal matrix. Therefore:

Le=(V'CY)(D +el)(V'C )b (B11)

We now assume that the analysis filter is chosen such that a unity system exists,
i.e. there are (many) solutions to the system of linear equations Az = b, or alter-
natively b € fmage {A}. -Using A = CVDV'C' (due to the definition of ¥ and D) it is
easily verified that V'C'b € fmage {DV'C']. Therefore, since D is a diagonal

matrix, dg = 0 implies {{(V'C')b}; = 0. Thus, lin& (D +el)(V'C )b exists and
£~

equals to D*(V'C™")b, where D* denotes the Moore-Penrose (M-P) inverse of D

which is obtained by replacing dy with 1/ dy whenever dg;#0 [67]. Thus:

lim £, = (C7)'VD*V'C7' = (CY(CTA(CTY)) "¢ (B12)

Where the second equality in (B12) follows from the relation between the Moore-
Penrose Inverse and the UDV Theorem [67]. Equation (B12) not only shows that

lir{} L. exists, but also suggests a direct method for its computation. The M-P
[ ' :
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Inverse, as well as the real root of a P.D. matrix, are efficiently evaluated by

singular value decomposition techniques [80]. Let fo denote 1:m01 L. We shall now

interpret f, in terms of the filter design parameters (i.e., the matrices @, and
@,). From the properties of the M-P Inverse follows that Zg = C'fqis the solution

with minimal Euclidian norm of the system of linear equations:

CIA(CY)z = C'b ' (B13)

Thus, £, is the solution of the system of linear equations Af =b which minimizes
_t'BL. we interpret fo as the synthesis filter that guarantees a unity system,
and among all unity systems minimizes the error due to quantization for the
given characteristic noise statistic, i.e:
fo= Argmin $£'(Q + @)L}
: (B14)
(& + @)L =b

5. Example 1:

We substitute in (B2a) g(2) = 6(d) (since G(f) = 1) and p(d) = 6(d)o? and
the summations over d and 7 collapse into a single element d=0, r=7y=1, thus
leading to  b(t)=2h(M-t)o2 Sut;stituting these values and
Ypn n(dR) = 6(d) ¥((m —n)y) into (B2b) we notice that @(t,s) equals zero unless

(t —s)p=0. For s =t +Rr it follows that:

Qt.t+TR) =02 Y h(Mn—t—rR)h(Mn—t) + $(0)s(r) (B15)

n=—to

Now, since I, = L, = M, the summation over n in (B15) can be replaced by a

single element n=1, and therefore in this example (30) becomes:



- 204 -

ﬁ(M-—t) i h(M—t—rR)f (t+TR) + [%(gl]f (t) =h(M-t) OStS(M-l)(Bm)

r=—om

It is easily verified that the unique solution of (B16), for ¥(0) > 0, is given by
(31). For ¥(0) = 0, the solution of (31) is the limiting synthesis filter for noise

level approaching zero, where the noise is characterized as a white noise.

6. Example 2:

When we substitute into (B2) R=M=N and g(d) = é(d), we obtain:

200

b(t)=2 3 h(Mry—(¢ +Mz))p(Hz) (B17a)

Qts)=1 Y ¥ h(ln—t)h(Mr—s)p(H(n—r)) +

r=-w f=~o

(B17b)

+ Y1) i) (s —t)3 6((s —t)y=0)

It follows from (B17b) that the set of L, linear equations given in (30) is

L
decomposable into # sets, each of them of —M!——equations. Using the notations of

7 «z).he(z) and p(d) = p(Md) we can rewrite (30) as following:

3 Aoz +a)p(d) =

d=—c

(B18)

= § 1 de-p) HHQrraH Tz y)H) + Qr(z—y )M 7))

y:—w

Rearranging (B17b) we obtain:
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L (Qr+M. 7+(z M)+ Q(r+(z~y)H.7+zH)} =
E helr—y)helr DB + Frrl—yH)] (B19)

o+ %—[,g_ ;5_:, hao(r +9)ho(r ~L)p(1) + Vo (yM))]

Equations (32),(33) follow from (B18),(B19) using the even symmetry of the
sequences p(d) and ¥, .(dH). Equation (34) follows directly from (32),(33) using
the well-known property that convolution of sequen;:es corresponds to multipli-
cation of their Fourier transforms. However, this equation holds only for L; = =
and noncasual synthesis filters since for finite values of Ly, equation (32) holds

only for a finite range of z.

7. Complexity of the design for the FQ case:

The design of optimal synthesis filter is composed of two major stepg. The
first step is the evaluation of the matrix @ and the vector b and the second step
is the solution of (30) (i.e.: inverting @ + @'). In general the complexity of the
solution of (30) is O{L}), since it involves the inversion of an Ly XLy matrix. How-
ever, when G(f) = 1 the set of L, linear equations in (30) is decomposable into
R sets, each of them of about L,/ R equations (as can be easily verified from

(B2b)), thus reducing the complexity of the second step of the design to
L

(L, 7 R)YR). For G(f) = 1 and R=M each set of —ﬁ—equations is represented

by a Toeplitz system of linear equations (as can be verified from (32)), and the

L
complexity is further reduced to O{( _ALI_)ZM)' The first step is dominated by the

complexity of evaluating the matrices @ and §,. The value @,(t,s) depends

only on (f—s) and (t)g, thus there are only 2L, R different elements. For each
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element the summation over d in (B2b) involves (2L;-1)/ R different values of

g {(?). The inner summation over m involves (%) different values, thus the overall

complexity of evaluating @, is 0[(2Lg ~1)2L, %] The value @,(t,s) depends only

on (¢£-s) and (t)y, thus there are only 2Ly M diflerent elements. For each ele-
ment the summations over r and n in (B2b) involve (L,/ M)? different pairs of

values of h(?), and the summation of d involves (2Ly-1)/ R different values of

2
g (). thus the overall complexity of evaluating @, is O((2Lg -1)2L, M_[L}?) By care-

ful investigation of (B2b), the exact ranges of all the summations can be deter-
mined, and as a consequence the total number of diflerent covariance values
used in the design process can also be determined, as well as the maximal dis-
tance (in samples) for which stationarity is assumed. The details of these
" results, and of certain possible re.ductions in the complexity of evaluating the

matrices &, and @, are summarized in Table D.1.

8. Simplified equations for the MQ case when M=R, G(f )=1:
When M=R and G(f)=1, equation (B3) can be significantly simplified and
yields:

=1

b(t) =

[0

PO of0(()) GO+ o) (B20a)
J=0 t=1 .

~ .

+

‘ t~s
-1 I J
Q) = 55 9 % e aa, () efHOWFOO | ls(s-1), = 0

(B20b)

For Ly = M the matrix @ is a diagonal matrix, and equation (35) follows

from substituting (B20) in (30). For L, > M there is no closed form solution, but
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yet the set of L, linear equations is decomposable into M sets of about (Ly/ M)
equatioﬁs each, and each of these sets is represented by a Toeplitz matrix.
Therefore, the complexity of solving (30) is O((L;/ M)?M). The design process
involves ZZ(L,/MB) different values of FO®)d) ( L2 pairs of (I).(k) and
(Ly 7 MB) values of d), and Z(L, +B) different values of G{")(d) (L values of (1)
and (B+Ly) values of d). Evaluation of each element of the vector b via (B20a)
involves BL operations, whereas for evaluating each element of Q. BL? opera-
tions are needed. Since @ contains only L, distinct elements, the overall com-
plexity of evaluating @ and b is O(BzzL‘, +BZL,). The complexity analysis of the
more general cases in which either ¥ # M or G(f) # 1, is omitted here for sim-

plicity.
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VII. Derivation of the results presented in section IV.

1. Expressions for &), 5/-.50- B, in equation (38):

The expressions for the matrices 59 and 5_,, of dimensions I, %[, and for the
vectors BpB,, of dimension L, are obtained by substituting (A1-A2) into (16),
combining it with (28), and rearranging the result as a quadratic form in terms
of the analysis window coefficients. For simplification we omit here the details of
this easy (although lengthy) derivation, and only state the final results, which

are:

0.5
Ep(t) =2Rel [ W(f)D(f)eionst df| (Cia)
' -0.5

brt)= 5 £ s r-t) § () (od=H(r—ro) + p(-d~H(r—re))) (C1b)

0.5 :
Ip(t.s)=t [ W(f)ei?st=)qry (C1e)
-0.6

S (Mr—s)f (Hn-t)

Q_f(ts ='11?‘=i

IIIM8

(C1d)

-d}"i‘ p(M{(n—r)+(s —t )+ Rd) g (s —t +Rd)
The indices (¢,s) in (C1) are limited to a finite interval of length Ly, for which the
coeflicients of the analysis window are non-zero. The summations over the
indices (7,n) are therefore finite, but the summations over d may be infinite, in
which case they can be alternatively evaluated in the frequency domain. When
W(f) is positive on a set of non-zero measure it follows from (Clc) (and the

assumption that W(f) > 0) that the matrix @p is a P.D. matrix. Since according
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" to Theorem 1, U =0, 5, :is' a P.S.D. matrix. Therefore (&p + 5,) is a PD
matrik. and in particular (5, ¥ 5’, + 51) + 5'1)) is non-singular, so that
existence and uniqueness of the solution of (36) are guaranteed. All the facts
mentioned in Section IV in the discussion below (36) are immediate consequence

of the expressions given in (C1).

2. Proofl of Theorem 2:

In the 'i;r'oof'of Theorem 2 we frequently denote by z a pair of filters (£.h)
corresponding to an A/S system, and use the notation z,,, € 4 (z,) to denote the
T-th iteration of the iterative algorithm (where z, A (£7,1)). The assumption
that #(f) > 0 on a set of non-zero measure guarantees that §p is a P.D. maltrix,
and that h"*") = 4,(£) is defined by a point to point mapping.

(A). Consider: D(z,,.) = D(L0*D, A *D) s D(£)AT) < TLO, A) = O(z,),

' N Whe“?-»tah-e' two Air,;equ}alit‘ies follow from the deﬁnitioqs of steps 3 and 2 of the
algorithm and f.he déﬁnitions of Az(+) and A,(?). Equality is obtained. iff
_l_t_(')=_f_l._('“")‘="AA1(LS'_)) and £ € 4p(h0+) = 4,(h")), thus il the algorithm
reaches a {ixed point.

(B). According - to the definition of (T =tz A () = $z04)),
(L"_I)EFliﬁ h= Al(,'t)v and f €Az(h), i.e., iff the A/S system defined by
(f h.) satlsﬁes both (30) and (36) which are exactly the gradient equations
of t,he error crltenon 0. Thus '=f{z VU(:::) =0].A pomt z* €T is a stable
point of A, ifl there exists a ball around z* such that for any initial condi-
tion =, contained in this ball there exists an instance of 4; starting from z,
with z* as one of its limit points. Let z* be a stationary point which is not a
local minimum of .(7. then there is a descent direction of U at z*, and
therefore in every ball around z* there exists a point z, such that
J(zq) < ﬁ(z') Since (7(:::) is a descent function for 4, for any instance

{z, )0 starting at zo, U(z,) < O(zg) < J(z*), and any such instance does
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not have z* as one of its limit points.

Before proceding with the proofs of parts (C)—(E) of the theorem we prove the

following lemma:

Lemma 1: Define " = {zr: A(z,) = {z,}}, i.e., T is the set of fixed points of A.
Then:

(a).

(b).

- (o).

U is a descent function of 4; with respect to the set I\, i.e.: (7(2:) is a con-
tinuous function and for every y €4 (z), U(y) < (7(2:) with equality only if

z €l

The point to set mapping 4 is a closed mapping, i.e: for every two conver-
gent sequences z, -+ z and y, » ¥ such that for any 7: y, € A/(z,), if follows
that y € 4 (z).

For any initial condition x4, the sequence thM}=.4 is contained in the com-

pact set C(p) with p & U(z, )~inf U(z) - K.

Proof of the lemma:

(a).

(b).

Since U is a polynomial in both h and f it is a continuous function wilh
respect to z=(f.,h). We have already shown above, in part (A) of the
Theorem, that for y €4(z), U(y)s U(z), with equality ifiz €A(z), in

which case we choose y =z, i.e., z €. Thus, O is a descent function of 4

.with respect to I'.

The point-to-point mapping 4,() is a continuous mapping, since the
'coeﬁicients of the matrix b‘f and the vector E, are continuous functions of
L. and the determinant of the P.D. matrix (@ + @'p + &, + &), is
bounded away from zero for every f E]RL’. (It is well-known that the solu-
tion of a non-degenerate set of linear equations Az =b with det(4) bounded
away from zero, is a continuous function of the coefTicients of A and b [72]).

Any point f.o point continuous mapping is a closed mapping, thus in
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_particular 4, is a closed mapping. We now show that A; is a closed mapping,
and this guarantees that 4 is a closed mapping, since
A (L&) = (A2(A(£)). AL(L)), where it is well-known that the composition of
a point to point continuous mapping and a closed mapping is also a closed
mapping [68]. Let ke - h and f; -+ £ where [, € Ap(hy ), i.e.: fix is a solution

* of (30) for the analysis window h,,.

Consider the value of Li_l:lek, where A, A i(th + Q'ub + @+ Q)L — byl
Since the coeflicients of @, and b are continuous functions of h, it is easily
verified that 'lcl_{g_ék =@+ @r+Q +Q,)f -b]. However, since
fr€Az(he), A =0 for every value of k=1,..., and therefore
(& +Qy+@q + QUL =b,ie., [ € Az(h). This proves the clqseness of A,.

(c). Due to (28):

U(z) = U(z) + (Ko + (h~R)'@p(h—E) > inf U(z) + Ko + (h-R)' Qp(h-R)

Since J(z) is a descent function of the algorithm 4,, J(z,) > U(z,) for any
sequence 1z )0 starting at Zg, and therefore
U(zq) — inf U(z) ~ Ko= (A" - B)' @p (R - B), ie., ANe C(p). Thus, the
whole sequence {h(")}=; is contained in C{p), which is a compact set since

&p is a P.D. matrix,

We shall use the following global convergence theorem [68]:

Theorem C1: If there exists a descent function of a closed mapping A with
respect to a set of real vectors T', then every limit point of an instance of A

which is contained in a compact set, is in the set T

The following lemma is also used in the sequel:
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Lemma 2: If (30) possess a unique solution for any h € C(p) then the set

S{p) = {£:h) : £ €Az(h)Nh € C(p)} is contained in a compact set.

Proof: Since C(p) is a compact set, it only remains to show that h € C(p) implies
that Aa(h) is contained in a compact set which does depend on h. Let A, (h)
denote the minimal eigenvalue of (@+@'), as a function of A, |f| denotes the
Euclidian norm of a vector f € A3(h), and b (k)| denotes the Euclidian norm of
the vector b which appears in the right hand side of (30) for a given value of h.
Then, since for h € C(p) (30) possess a unique solution, A, (h) > O there, and
LLN = [o(B)l/ Am(R). Now, A, (R) is a continuous function of_a.(this follows from
the continuity of A, with respect to the coefficients of @, and the continuity of
these coeflicients with respect to &), thus it possess a global minimum in the
compact set C(p), which is positivé. Let A, >0 denotes this value, then
. L = la(R)I/ A,. Investigating (BZ:;) we notice that b is a linear function of h,
thus on the compact set h € C(p) the value of [b (k)] is bounded from above by
B < =, Therefore, |f]|= B/ A, < =, and thus the union of Az(h) over h € C(p) is

contained in a ball which is a compact set.

We now continue with the proof of the theorem using both lemma 1 and 2
and theorem C1:
(C). For any initial condition zq there exists a value p (defined in lemma 1 part
(c)). such that }h")=, € C(p). Due to lemma 2 which holds for any valué of p,
the set S(p) is contained in a compact set, and in particular any instance of the
algorithm A; which is contained in S(p) is also contained in this compact set.
Now, combining this result, parts (a),(b) of lemma 1, and Theorem C1 we obtain
that any limit point of an instance of 4 is in the set I' of fixed points of 4;. Furth-
ermore, since every instance of 4; is contained in a compact set, it possess at

least one limit point. This completes property 1 of part (C).
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Property 1 of part (D) follows from the same arguments, applied only on ini-
ti;ﬂ conditions zg for which p < pg {thus lemma 2 holds for S(p) and in particular
if_(');:’:o is contained in a compact set). Assuming there exists an initial condi-
tion zg, for which S{p) is contained in a compact set, we shall prove that I pos-
sess a global minimum which is in the set I. Thus completing the proof of parts

(C) and (D).

Since U is a non-negative continuous function its infimum exists, and there
exists a sequence |{z.};-p starting on =z, defined above, such that

" lim U(z,) = inf ﬁ(.’r) Furthermore, without loss of generality we can assume
o0

that for any value of 7 : U(z,.)< U(z,). Now, if we replace every element
z, = (fr ) of this sequence by Z,=(l,hs), with J,€Az(h), then
inf 0(2:) < (7(5:‘,) < U(z,) and therefore (7(:?5,) also converges to inf U(z). Since
U(2,) = U(z,) it follows from lemma 1 part (c) that k. € C(py) and therefore
Z, € S(pp). Thus, the sequence {Z,};=p is contained in a compact set, and there-

fore it has at least one limit point there. Let x* denote a limit point, and :?:’,.k be
the sub-sequence that converges to z*. Since Z,, o z*, G(E,k)k-' inf U(z),

and U(z) is a continuous function, U(z*) = inf U(z), i.e., there exists a global
~minimum of J(z), which is in I" since it is a stationary point of O(z).

(E). In lemma 1 part (c), we noticed that for any instance of 4 the sequence
{h) =0 is contained in a compact set C(p), regardless of the uniqueness of solu-
tions 'of (30). Therefore, this sequence has at least one limit point. Let z = (£ h)
be a limit point of 4, i.e., there exists an instance {z.];.o of 4 with a sub-

sequence Z,, = (L(r")._h(r")) such that L(n‘) 2 L. and _IL(T") e k. Since U(z;) is a
non-increasing non-negative sequence it converges to a limit v =lim U(z,.). In
r-rco

particular both the sub-sequences (7(:1:,.‘,) and ﬁ(zrh+1) converge to v. Since

~

z, - z, and since U is a continuous function, U(sz)k" U(z) =v. Now,
-» 00 bdad

kg
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L(r") k:ﬂL and lt_(r"ﬂ) = A,(L(r")) is a continuous function of L(r"), therefore
AL e A(L). and since U(z) is continuous
ki_r.g U((f_(r"). _’l(r,,u))) = U(f£.A,(£)). However, by the definition of A; and
Ay 0(2:,“,) < U((L('*).Lt_(r"ﬂ))) < ﬁ(z,b), and therefore
d(r. A(L)) =v = U(£.h). This implies that A = A,(f). Now, L(r*)EAz(h(r")). and

since Az is a closed mapping then f €Ap(h). Therefore, A (z) = {z]i.e., z €.

3. The rate of convergence:

Since (£*.h*) €T they satisfy equations (30) and (36). Furthermore, A("+!
is a solution of (36), with respect to £(™), and £(**1 is a solution of (30), with
respect to A™*Y (due to the definition of 4, and Az). Substructing these two

pairs of equations one from the other and rearranging the result we obtain:

B(Q(n+l) _E.) = (E!(n) —Ef’) - (5,(1‘) + 5’!("))!2:(n+1) + (5]' + 5'!‘)!&(n+l) (C2a)

A(L(n“) -f£*)=(b (n+1) — bpe) — (Qh(n-H) + Q'h(nﬂ)).ﬁ(nﬂ)"‘(@u + Q'hO)L(nH) (C2b)

We now expand the right hand side of (C2) in a Taylor series around (£*.A*) and

obtain:
BAM —ht) = —C (L™M-f2) + g, (£™ -1, A" D -po) + (C3a)
A(L(n“) _L..) = —C (_’Z-.("“)_.’i') + QZ(L("”)_L‘--’l(nH)—.’_‘-..) (C3b)

Where both g, and g are o (§z™). Since we assumed that (30) and (36) pos-
- sess a unique solution at (f£*A*),A" B! exists and (37-39) follow immediately
from (C3). The left inequality in (40) is obtained by explicitly evaluating
JL£+) — £22 and A"+ — p* |2 using (37,38), ignoring all the o(6z™) terms,

and using the well-known inequality |Dz[?/ |z|? < Auax(D'D) which holds for any
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matrix

D [689]. The right inequality in (40) is due to the fact that both A and B are P.D.
symmetric matrices, and to certain elementary inequalities regarding the eigen-

values of these matrices [69].

The explicit expression for C; which is obtained from (39c) and (B2) after some

simple (although tedious) algebraic manipulations is:

Gy=2 5 f*(Utr=5) 3 h*(Mn—i) 5 g(kR—Hn+iti)p(kR—Hr+itj)

re—w ns-—w Ck=—w

+20((+)u=0) 3 g(d)- (c4)

. ‘Z: p(d+ﬂn-—1’.—j) i} f‘(i'—d—sR)h'(sR—-‘i.+d-Mn)—b(d+Mro—i—j)i

Nn=—o0 8=—w )
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SUMMARY

Digital filter banks are widely used in digital signal processing,
particularly in speech processing. Conventional filter banks are
composed of finite impulse response (FIR) digital filters, since
these filters can guarantee a linear phase (i.e., the outpus of
all the filters correspond to the same time instance in the input
signal). The design of these filters is an important issue
in the area of diglital signal processing and many works were
reported on this subject in the last decade. The earlier works
were on the ''classical' design problem, which is the design
of a single FIR filter whose frequency responée approximates a
desired response. At first, simpie sub-optimal methods were
proposed, and afterwords more suphisticated approaches which enable
an optimal solution (under appropriate norm in the space of the

frequency responses) were developed.

More recently,the Interest in Analysis/Synthesis (A/S) systems
increased, especlially for speech processing. Thus, many of the
systems for speeach enhancement, coding and recognition contain
digital filter banks (which are related to the short time Fourier
transform STFT). The appearence of these systems brought about
the need for the design of filter banks which except for the
optimality of each of their individual filters, also obey some
global constraint. When the filter bank is used for analysis

of the signal which Is not followed by its reconstruction (synthesis)

e.g., In speech recognition, speeker verification and analyzing

various parameters of the speech signal, the usual constraint is

a unity composite response, (i.e., the sum of the frequency responses

of the filters in the filter bank is identically one). On the otherhand,

in systems in which the analysis is followed by a synthesis (and

therefore the system contains two filter banks), usually a uni ty
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system (analysis + synthesis) constriant Is imposed. This

constraint guarantees that when no modification is applied, the

output signal of the synthesis stage exactly equalls the input

signal to the analysis stage (up to a constant delay). That means

that the separation of the signal into its frequency components has

not distorted the signal. There is much interest in filter banks which
answer these specifications,or at least perform the optiaml
reconstruction given a modified signal. However, due to the

analytic (and numerical) difficulties in solving the design

problems described above, there exists only partiaT (usually non-optimal)

solutions to most of them.

In this work we describe original optimal solutions to the
problem of design of digital FIR filter banks, (used for analysis
and synthesis of signals) under various composite response

specifications.
The main results of this work are:

1. For analysis filter banks, we describe the design of
optimal (in the minimum weighted L, norm sense) filter
banks having a specified composite response. The
composite response is specified by an allowed tollerance (in
the Lz,norm) with respect to the desired (ideal) frequency
response ,The use of L, norm has a mathematical adyantagée
which enables an analytic solution of the design problem.
Furthermore, a statistical interpretation of this design
method connects it to the minimum variance criterion.
The proposed design method is quite general and enables
any composite response specification (not necessarily a
unity response), and furthermore the filter bank need not
be composed of FIR filters, but can be constructed from
linear combinations of given arbitrary components. These
more general structures are sometimes required due to

implementation considerations (e.g., using VLSI).
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As a first step towards the design of general filter banks
which are optimal under other norms (e.g. the weighted

Lw norm) , and have a specified composite response, we
present sufficient conditions for existence and uniqueness
of the solution., Furthermore, we prove some general
properties of this solution, such as: realness of the
coefficlents of the filters, sﬁfficient conditions for
phase linearity of the filters, and the relation between
the allowed tollerance of the composite response error

and the overall weighted error in the frequency responses
of the individual filters.

The particular case of uniform filter banksA(in which the
length of all the filters is identical as well as their
passband bandwidth) Is highly important in éignai
processing, since it can be efficiently implemented using
the fast Fournier transform (FFT). For this case, we prove
that the optimal solution can be derived by frequency
translations of an optimal real prototype filter. The
general design problém is then further simplified and
restated in terms of this prototype filter coefficients.
As a conseqﬁence of these fésﬁlts we present simplified
design methods for optimal uniform filter banks either

in the minimum weighted L_ norm sense, or in the
welghted L2 norm. A sub-optimal solution, which

Is very close to the optimal (L) solution is also
derived, based on our generallzations of the 'window'
method for FIR filter design.
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In A/S system that contalns qﬁantizatlon, there is an
inherent distortion in the reconstructed signal (since the
quantization is a non-lnvertlblé opératlon). Therefore,
the Optimal system.need not nécéssarily be a unity system,
Since the A/S system is a time varying system, its output
signal is not a w}de-sense stationary process. In this

part of the work we developed a statistical error criterion
for non-stationary error signals, which Is used to the

désigﬁydf optimal filter banks.

Two different quantization models are consldered - fine
quantization (FQ) mode11ed by an additive noise, and
matrix quantization (MQ) ﬁsing a codébook. For both of
them we presént a méthod for thé désign of the optimal
synthesis prototype ffltér. For-FQ, in which case

the output signal Is approximately a linear function

" of the analysls filters, we also present an iterative

algorithm for the design of optimal A/S systems, and
investigate Its‘convérgénce propérties. We also show that
as the additive noise (which models the distortion due

to qﬁantlzatton) levél approaches zero, the optimal A/S
system convgrgés-to a unity system, and for some important
applications the synthesis filters can be Interpreted as

Wiener filters,

For a general A/s system (néf necessarify used for coding),
we extend the discussion to systems based on any short

time regular linear transform (not necessarily the STFT),
and present necessary and sufficlient conditions for the
existence of unity systems., The optimal éyntheSIS'(in

the min. L2 norm sense) of a time domain‘sequence from a

given modified (by an unknown modification) output signai

+, of .the analysis stage is solved,'bpthufor finite duration

and infinite duration signals (the latter corresponds to
a steady-state solution). These results extend some known
results which were applied in speech enhancement and time/

frequency scaling applications.



Project.m

% DIGITAL FILTER
%

w =50 ., % friquency of a signal [1/sec]
S =1 ; % Amplitude of a signal

N = S/10; % Amplitude of noise

Ts = (1/w)/10 ; % Sampling time [ sec ]

Nts = 50 ; % number of samples

w_n = 50 ; % friquency of a harmonic noise [1/sec]

M=5; % filter window weidth

%%O °O °O O%o O%o Oo O° °° °O Oo Oo O%%%o (-] I N P U T DAT A y Oo Oo °O °° Oo O%o Oo Oo Oo Oo Oo O%o °O Oo Oo Oo Oo O%o Oo Oo/o%o Oo Oo Oo Oo (+]
%%

output = (1]

t=(0:Ts:Ts*Nts) ' ;l=length(t);
signal = (-1).~(floor(w*t) ) ;
noise_rand = N*randn(l.1):
noise_harm = N*sin(w_n*t):
input = signal + noise_rand ;
for i=1:1,
upp = i+(M-1)/2 ;low = i-(M-1)/2 ;
if (i-(M-1)/2 <=0 ) , low=1; elseif (i+(M-1)/2 >=1 ) upp=l; e

nd:
for j=low:upp,
if (j == low) , output(i)=0; end;
output(i) = output(i)+input(j);
end;
output(i) = output(i)/M ;
end;

plot(output)
figure(2);
plot(input);
%size()
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