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Abstract

In this work we present several techniques for improving 2D object description and

classification based on coefficients of implicit polynomials (IP), fitted to the object

boundary. We first improve the description abilities of the Min-Max and Min-

Var algorithms (A. Helzer, M. Barzohar, D. Malah, 2004) by replacing algebraic

distances by geometric ones in a cost function used by these algorithms.

We show that a polynomial of a predetermined degree would have a difficulty to

distinguish among objects which are too complicated to be modeled by a polyno-

mial of this degree. On the other hand, fitting of much simpler objects, which can

be successfully modeled by a polynomial of a lower degree, would result in a poly-

nomial whose coefficients are sensitive to even small perturbations of the data-set.

Therefore, a classifier based on fitting of a polynomial of a single predetermined

degree would have a low classification rate if applied to a database that contains

both simple and complicated shapes. We propose a classification approach that is

based on fitting several polynomials to the object shape, each having a different

degree, and on their fitting errors, which improves considerably the classification.

This Multi Order (degree) and Fitting Errors Technique (MOFET) approach is

shown to be much more efficient for classification than previously used IP-based

classification techniques.

1



ABSTRACT 2

A major issue in classifying 2D objects is that they may have undergone an

Affine transform, relative to the corresponding object in the data-base. We first

apply linear rotation invariants that are based on the polynomial coefficients (Tarel

et. Al. 1998) and modify accordingly the Min-Max and Min-Var fitting algorithms.

We then propose a Shape Transform, based on the Scatter Matrix of a shape,

which transforms each object to its ”Mother Shape”. The Mother Shape is unique,

up to rotation, for all the objects which are linearly related to the original shape.

This way, by carrying out the fitting and classification on mother-shapes, us-

ing the above rotation invariants, extends the invariance to Affine transforms as

well. Simulation results show the advantage of this approach over the standard

Curvature Scale Space (CSS) classification technique, which is part of MPEG-7.
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Abbreviations

Symbols

a scalar

A Matrix

a column vector

ai i-th component of vector a

ai,j component of A placed on i-th row and j-th column

A. ·B element by element multiplication of A and B

A.k element by element power of A

A′ Transpose of A

0a column vector which components are 0 and it’s size is equal to size of vector a

1a column vector which components are 1 and it’s size is equal to size of vector a

P r
a (x, y) polynomial of degree r with coefficients a

pr(x, y),m(x, y) vector of monomials (of polynomial of degree r)

mx(x, y) derivative on x of the vector of monomials

my(x, y) derivative on y of the vector of monomials

ea(k) fitting error of the polynomial P r
a (x, y) relative to k-th data-set point

∇Pa(x, y) gradient vector of Pa(x, y)

3
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M matrix of monomials

gN(x, y) derivative of the monomial m(x,y) on perpendicular to the data-set direction

gT (x, y) derivative of the monomial m(x,y) on tangent to the data-set direction

GN matrix consisting of g′N(x, y) at the data-set points

GT matrix consisting of g′T (x, y) at the data-set points

wmm(x, y) desired value of the gradient at the point (x, y) in Min-Max algorithm

wmv(x, y) desired value of the gradient at the point (x, y) in Min-Var algorithm

Wmm(x, y) mean value of wmm(x, y) (over the data-set points)

Wmv(x, y) mean value of wmv(x, y) (over the data-set points)

wri
mm(x, y) desired value of the gradient at the point (x, y) in RI-Min-Max algorithm

wri
mv(x, y) desired value of the gradient at the point (x, y) in RI-Min-Var algorithm

S75% scaling factor equal to 75% distance from the origin

Sav scaling factor equal to mean distance from the origin

Smax scaling factor equal to maximal distance from the origin

d75%(ea) 75% value of fitting errors ea

dmax(ea) Maximum value of fitting errors ea

dav(ea) Average value of fitting errors ea

R(θ) Rotation matrix

P r
b (x, y) polynomial of degree r with factorized coefficients a

J Jacobian matrix

η′(x, y) vector of the factorized monomials

L(θ) Rotation matrix of the polynomial coefficients

S(x, y) Scatter matrix of the data-set (x,y)

f feature vector

ΨN Fisher Information matrix
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Abbreviations

LS Least Squares

3L 3 Level-sets – fitting algorithm

Gradient1 Gradient-one fitting algorithm

Min-Max Min-Max fitting algorithm

Min-Var Min-Var fitting algorithm

ZS Zero Sets

Mod. Min-Max modified Min-Max

Mod. Min-Var modified Min-Var

Mod. RI-Min-Max modified rotation invariant Min-Max

Mod. RI-Min-Var modified rotation invariant Min-Var

MOFET Multi Order (degree) and Fitting Error Technique

CSS Curvature Scale Space



Chapter 1

Introduction

Implicit polynomials have been exploited for a long time for the representation

and classification of 2D data, defined by discrete points taken along its boundary

[1] – [9], [13]-[16] . Over time, different algorithms for fitting Implicit Polynomials

to the data were developed. Early iterative fitting algorithms [4],[5] often failed to

derive an Implicit Polynomial defining a single closed curve fitting the boundary of

the data, i.e., they were unable to obtain a reliable representation . Furthermore,

due to numerical instability and high computational cost, these algorithms are

able to fit the data by polynomials of relatively low degree only (up to degree

4), and, therefore, fail to represent or classify relatively complicated objects. A

modification of [5] proposed in [6] solves the problem of reliable representation for

star-shaped contours. Recent versions of fitting algorithms: 3L [1] and, especially,

Gradient1 [2], Min-Max and Min-Var [3], apply a linear LS (Least Squares) solution

to the fitting problem (having, therefore, a lower computational cost than iterative

algorithms), appear to have much better performance in both representation and

classification tasks. Hence, in our work we focus on the last three algorithms,

namely, Gradient1, Min-Max and Min-Var.

In our work we address both representation and classification tasks. For im-

proved representation we propose a modification of the Min-Max and Min-Var

6
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algorithms resulting in better modeling of the data. Instead of minimizing the

values of the polynomial at the data points, i.e., the algebraic distances between

the data points and the Implicit Polynomia, we minimize the approximated geo-

metric distances between the data points and the Implicit Polynomial [5], which is

a much more adequate measure of representation quality. By using this measure

we obtain a better representation of the data.

The main drawback of Implicit Polynomials, for classification applications, is

their low performance when used with a database consisting of both simple and

complicated objects. Generally, a classifier based on a relatively low degree polyno-

mial would be able to effectively classify simple objects (i.e., objects satisfactorily

represented by polynomial of that low degree), but would have low performance in

classification of more complicated objects (which are badly represented by a low

degree polynomial). Polynomials of a higher degree can represent faithfully any

object in the database, but in the case of simple objects the coefficients defining

the Implicit Polynomial would be extremely sensitive to even minor perturbation

of the data, impeding the classification. Hence, we propose a classifier based both

on coefficients of Implicit Polynomials of several degrees and their fitting errors

(which appear to be valuable for classification), which we denote as a Multi Order

(degree) and Fitting Error based Technique (MOFET) classifier.

The ability to classify objects given in different orientations is very important.

Geometric rotation invariants derived for Implicit Polynomials in [8] makes this

technique very attractive for classification tasks. These invariants are based on the

polynomial coefficients. In order to take advantage of these invariants, we should

make sure that the relation between polynomials fitted to different orientations

of the same data should be characterized by rotation only. However, polynomials

derived by Min-Max and Min-Var algorithms don’t fulfill this condition. Hence,
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we propose a way to modify these algorithms so that they will meet this require-

ment. Then, we can base the MOFET classifier on polynomial invariants instead

of polynomial coefficients.

We address in this work not only rotation but also the more general Affine

transform. In many practical cases the relation between two different projections

of the same 3D object can be approximated by an affine transform. We propose

a simple and efficient technique for eliminating the effect of the affine transform.

We first transform the data, so that its Scatter matrix would be equal to identity

matrix. This transform is based on 1st and 2nd order moments of the data, and,

therefore is robust to data perturbations. As a result of this transform we get the

so called ”Mother shape” of the data, which is unique up to rotation for any data

related linearly to the original one. We apply then the MOFET classifier based on

rotation invariants.

Finally, we compare the performance of the MOFET classifier with other Im-

plicit Polynomial based techniques and with the Curvature Scale Space (CSS)

technique, which recently became part of the MPEG-7 standard ([17]).

The organization of the thesis is as follows:

Chapter 2 provides background information on Implicit Polynomials.

Chapter 3 presents modifications of the Min-Max and Min-Var algorithms,

improving their fitting performance.

Chapter 4 deals with the application of Implicit Polynomials to 2D object

recognition. We provide background to the classification problem, figure out situ-

ations in which the data representation is unstable (resulting, therefore, in reduced

classification performance). We describe different techniques for avoiding unstable

representations and, finally, present the MOFET approach.

Chapter 5 presents a modification of Min-Max and Min-Var algorithms, allow-

ing them to classify data that underwent an Euclidian transform.
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Chapter 6 introduces the Mother-shape approach, allowing classification of

data that underwent an Affine transform.

Chapter 7 describes a Mother-Shape based MOFET classifier and compares its

performance with other classification techniques.

Chapter 8 summarizes the work, draws conclusions and suggests research di-

rections for future study.



Chapter 2

2D Object description by Implicit

Polynomials – an overview

The ability to efficiently describe curves that represent the boundary of 2D objects

is important in computer vision tasks and computer graphics. Implicit Polynomials

provide a solution to this problem, using the coefficients of the polynomial to

represent the data. The technique assumes that the data is a curve that is lying

in the zero-plane (i.e., in 3D space, with axes x,y,z , the zero-plane is defined by

z=0), and that one of the zero-sets of the polynomial (z= f(x,y) ) is supposed to

fit this curve.

An example of a curve lying in the zero-plane and a polynomial describing it

is shown in Fig. 2.1.

2.1 Background

As will be shown in the sequel, a polynomial efficiently describing a 2D object that

is given by a set of points along the object’s boundary, i.e., a data-set, should meet

several conditions. An obvious and most intuitive requirement is that the zero-set

of a polynomial (of degree r) , must lie nearby the data-set.

10
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Figure 2.1: (a) - curve representing the boundary of an object (dashed line) and the
zero-sets of the 4-th degree polynomial attempting to fit the object (solid) (b) - surface of a

4-th degree polynomial attempting to fit the object.

Let’s define:

x
4
= [x1 x2 ... xn]′: vector of the first coordinates of the data set, where (·)′

denotes the transpose of (·),
y
4
= [y1 y2 ... yn]′: vector of the second coordinates of the data set,

P r
a (x, y) = a0,0 +a1,0x+a0,1y +a2,0x

2 +a1,1xy +a0,2y
2 + . . .+ar,0x

r +ar−1,1x
r−1y +

. . . + a0,ry
r: polynomial of degree r which coefficients are a.

The above expression can then be written as:

P r
a (x, y) = a′pr(x, y), (2.1)

where,

pr(x, y)
4
= [1 x y x2 xy y2 ... xr xr−1y ... yr]′ (2.2)

vector of monomials at point (x, y), and

a
4
= [a0,0 a1,0 a0,1 ... ar,0 ar−1,1 ... a0,r]

′, (2.3)
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is a vector of corresponding coefficients of monomials for polynomial of degree

r (ai,j denotes the coefficient of the term with x to the power of i and y to the

power of j).

The length of both the monomial vector and the coefficients vector is (r+1)(r+2)
2

.

The zero-sets of P r
a (x, y) are denoted by ZS

(
P r

a (x, y)
)

=
{
(x, y) : P r

a (x, y) = 0
}
.

Note, that a polynomial may contain several zero-sets, where a zero-set is

defined as a continuous curve satisfying P r
a (x, y) = 0. Actually, a polynomial of

degree r may have up to r zero-sets.

The distance ea(k) between the k-th point of the data-set to the zero-sets of the

polynomial (i.e., the fitting error) is defined as the minimum Euclidian distance

from this point to the zero-sets of the polynomial P r
a (x, y).

In order to achieve the best possible fit, one should minimize the fitting errors.

For example, we can use the l2-norm:

e2
min

4
= min

a

n∑

k=1

(ea(k)2) (2.4)

An iterative solution to this minimization problem is proposed in [4]. Each

iteration finds points belonging to the zero-set that are closest to the data-set;

then the algorithm updates the polynomial so that these points will lie closer to

the data-set. This algorithm has high computational cost, which can be critical

for real-time applications

Calculating the fitting error for each point of the data-set is computationally

expensive. This value can be well approximated if the error is small, [5] (See

Appendix A for details), by:

ea(k) ' |Pa(xk, yk)|
| 5 Pa(xk, yk)| (2.5)

where∇Pa(xk, yk) is the gradient vector of Pa(xk, yk), i.e.,
[

dPa(xk,yk)

dx

dPa(xk,yk)

dy

]
.

Thus, the algorithm minimizes

min
a

n∑

k=1

(
Pa(xk, yk)

| 5 Pa(xk, yk)|
)2

(2.6)
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At each iteration, the algorithm calculates the value of the polynomial’s gradi-

ent at the data-set points (set to 1 at initialization) and solves for a that satisfies

(2.6). The main strength of this algorithm is that the minimization at each itera-

tion can be done by solving a linear LS problem, thus speeding up the process.

The above algorithms solve a non-linear least-squares problem (note that the

solution represented in [5] includes a number of linear LS iterations) that doesn’t

guarantee conversion to a global minimum. In addition, in some cases, instead of

a single zero-set, approximating the data-set curve, several zero-sets may appear

close to it (Fig. 2.2b). Furthermore, the derived zero-sets may contain loops (Fig.

2.2c) and be unbounded (Fig. 2.2a). In [6] the latter problem was efficiently solved

for star-shaped curves (the zero-set is constrained to be star-shaped) and was

partially solved for bounded ones (the polynomial outside some simple bounded

area was constrained to be positive). However, the need for applying an iterative

algorithm, requires a high computational cost.

The main drawback of the above algorithms, is that they are limited to low-

degree polynomials (a maximal degree of 4), thus unable to model complicated

data-sets. Applying these algorithms to higher-degree polynomials causes numer-

ical problems.

(a) (b) (c)

Figure 2.2: Examples of the fitting artifacts. The data-sets are denoted by the dashed line,
zero-sets – by solid: (a) Unbounded zero-set. (b) Two zero-sets fitting the data. (c) Zero-set

containing a loop (pointed by the arrow).
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Least Squares approach

A less accurate but easier to solve minimization problem:

min
a

n∑

k=1

(P r
a (xk, yk)

2) (2.7)

Note, that this function doesn’t minimize the distance between the zero-sets

and the data-set. Instead, it minimizes the values of the polynomial at the points

of data-set, thus forcing the zero-set to lie nearby. Consequently, the solution it

provides is optimal, but can’t be useful.

Let’s rewrite equation (2.7), using matrix notation.

First, define the matrix of monomials. Each raw of this matrix is a vector of

monomials representing a point belonging to the data-set:

M = [x.0 | x | y | x.2 | x. · y | y.2 | ... | x.r | x.r−1. · y | ... | y.r] (2.8)

The ”.·” denotes element-by-element multiplication of vectors or matrices. x.r

means that each element of x is raised to the power of r. These notations are taken

from Matlab R© )

Therefore,

P r
a(x, y) = M · a (2.9)

is a vector of polynomial values at the points of the data-set. Minimization of

the l2-norm of this vector corresponds to the minimization in (2.7).

Actually, we got a classical linear LS problem. It can easily be seen that

the trivial solution, a = 0 (r+1)(r+2)
2

(i.e., a vector of zeros of size (r+1)(r+2)
2

), is an

immediate solution of this problem. In order to avoid this solution the following

constraint is added:

||a|| = c (2.10)

where c is positive constant.

The solution of this problem is well-known. It is given by the eigenvector

corresponding to the minimal eigenvalue of MT M . Note that this solution has one
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degree of freedom: if P r
a (x, y) solves the defined LS problem under the constraint

||a|| = 1, then the solution to the LS problem with the constraint ||a|| = c is

P r
ca(x, y); since both of these polynomials have the same zero-sets.

The derived solution has the same drawbacks that the algorithms in [4],[5] have.

These drawbacks are now more intensive because the proposed criterion doesn’t

minimize the distance between the zero-sets and the data-set. Furthermore, there

could be several small eigenvalues, each of them corresponding to different eigen-

vectors. If this is the case, then a small perturbation of the data may cause

small changes in both eigenvectors and eigenvalues, but result in a much different

”minimal-eigenvalue” eigenvector, and thus in a totally different solution.

An example of the above problems is demonstrated in Fig. 2.3. As can be seen

in Fig. 2.3(a), there are two different zero-sets trying to match the ”bell” contour.

Adding a small amount of noise to the data (note that there is barely a difference

between the original and the noisy figures) result in a totally different solution (

Fig. 2.3(b)). Note that the problem arises even for a low-degree polynomial (4-

th degree). Additionally, a small perturbation of the polynomial coefficients (for

example as a result of quantization of these coefficients) results in a zero-sets lying

far from the zero-sets of the original polynomial, as seen in Fig. 2.3(d).

Another problem that we have to deal with is spurious zero-sets lying nearby

the data-set (Fig. 2.3(c)). Once we solved for the coefficients of the polynomial,

we may encounter the problem of choosing the zero-set describing the original

contour.
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(a) (b)

(c) (d)

Figure 2.3: Shortcomings of the LS solution (a) 4-th degree polynomial fit: 2 zero-sets
attempting to fit the ”bell”. Actually, there is no zero set resembling the data-set. (b) Colored

noise, std = 0.01 was added to the ”bell” coordinates. Actually, the difference between the
original figure and the noisy one is hardly noticeable. Despite that, a 4-th degree polynomial fit
quite differs from the one appearing in (a). (c) 6-th degree polynomial fit: in this case, except

for the zero-sets describing the ”triangle”, 3 more zero-sets appear (shown by arrows). (d)
Uniformly distributed noise, in range [−5 ∗ 10−5 , 5 ∗ 10−5] was added to each coefficient of the
polynomial of (c) (the coefficients range was [10−3 , 1] ), resulting in totally different zero-sets.
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2.2 Algorithms that avoid zero-set splitting

As can easily be seen, the problem of obtaining several zero-sets, when trying to

match the boundary of the object is the most disturbing one in a data-fitting task.

After all, we would like to get a single zero-set that resembles the boundary (Fig.

2.1(a)) and not a set of unrecognizable contours (Fig. 2.3(a)).

In order to solve this problem, the following questions are asked:

1. What are the properties of the polynomial that describes well the data by a

single bounded zero-set?

2. Once these properties are found, how can they be translated to implicit

polynomial coefficients constraints?

Two different approaches,the 3L[1] and the Gradient1 [2] algorithms provide dif-

ferent solutions to the above questions. Below we give a short overview of these

algorithms and discuss their advantages and disadvantages.

2.2.1 Overview of the 3L Algorithm

Assume, that we have a single zero-set that is bounded and without loops. It is

clear that the values of the polynomial at the points lying in vicinity of this zero-

set are non-zero. Furthermore, the values of the polynomial at points lying inside

the zero-set are opposite in sign to the values of the polynomial at the points lying

outside it.

So, how does this property being exploited by the 3L ([1]) algorithm?

First of all, the resulting zero-set has to describe the data-set, thus the mini-

mization in (2.7) is one of the goals of the 3L algorithm.
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Second, two additional data-sets (level-sets) are derived from the original data-

set. The first one is constructed so that it would lie inside the data-set (i.e., an

internal level-set),and the second one – outside (i.e., an external level-set). The

distance from these newly created levels-sets to the original data-set is d. That

is, the minimal distance from any point belonging to the level-sets to the original

data-set is d. An example showing the original and two constructed level-sets

appears in Fig. 2.4. Note that there are sections of the data-set that have no

corresponding sector in the internal or external level-sets (for example, in Fig. 2.4,

the internal level-set of the butterfly has no palpi). Thus, the number of points

belonging to the external and internal level-sets can be smaller than number of

points belonging to the original data-set.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Figure 2.4: Example of the original (solid) and two constructed level-sets (dashed), created
by the 3L algorithm.

The algorithm, then, attempts to find a polynomial such that its values at the

points belonging to the original data-set are zero; the value d at the points of

internal level-set, and the value (−d) at the external level-set.

This is done by minimizing:

min
a

n∑

k=1

P r
a (xk, yk)

2 +
m∑

k=1

(P r
a (xint

k , yint
k )− d)2 +

q∑

k=1

(P r
a (xext

k , yext
k )− (−d))2, (2.11)



Chapter 2. 2D Object description
by Implicit Polynomials – an overview 19

where xint, yint are vectors of the internal level-set points coordinates, xext, yext

– external level-set points coordinates, and m and q are the number of points

belonging to the internal and external level-sets, respectively.

A vector of differences between the values of the polynomial, at the given points

and the desired values can be written as:

e3L =




M

M int

M ext




︸ ︷︷ ︸
M3L

·a−




0n

dm

−dq




︸ ︷︷ ︸
b3L

, (2.12)

where M int, M ext are matrices of monomials belonging to internal and external

level-sets, respectively.

Thus, (2.11) can be rewritten as

min
a

e′3Le3L (2.13)

and the solution is:

a3L = (M ′
3LM3L)

−1
M ′

3Lb3L (2.14)

Note that if the degree of the implicit polynomial is high enough to fit well

the data-set, then the points belonging to the internal level-set will lie inside the

resulting zero-set and those belonging to external – outside. Thus we can conclude

that d (the distance between the original and the constructed level-sets) should

be on the degree of the fitting error of the polynomial. In which case we will get

a single zero-set mostly lying inside the ribbon between the internal and external

level-sets (Fig. 2.5(a)). If the ribbon is too narrow, it can result in several zero-

sets trying to match the data-set, some of them lying mostly outside the ribbon

(Fig. 2.5(b)). In the opposite case (i.e., a wide ribbon), the representation is less

accurate (Fig. 2.5(c)) and in some cases several zero-sets appear inside the ribbon

(Fig. 2.5(d)).
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Note, that instead of demanding positive values inside the data-set and negative

outside, the 3L algorithm requires specific values (i.e., equal to ±d) at specific

points in the vicinity of the data-set. Thus, polynomials meeting the requirements,

are a subgroup of the polynomials describing the data-set by a single zero-set.

Changing the required values of the polynomial (as a function of the data-set)

at the internal and the external level-sets (instead of keeping them constant) can

pick different subgroups of these polynomials. These subgroups may achieve better

fitting than the 3L.
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Figure 2.5: Several cases of 3L fitting. The ”butterfly” data-set is scaled to be inside a circle
of radius 1. (a)-(c) Fitting ”butterfly” with polynomials of degree 6. (a) d = 0.04 , resulting in

a single zero-set. (b) d=0.01. This is a too small value of d, causing several zero-sets, lying
mostly outside the level-sets. (c) d=0.1 The fitting of the zero-set is worse then in (a). (d)

Fitting ”butterfly” with a polynomial of degree 14 and d= 0.1. Two zero-sets appear between
the internal and external level-sets.
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2.2.2 Overview of the Gradient1 Algorithm

The main drawback of the 3L algorithm is the inability of the internal/external

level-sets to track the data points in too narrow places (for example at the ”but-

terfly” palpi area, Fig. 2.5(a). Furthermore, the distance d should be determined

in advance, while it’s optimal value may depend on the data-set.

Instead of exploring the IP in the vicinity of the zero-set, the Gradient1 [2]

method exploits properties of the polynomial’s gradient at points belonging to the

zero-set. It is a well-known fact that the gradient vector at a point belonging to the

zero-set is perpendicular to the zero-set tangent at this point. Assuming that the

desired zero-set should lie nearby the data-set, the Gradient1 algorithm requires

that the gradient of the polynomial at the data-set points will be perpendicular to

the data-set curve tangent. In addition, the algorithm requires that the value of

the gradient will be equal to 1. That means, the derived surface’s slope has to be

the same ( and equal to 1) at all the data-set points.

Accordingly, tangents of the data-set are estimated. It is done by finding a

regression line going through a set of several consecutive data points. Then, the

direction of the gradient (i.e., α, the angle between the gradient vector and the

x-axis) is estimated, as a perpendicular to the tangent (see Fig. 2.6).

The conditions stated above (i.e., the gradient value ant direction) can be

defined as a linear LS problem.

The value of the polynomial at (x,y) is:

P r
a (x, y) = [x0 x y x2 x · y y2 ... xr xr−1 · y ... yr] · a 4

= m′(x, y) · a (2.15)

The first derivative of the polynomial in the x direction is:

∂P r
a (x, y)

∂x
= [

dx0

dx

dx

dx

dy

dx

dx2

dx

dx · y
dx

dy2

dx
...

dxr

dx

dxr−1 · y
dx

...
dyr

dx
]·a 4

= m′
x(x, y)·a

(2.16)
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Figure 2.6: Estimation direction of gradient.

and in the same way:

∂P r
a (x, y)

∂y

4
= m′

y(x, y) · a (2.17)

Denoting by αx,y the angle between the normal at the point (x, y) and the

x-axis (as shown in Fig. 2.6). Then, the normal at this point can be written as

[cos(αx,y) sin(αx,y)] and the tangent as [− sin(αx,y) cos(αx,y)]

In order to fulfill the above conditions, the projection of the gradient on the

normal should be equal to 1 and on the tangent – 0.

The gradient projection on the normal can be written as:

cos(αx,y) ·m′
x(x, y) · a + sin(αx,y) ·m′

y(x, y) · a 4
= g′

N
(x, y) · a (2.18)

and on the tangent:

− sin(αx,y) ·m′
x(x, y) · a + cos(αx,y) ·m′

y(x, y) · a 4
= g′

T
(x, y) · a (2.19)

Thus, the Gradient1 algorithm conditions can be rewritten as the following

minimization problem:

min
a

n∑

k=1

P r
a (xk, yk)

2 +
n∑

k=1

(g′
N

(xk, yk) · a− 1)2 +
n∑

k=1

(g′
T
(xk, yk) · a)2 (2.20)
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Define:

eG1 =




M

GN

GT




︸ ︷︷ ︸
MG1

·a−




0n

1n

0n




︸ ︷︷ ︸
bG1

(2.21)

where,

GN =




g′
N

(x1, y1)

g′
N

(x2, y2)

· · ·
g′

N
(xn, yn)




GT =




g′
T
(x1, y1)

g′
T
(x2, y2)

· · ·
g′

T
(xn, yn)




. (2.22)

Then, (2.20) can be rewritten as

min
a

e′G1eG1, (2.23)

and the solution is:

aG1 = (M ′
G1MG1)

−1
M ′

G1bG1 (2.24)

Figure 2.7 shows an example of the Gradient1 fit to the ”butterfly” shape.

In order to compare the performance of 3L and Gradient1 algorithms, the

contours obtained by each of them represented at the same figure (Fig. 2.8):

It can be seen that the right part of the butterfly wings is modeled better by

Gradient1, while the left one – by 3L. Therefore, there is no clear decision which

one has a better fit.
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Figure 2.7: Gradient1 using polynomilal of degree 6 applied to ”butterfly”. dashed line -
”butterfly” data-set, solid – zero-set.
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Figure 2.8: Gradient1 (dotted line ) and 3L with distance parameter d = 0.04 (dashed line)
using polynomilal of degree 6 applied to ”butterfly” (solid line ).

We can modify (2.21) by multiplying the matrix of the monomials (M) by some

positive constant (K):

eG1 =




K ·M
GN

GT




︸ ︷︷ ︸
MG1

·a−




0n

1n

0n




︸ ︷︷ ︸
bG1

(2.25)
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Thus, the weight of the ”polynomial values” criterion relative to the ”gradient

value” criterion can be changed. The zero-set resulting from Gradient1 with K=17

is shown in Fig. 2.9. There is no much difference between the obtained fits. Thus,

we can conclude that calibrating the weight factor K, or the distance d, almost

the same fitting quality can be achieved in both of cases.
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Figure 2.9: Gradient1 with weight factor K = 17 (dotted line ) and 3L with distance
parameter d = 0.05 (dashed line) using a polynomial of degree 6 applied to ”butterfly” (solid

line ).

However, the Gradient1 constraints can be obtained for each and every point,

while in the case of 3L, some of points remain without any of corresponding level-

set points. Therefore, we can expect that the Gradient1 algorithm is more stable

than the 3L.

Note, that demanding a specific value of the gradient (a value of 1 in this case)

picks a subgroup of the polynomials describing the data-set by a single zero-set.

Allowing this value to change from point to point (depending on the data, for

example) can pick other polynomials, that can have a better behavior that those

determined by Gradient1, as discussed next.
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2.3 Improving Gradient1 Performance

by Min-Max/Min-Var Algorithms

Although Gradient1 has good fitting properties, it still suffers from zero-set sta-

bility problems. That is, even a small amount of noise (which in many practical

cases is unavoidable) in the polynomial coefficients (like in the case of coefficients

quantization), can cause a significant change in the zero-set fitting the data-set

contour. An example of this phenomenon is shown at Fig. 2.10(a). A solution to

this problem is proposed in [3]. Below, an explanation of this solutions is detailed.

Before we start analyzing this problem, let’s define the target: small changes

in polynomial coefficients should cause only small and equally distributed changes

in the zero set.

These requirements are translated to mathematic equations:

First, an expression for the value of the polynomial at zero-set point (x,y), as

a result of a small change of the coefficients (da) is derived:

Pa+da(x, y) = Pa(x, y) +

(
∂Pa(x, y)

∂a

)′
· da (2.26)

where,

∂Pa(x, y)

∂a
=




∂Pa(x,y)

∂a0,0

∂Pa(x,y)

∂a1,0

∂Pa(x,y)

∂a0,1

...

∂Pa(x,y)

∂a0,r




(2.27)

(x, y) belongs to the zero-set of the original polynomial, thus Pa(x, y) = 0.

Therefore (2.26) can be rewritten:

Pa+da(x, y) =

(
∂Pa(x, y)

∂a

)′
· da (2.28)
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Since
∂Pa(x,y)

∂a
is a vector of the monomials m(x, y) at the zero-set point (x,y),

expression (2.28) becomes:

Pa+da(x, y) = m′(x, y) · da (2.29)

Next, the point, belonging to the zero-sets of the new polynomial, that is

closest to (x,y) is found. If we assume that Pa+da(x, y) is small enough and that

the gradient at this point didn’t change too much as a result of the polynomial

coefficients alteration: ∇Pa+da(x, y) ≈ ∇Pa(x, y), then the distance between (x,y)

and the closest point belonging to ZS(Pa+da(x, y)):

du(x, y) =
m′(x, y)

||∇Pa(x, y)|| · da (2.30)

Now assume that the elements of da are uniformly and independently dis-

tributed in the range [−ε ε]. Then,

|du(x, y)| = | m′(x, y)

||∇Pa(x, y)|| ·da| ≤ |m′(x, y)|
||∇Pa(x, y)|| ·|da| ≤

∑ (r+1)(r+2)
2

i=1 |mi(x, y)|
||∇Pa(x, y)|| ·|ε| 4= maxd(x, y)

(2.31)

maxd(x, y) is the maximal possible distance between point (x,y) and the closest

point belonging to the zero-set of the noisy polynomial

In order to simplify future expressions, we denote:

(r+1)(r+2)
2∑

i=1

|mi(x, y)| 4= wmm(x, y) (2.32)

Hence, maxd(x, y) can be written as:

maxd(x, y) =
wmm(x, y)

||∇Pa(x, y)|| · |ε| (2.33)

Taking into account that the variance of each element of da is ε2

3
, the variance

of du(x, y) is given by:

var(du(x, y)) = var

(
m′(x, y) · da

||∇Pa(x, y)||
)

=
m′(x, y)m(x, y)

||∇Pa(x, y)||2 · ε2

3
(2.34)
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Denoting,
√

m′(x, y)m(x, y)
4
= wmv(x, y) (2.35)

we get:

var(du(x, y)) =
w2

mv(x, y)

||∇Pa(x, y)||2 ·
ε2

3
(2.36)

We would typically like to have the same performance at each point belonging

to the data-set. In (2.31) maxd(x, y) is derived. If we keep the ratio wmm(x,y)
||∇Pa(x,y)||

constant along the zero-set, then maxd(x, y) will be constant too. Actually, this

is the concept of the Min-Max algorithm [3].

Keeping w2
mv(x,y)

||∇Pa(x,y)||2 constant will result in constant var(du(x, y) along the zero-

set. Min-Var algorithm [3] implements this constraint.

Note that in both cases the value of the constant has no importance, because

any value can be obtained by scaling the derived vector of coefficients, which

doesn’t change the zero-set. Thus, without loss of generality, this constant is set

to 1 in both algorithms.

Now, let’s show that both Min-Max and Min-Var solutions can be obtained by

solving a linear LS problem.

First of all, as in case of Gradient1 the algorithms minimize values of the

polynomial at the data-set and cause the gradient be perpendicular to the data-

set. It means, that minimization of the gradient projection on the tangent can

be applied in the same manner as in Gradient1. Then, we can conclude that

||∇Pa(x, y)|| can be replaced by the gradient projection on the normal: (g′
N

(x, y) ·
(a)).

Thus, the Min-Max constraint can be implemented by minimizing:

n∑
i=1

(
g′

N
(xi, yi) · a

wmm(xi, yi)
− 1

)2

(2.37)

and the Min-Var by minimizing

n∑
i=1

(
g′

N
(xi, yi) · a

wmv(xi, yi)
− 1

)2

(2.38)
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Thus, the Min-Max linear LS problem is defined as

min
a

n∑
i=1

P r
a (xi, yi)

2 +
n∑

i=1

(
g′

T
(xi, yi) · a

wmm(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmm(xi, yi)
− 1

)2

(2.39)

and the Min-Var:

min
a

n∑
i=1

P r
a (xi, yi)

2 +
n∑

i=1

(
g′

T
(xi, yi) · a

wmv(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmv(xi, yi)
− 1

)2

(2.40)

A comparison of the performance of Min-Max and Min-Var relative to Gradi-

ent1 is shown at Figs. 2.10 and 2.11. Note, that along with better stability, the

first two algorithms provide more accurate fit.

We discuss now another interesting property of the algorithms proposed in

[3]. It can be seen that wmm(x, y) and wmv(x, y) increase as we move away from

the origin. Min-Max and Min-Var algorithms constrain the value of the gradient

at the data-set points to be equal to these values, respectively, while Gradient1

algorithm constrains it to be equal to 1. As a result, the polynomial surface of

Min-Max/Min-Var is flatter than gradient1, when it is close to the origin, but

steeper, when we are far from it. Translating the data-set, so that it’s center of

mass lies at the origin, is part of the data-preprocessing before the polynomial

fitting. Thus, generally, the surface of the polynomial derived by Min-Max/Min-

Var will be flatter inside the data-set and steeper outside it, than the Gradient1

polynomial.

This property has an interesting effect on spurious zero-sets. The flatter the

surface in the vicinity of the ”proper” zero-set, the easier is for the polynomial to

intersect the zero-plane (and thus create spurious zero-set) close to this zero-set.

Based on these observations, we can conclude, that compared to Gradient1, Min-

Max/Var internal spurious zero-sets (i.e., spurious zero-sets inside the data-set)

can appear closer to the fitting zero-set and external – farther. This is, of course,

rather a tendency than a rule. Another tendency of the spurious zero-sets, is that

they are more likely to appear outside the data-set than inside it. Therefore, in
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most of the cases, Min-Max and Min-Var spurious zero-set will appear farther

away from the fitting zero-set, than Gradient1’s. Several examples are shown in

Fig. 2.11. Note that in the last example (d), Min-Max and Min-Var moved away

farther one external spurious zero-set, but moved closer another.
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(a1) (a2)

(b1) (b2)

(c1) (c2)

Figure 2.10: Fit of a polynomial of degree 8 (solid line) to ”horseshoe” contour (dashed line).
(a) – Gradient1, (b) – Min-Max,(c) – Min-Var. The left column depicts the derived zero-set,

the right one – accumulated zero-sets , when noise added to each coefficient is uniformly
distributed with mean 0 and absolute maximum value of 2−10 of the biggest coefficient.
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Figure 2.11: Gradient1 (left), Min-Max (center) and Min-Var (right) fit (polynomial of
degree 8). The data-set depicted by the dashed line, zero-sets – by solid.



Chapter 3

Modification of Min-Max and

Min-Var Algorithms for Improved

Fitting Performance

Although the Min-Var and especially the Min-Max algorithms describe the data

quite well and are stable, there is still room for improvement. Recall, that all

the linear LS-based algorithms mentioned above minimize the polynomial value

along the data-set instead of minimizing the distance between the data-set and

the polynomial zero-sets (i.e. the fitting error). If we were able to minimize the

fitting error, we would get a polynomial that fits the data better.

The distance we would like to minimize is given by (2.4) and is repeated here:

min
a

n∑

k=1

ea(k)2, (3.1)

where n is the number of data points.

34
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It is obvious that it is impossible to cast this problem as a linear LS minimiza-

tion problem. However, the minimization of the approximated fitting error (2.5)

(repeated here for convenience):

min
a

n∑

k=1

(
Pa(xk, yk)

| 5 Pa(xk, yk|
)2

, (3.2)

can be useful.

Naturally, the value of the gradient at every point of the data-set is needed.

Although the exact value of the gradient is not available before the problem is

solved, in the case of Min-Max and Min-Var we have a clue of its value. Recall,

that in the case of Min-Max a good solution presupposes values of the gradient

at a point (x,y) to be close to wmm(x, y), and in the case of Min-Var, close to

wmv(x, y). Thus, substituting these values into (3.2) we get:

min
a

n∑
i=1

(
Pa(xi, yi)

wmm(xi, yi)

)2

(3.3)

for Min-Max, and

min
a

n∑
i=1

(
Pa(xi, yi)

wmm(xi, yi

)2

(3.4)

for Min-Var.

Equations (2.39), (2.40) can be modified into:

min
a

n∑
i=1

(
Pa(xi, yi)

wmm(xi, yi)

)2

+
n∑

i=1

(
g′

T
(xi, yi) · a

wmm(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmm(xi, yi)
− 1

)2

(3.5)

in the case of Min-Max, and :

min
a

n∑
i=1

(
Pa(xi, yi)

wmv(xi, yi)

)2

+
n∑

i=1

(
g′

T
(xi, yi) · a

wmv(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmv(xi, yi)
− 1

)2

(3.6)

in the case of Min-Var.

However, the polynomials derived by the solutions of these problems don’t

fit the data-set better than original Min-Max or Min-Var, respectively. On the

contrary, the fitting becomes much coarser (Figs. 3.1, 3.2, left column). There is a

simple explanation to it. Min-Max and Min-Var algorithms minimize a sum of two
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cost functions: the first one minimizes values of the polynomial along the data-

set; the second – constrains the direction and the value of the gradient. In order

to obtain a good fit, the relative weight of these cost functions should be chosen

carefully. Strengthening one cost function (by multiplying it by a factor bigger

than one ), on the account of the other, can harm the result. If we compare (3.5)

and (3.6) to (2.39) and (2.40), we would see that the polynomial values are divided

by the wmm(x, y) and wmv(x, y) factors, respectively. Thus, the relative weight of

the ”polynomial values” constraint (as compared to the ”gradient” constraint) is

changed. Actually, both of the above values are always bigger than 1 (the first

element in the vector of the monomials, m1(x, y) is always equal to 1 (see (2.2)).

Consequently, the overall weight of the ”polynomial values” constraint becomes

smaller relative to the ”gradient” constraint.

Let’s estimate how big these coefficients can become. In our experiments, the

contours were translated and scaled, so that 75% of the data-set points would

lie inside a circle of radius 1. Thus, point (1,1) gives quite a good indication

of how big these factors can become. Taking into account that the polynomial of

degree r has (r+2)(r+1)
2

coefficients, the factors corresponding to this point would be

(r+2)(r+1)
2

for Min-Max and
√

(r+2)(r+1)
2

for Min-Var. For example, if the polynomial

is of degree 6 – we get factor values of 28 and 5.3 (for Min-Max and Min-Var,

respectively). For degree 8: 45 and 6.7, respectively. Dividing the ”polynomial

values” by such big factors (especially in the case of Min-Max), breaks the balance

between ”polynomial values” and ”gradient” cost functions.

This problem can be solved by multiplying the cost function of the polynomial

by a weight factor bigger that 1. Thus, we can regain the weight of fitting errors.

A reasonable parameter can be the average value (over the data-set points) of

wmm(x, y) (for Min-Max):

Wmm =
1

n

n∑
i=1

wmm(xi, yi) (3.7)
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and average value of wmv(x, y) (for Min-Var)

Wmv =
1

n

n∑
i=1

wmv(xi, yi) (3.8)

Another candidate considered was 1/mean 1
wmm(x,y)

or 1/mean 1
wmv(x,y)

, respec-

tively. Actually, the difference between the two options was hardly noticeable,

with a slight advantage to the first one. Thus, the LS minimization equations

(3.5), (3.6) become:

min
a

n∑
i=1

(
Wmm

Pa(xi, yi)

wmm(xi, yi)

)2

+
n∑

i=1

(
g′

T
(xi, yi) · a

wmm(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmm(xi, yi)
− 1

)2

(3.9)

in case of Min-Max and :

min
a

n∑
i=1

(
Wmv

Pa(xi, yi)

wmv(xi, yi)

)2

+
n∑

i=1

(
g′

T
(xi, yi) · a

wmv(xi, yi)

)2

+
n∑

i=1

(
g′

N
(xi, yi) · a

wmv(xi, yi)
− 1

)2

(3.10)

in case of Min-Var. Figures 3.1 and 3.2 demonstrate the difference between

original Min-Max/Min-Var, modified Min-Max/Min-Var (Mod. Min-Max/ Mod.

Min-Var) and the modified Min-Max/Min-Var without the weight regularization

(Mod. Min-Max NW/ Mod. Min-Var NW). If we compare the original Min-

Max/Min-Var with the modified ones, we conclude that the original algorithms

make more effort to fit points lying far from the origin, than points lying close to

it; while the modified algorithms result in a more uniform solution. For example,

Min-Max’s fit of the ”dog’s head” (Fig. 3.1(b)) is better than that of modified

Min-Max, but the overall fitting is better in the latter.
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The average fitting error and the maximum fitting error was calculated for

each of the data-sets and for each of the algorithms. The results are summarized

in Tables 3.1 and 3.2. Note that in most cases the proposed modification has

reduced the above error measures.

Note also that weight regularization is critical for performance. However, in

some cases (Fig. 3.1(d)), even the non-regularized algorithm has good perfor-

mance. This can be explained by the simplicity of the data-set shape (i.e., for

this data-set, the polynomial is having both good fitting properties and desired

gradient properties).
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Table 3.1: Fitting errors of Min-Max, Mod. Min-Max and Mod. Min-Max NW algorithms.
The data-sets and the fitting zero-sets appear in Fig. 3.1.

Data-set name Fitting error (fitting error) × 100
measure Min-Max Mod. Min-Max Mod. Min-Max

NW

”bone”
Mean 2.1 1.6 2.8
Max. 5.3 4.2 5.6

”dog”
Mean 3.9 3.3 4.0
Max. 14.8 12.9 12.6

”car”
Mean 2.7 2.5 8.2
Max. 8.8 7.5 36.6

”horseshoe”
Mean 0.8 0.7 0.9
Max. 4.6 3.9 4.2

Table 3.2: Fitting errors of Min-Var, Mod. Min-Var and Mod. Min-Var NW algorithms. The
data-sets and the fitting zero-sets appear in Fig. 3.2.

data-set name Fitting error (fitting error) × 100
measure Min-Var Mod. Min-Var Mod. Min-Var

NW

”bone”
Mean 2.3 2.2 2.3
Max. 5.2 4.7 4.8

”dog”
Mean 4.8 4.6 5.1
Max. 15.5 14.5 14.3

”car”
Mean 3.6 3.8 5.8
Max. 11 12 25

”horseshoe”
Mean 0.7 0.5 0.8
Max. 3.0 2.4 2.9
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(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

(d1) (d2) (d3)

Figure 3.1: Min-Max (left), Mod. Min-Max (center) and Mod. Min-Max NW (right) fit
(polynomial of degree 8). Data-set – dashed line, obtained zero-sets – solid.
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(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

(d1) (d2) (d3)

Figure 3.2: Min-Var (left), Mod. Min-Var (center) and Mod. Min-Var NW (right) fit
(polynomial of degree 8). Data-set – dashed line, obtained zero-sets – solid.



Chapter 4

Application of Implicit

Polynomials to 2D Object

recognition

4.1 Background

The ability to recognize or classify objects, is very important in many fields, such

as medicine, robotics, etc. The recognition problem can be described by the next

scheme: Assume, that we have L different 2D objects, each represented by a set

of points describing its boundary. It is possible that each object has several rep-

resentations (for example, the same object was extracted from different pictures),

i.e., object l has several (Sl) views. An example of such a dictionary (3 objects,

each having 2 different views) appears in Fig. 4.1.

Thus, we have a dictionary, containing
∑L

l=1 Sl data-sets, divided into L groups.

Once we have extracted a new shape, we would like to determine the group, to

which this shape belongs to, i.e., to classify the shape.

42
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Figure 4.1: Example of 3 different objects , each having 2 views.

It is possible to compare the extracted shape to the dictionary objects directly,

like, in [10] where a ”shape matrix” method using a direct comparison is described.

The idea is to superimpose the unknown shape with each of the dictionary data-

sets. At each superimposition, the area of sections belonging only to one object

and not to the other is estimated (See Fig. 4.2). This area is actually the distance

between the unknown shape and the examined shape from the dictionary. Then,

the data-set in the dictionary, having the smallest distance is chosen, and the

unknown shape is classified as belonging to the group containing this data-set.

Although this direct method can yield good recognition, it’s computational

cost may be huge. Performing
∑L

l=1 Sl area estimations for each unknown shape

can be very expensive, especially if the dictionary is big.

Note, also, that if the unknown shape can come at arbitrary size and orientation

(i.e., it undergoes an Euclidian transform), then the classification may become

much complicated. While the scaling issue is relatively easy to solve (as shown

in chapter 4.2); the only way to manage the rotation is to rotate the shape many

times, and do the process described above for each rotation, thus increasing the

computation cost.
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(a) (b)

Figure 4.2: Example of the shape matrix method. (a) Two superimposed shapes (square
and triangle). (b) Areas belonging only to one object and not to the other (in gray).

In order to produce a more effective classification, indirect methods are used.

First, at the learning stage, some special features (algorithm depended) are ex-

tracted from every data-set in the dictionary. Second, at the testing stage, the

same features are extracted from the unknown shape, and the comparison is based

on these features.

As a matter of fact, we can efficiently use an IP representation for the indirect

classification. We can say, that the polynomial coefficients are the features that are

extracted from the data-sets. So, we would expect that the coefficients wouldn’t

change considerably if the data-set had changed only slightly, i.e, the representation

should be stable. On the other hand, coefficients, belonging to the different data-

sets should be distinguishable. In this chapter we will discuss several aspects,

that will help us to fulfill these requirements. This chapter considers only the

Gradient1, Min-Var and Min-Max (including the modified versions ) algorithms.

These algorithms can be applied on complicated curves, using relatively high-

degree polynomials (which is crucial for classification of complex corves), and get

a good fit.
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4.2 Data preprocessing

In this section we show that preprocessing the data-set, before ”inserting” it into

the LS minimization problem is very important for the recognition process. The

preprocessing can be expressed as some arbitrary transformation of the data-set

to another data-set. The aim is that as a result of the transformation, the features

extracted from the data-set would become both more stable and more distinguish-

able.

A possible transformation is translation. If the exact position of the data-set

is important, the translation vector can be added to the parameters describing

the data-set. The same is valid for scaling. For example, if we have a data-set

describing a circle, i.e.

(xi − cx)
2 + (yi − cy)

2 = R2,∀i = 1, 2, ..., n,

then we can translate the data by changing cx, cy and scale it by changing R.

4.2.1 Influence of the data-set perturbation on polynomial

coefficients

Let’s ask the next question: Where in the zero-plane the data should be placed, so

that small changes in it will result in small changes in the polynomial coefficients?

First, we assume that the degree of the polynomial is high enough to fit the

data-set well, so that small changes in the data-set would result in small changes in

the zero-set.Thus we can reformulate the above question: Where in the zero-plane

the fitting zero-set should be placed, so that small changes in it will result in small

changes in the polynomial coefficients?
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Second, a polynomial of degree r has (r+1)(r+2)
2

different coefficients. Thus, co-

ordinates of (r+1)(r+2)
2

independent points plus their polynomial values define the

coefficients of the polynomial. However, taking (r+1)(r+2)
2

points along the zero-

set only, will not do the job, because they are obviously dependent. Recall, that

multiplying the polynomial coefficients by a constant doesn’t change the result-

ing zero-set. Consequently, (r+1)(r+2)
2

points along the zero-set cannot define the

polynomial, i.e., at least one point depends on the others.

Choosing q = (r+1)(r+2)
2

− 1 zero-set points may provide a set of q independent

conditions, and ,consequently, we need to add one more condition (i.e., one degree

of freedom).

Note that the above statement is not obvious!

For example, assume that we have polynomial of degree 4

z = (x2 + y2 − 1)(x2 + y2 + xy + 3x + 4y + 5).

The expression consists of two multiplied terms. The first one describes the zeros-

set (say, it fits the data-set), and the second one is a free term (that may describe

spurious zero-sets). We need to pick (r+1)(r+2)
2

= (4+1)(4+2)
2

= 15 points in order

to describe the polynomial. Assume that we choose the points along the zero-set,

thus constructing 15 conditions. Every polynomial:

z = (x2 + y2 − 1)(c1x
2 + c2y

2 + c3y + c4x + c5y + c6),

where c1, c2, ..., c6 are real constants, would fulfill these conditions! We can say that

this problem has 6 degrees of freedom. Therefore, we have 6 points depending on

the others (instead of only 1)! This phenomenon would happen every time that

the zero-set can be described by a lower degree polynomial.
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In order to simplify our problem, we assume that the resulting zero-set cannot

be described by a lower degree polynomial. Thus, we demand that the polynomial

will be zero at q = (r+1)(r+2)
2

−1 different points and assume that we can construct

independent equations.

Denoting by (xzs
i , yzs

i ) the coordinates of the i-th point belonging to the zero-set

and using the notation in (2.2) we have:

p′
r
(xzs

i , yzs
i )a = 0,∀i = 1, 2..., q (4.1)

Thus, we have q equations and we need one more condition to define the poly-

nomial coefficients.

As we have noticed earlier, multiplying the polynomial coefficients by a constant

doesn’t change the resulting zero-set, therefore, the remaining constraint we need

must determine this constant.

Recall, that in the Gradient1, Min-Var and Min-Max algorithms the polyno-

mial’s gradient was constrained at the data-set points. Assume, that as a result

we get

g′
N

(xzs
1 , yzs

1 ) · a = G(xzs
1 , yzs

1 ), (4.2)

where G(xzs
1 , yzs

1 ) is the value of the gradient at the point (xzs
1 , yzs

1 ) (algorithm

dependent).

Multiplying the polynomial coefficients by a constant would multiply also the

value of the gradient, and therefore this constraint is good for out purpose.

Note, also, that we have picked the first point along the zero-set points, how-

ever, any other point belonging to the zero-set would match.

This value will not change dramatically as a result of a small change in the data-

set, because the corresponding gradient constrains will not change significantly, as

a result of the data-set change.

Thus, (4.1) and (4.2) define the polynomial constraints.
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Now, assume, that the data-set changes as a function of time, causing a change

in zero-set points coordinates, the value of G(xzs
1 , yzs

1 ) and the polynomial coeffi-

cients values. Note, that if (xzs
i (t), yzs

i (t)), G(t) change slowly (i.e., their derivative

in t is small), then we would like that the coefficients would change slowly too.

Hence, equations (4.1) and (4.2), become:

p′
r
(xzs

i (t), yzs
i (t)) · a(t) = 0,∀i = 1, 2, ..., q (4.3)

g′
N

(xzs
1 (t), yzs

1 (t)) · a(t) = G(t) (4.4)

We differentiate the above equations in t (see Appendix B) and get:

da(t)

dt
= M−1(t) · b(t) (4.5)

M(t) =




p
r
(xzs

1 (t), yzs
1 (t))T

p
r
(xzs

2 (t), yzs
2 (t))T

...

p
r
(xzs

p (t), yzs
p (t))T

g′
N

(xzs
1 (t), yzs

1 (t)




(4.6)

b(t) =




−∂Pa(t)(x
zs
1 (t),yzs

1 (t))

∂xzs
1 (t) · dxzs

1 (t)

dt − ∂Pa(t)(x
zs
1 (t),yzs

1 (t))

∂yzs
1 (t) · dyzs

1 (t)

dt

−∂Pa(t)(x
zs
2 (t),yzs

2 (t))

∂xzs
2 (t) · dxzs

2 (t)

dt − ∂Pa(t)(x
zs
2 (t),yzs

2 (t))

∂yzs
2 (t) · dyzs

2 (t)

dt

...

−∂Pa(t)(x
zs
p (t),yzs

p (t))

∂xzs
i (t) · dxzs

p (t)

dt − ∂Pa(t)(x
zs
p (t),yzs

p (t))

∂yzs
p (t) · dyzs

p (t)

dt

G(t)
dt −

dg′
N

(xzs
1 (t),yzs

1 (t))

dt ·a(t)




(4.7)
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We would like to have small changes in a(t) as a result of small changes in

the zero-set. Note that small changes in (xzs
i (t), yzs

i (t)) can result in significant

changes in the zero-set.

This claim can be explained by the next example: Assume, that we want to

describe a circle. To do it we need only 3 points. We will see now, how the

movement of these points can affect the circle (Fig. 4.3). In the first case, even

a small movement of the chosen points changed the circle completely (Fig. 4.3a).

Actually, this situation is not of interest, because we allow only small changes in

the zero-set. In the second case, Fig. 4.3b, (note, that the distances that the points

pass are the same as in the first case), however, the circle is barely changed. In

the same manner, we can claim that points movement in some direction can cause

big change in the zero-set, while in other – barely change it (imagine that in above

example, the representing points would almost lie in the original circle after the

movement) Therefore, we cannot conclude that if we choose particular zero-set

points and get a big changes in the polynomial coefficients, then the problem is

unstable.

However, if the coefficients change significantly for any choice of q points along

the zero-set, than the polynomial is unstable.
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Figure 4.3: The original circle (solid line), representing points (asterisks), translated
representation points (diamonds) and a circle passing through the translated representation
points (dashed line). (a) – considerable difference between the circles; (b) – the circles are

almost the same.

4.2.2 Controlling the data-set and the degree of the poly-

nomial to provide coefficients stability

In order to satisfy the stability requirement (i.e., small changes in the zero-set

result in small changes in a(t)), the condition number of M(t) should be as small

as it is possible. It is a well-known fact that the condition number becomes big

when the matrix M(t) is almost singular.

There can be several reasons that make M(t) almost singular. Some of them, as

the shape of the data-set, we cannot control. However, there are some controllable

parameters that can decrease the singularity of M.

1. The degree of the polynomial

Assume that the degree of the polynomial (rh) is too high. In this case the zero-set

that can be described by a polynomial of a lower degree (rl) barely differs from the

high-degree zero-set defined by q points. If the zero-sets were exactly the same,
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than we could say immediately that q equations defining the zero-set are obviously

collinear (as we have already shown). Therefore, if the zero-sets are almost the

same, then these equations would be almost collinear. Therefore, M(t) will be

nearly singular.

We demonstrate ”The degree of the polynomial” issue in the next example:

We have 2 data-sets: the ”horseshoe” (Fig. 4.4a) and the ”square” (Fig. 4.4b).

Min-Max algorithm was applied twice on each of these data-sets: in first time with

a polynomial of degree 5, and the second time with a polynomial of degree 6. The

polynomial of degree 5 fails to fit ”horseshoe”, but has excellent fit on ”square”.

The polynomial of degree 6 modeled successfully both of these data-sets. Pay

attention that in the case of ”square”, we cannot distinguish between the original

data-set, and the resulting zero-sets. This is exactly the case we are talking about

in this paragraph and we expect that the coefficients of the polynomial of degree

6 applied to ”square” would be much less stable than those of ”horseshoe”.
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0.5
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y
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y

(a) (b)

Figure 4.4: The original data-set (solid line), zero-sets of Min-Max polynomial of degree 5
(dotted line) and zero-sets of Min-Max polynomial of degree 6 (dashed line) (a) ”Horseshoe”

example. (b) ”Square” example.
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In order to verify the stability of the above data-sets, colored noise with stan-

dard deviation = 0.05 was added 20 times to each of the data-sets and the standard

deviation (STD) of the coefficients was estimated. List of the std of the polynomial

coefficients appears in 4.1.

Table 4.1: STD of the polynomial coefficients belonging to the ”horseshoe” and to the
”square” shapes. (See Fig. 4.4) The applied degree 6 polynomial was obtained by Min-Max

STD
coeff. number a0,0 a0,1 a1,0 a2,0 a1,1 a0,2 a3,0

”horseshoe” 0.0650 0.1941 0.2515 0.2191 0.8337 0.5113 0.5138
”square” 0.6403 0.3513 0.3491 1.9949 0.9067 2.2116 0.8060

coeff. number a2,1 a1,2 a0,3 a4,0 a3,1 a2,2 a1,3

”horseshoe” 0.6610 0.6764 0.6336 0.6991 2.4815 1.6103 1.5155
”square” 1.2499 1.5141 0.7912 2.4010 2.6931 5.5569 2.7310

coeff. number a0,4 a5,0 a4,1 a3,2 a2,3 a1,4 a0,5

”horseshoe” 1.0449 0.4959 1.0589 1.6580 1.5761 1.0338 0.6623
”square” 3.0150 0.6887 1.8860 2.2434 1.7213 1.3506 0.5416

coeff. number a6,0 a5,1 a4,2 a3,3 a2,4 a1,5 a0,6

”horseshoe” 0.6110 1.5947 1.9976 2.5271 2.3375 1.0031 0.5481
”square” 1.1381 2.5313 5.5751 2.8570 5.3718 2.4957 1.2775

This problem has nothing to do with data-preprocessing. We just note, that

a too high degree polynomial can result in very fluctuating coefficients. In the

sequel, we will discuss how to educe these fluctuations.
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2. Size of the shape

Consider that we have a data-set having a center-of-mass point at (xcm, ycm). The

maximal distance between the (xcm, ycm) and the data-set is d. If the coordinates

(xcm, ycm) are much bigger than d, the monomials belonging to the different points

of the data-set, wouldn’t differ much. Thus, the corresponding rows of the matrix

M would be almost the same, causing near-singularity of it. Therefore, a reasonable

choice of the center-of-mass of the data-set location would be the origin. This is

the location that is chosen by Gradient1, Min-Max and Min-Var algorithms.

The next question to be asked is, how does the size of the shape affect the

matrix M. Consider first that the size of the shape is small, so the data-set points

are very close to zero. It will cause the higher degree monomials to be much smaller

than the lower degree ones. Thus, low-index columns of M will contain much bigger

values than high index ones. It is easy to see (using adjoint description of matrix

inverse), that if elements of M(:, i) ¿ elements of M(:, j), where M(:, k) denotes

column k of matrix M, then, the elements of N(i, :) À elements of N(j, :), where

N = M−1 and N(k, :) denotes row k of matrix N.

Therefore, in our case, the elements of N will grow with the row index value of

this matrix.

The time derivative of the i-th coefficient (see (4.5)):

da(i)

dt
= N(i, :) · b (4.8)

The derivatives of the coefficients belonging to high-degree monomials (and

corresponding to big values of i ) are bigger than the low-degree ones. Conse-

quently, the high-degree coefficients are very sensitive even to small changes of the

data-set.

Now, consider that the shape is very big, i.e., the coordinates of the data-set

are much bigger than 1. In this case, the higher the degree of the monomial, the



Chapter 4. Application of IP-s to 2D Object recognition 54

bigger its value.

In this case the elements of N will grow with the row index value of this matrix.

Consequently, lower degree coefficients of the polynomial will be more unstable

than the high degree ones.

Thus, scaling the data-set, so that it’s coordinates will be close to −1 or 1, may

provide a polynomial with more stable coefficients in the presence of the data-set

noise.

4.2.3 Choosing the scaling factor

In order to visualize the importance of the scaling, we carried out the next exper-

iment:

We took two data-sets: the ”butterfly” and the ”car”. These data-sets were

scaled to fit a circle of radius R. We added colored noise with STD = 0.05R to

each of the data-sets and fitted to it a Min-Max polynomial of degree 6. This

process was repeated 20 times. Thus, we got 20 18-dimensional (a number of

the polynomial coefficients) samples for each data-set. We could say that each

of the data-set is represented by 18-dimentional ”cloud” of samples. If we were

use these samples to classify some unknown contour, then, independently of the

classification method, we would like these two clouds be dense (which means good

stability) and lie far each from an other (which means good differentiability). Of

course, it’s impossible to show 18-dimensional clouds. Instead, we represent the

projection on 2 different 2-dimensional domains.

This experiment was carried out for 3 different values of R: 0.1, 1, 10 (See

Figs. 4.5, 4.6, 4.7)

We can see, that in case of R = 0.1 the clouds are contiguous (Fig. 4.5(c)

4.5(d)), therefore the differentiability is poor in this case.
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For R = 1 the clouds separation is clear (Fig. 4.6(c) 4.6(d)), thus, the classifi-

cation task is feasible.

In the case of R = 10, the clouds are mixed (Fig. 4.7(c) 4.7(d)). Furthermore,

the coefficients of ”butterfly” are very sparse (relatively to ”car” coefficients). If

the classification was based on these coefficients only, it couldn’t be done.

The aim of this experiment was to visualize how data-set scaling can affect

polynomial coefficients stability. More comprehensive experiments are carried out

in Chapter 7.

We need to to find a way to derive from the data-set (that is translated to have

the center of the mass at the origin) a scale factor S that should have the following

properties:

1. Make the data-set coordinates be close to −1 or 1.

2. Be stable in the presence of noise.

3. Ensure that the polynomials derived from different data-sets will differ from

each other as much as it is possible.

This property is hard to measure. We assume that if zero-sets belonging to different

data-sets are looking very similar, than the corresponding polynomials won’t have

much difference.

In addition, it is unavoidable that the scale factor, derived in the same way

from different data-sets, will distinguish well some of them, but make others be

much similar.

For example, we can derive the scaling factor by finding the average Euclidian

distance of the data-set’s points from the origin (utilized in [2]):

Sav =
1

n

n∑
i=1

√
x2

i + y2
i (4.9)
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If we divide the coordinates of each point by Sav, then the average distance

from the origin will be 1, and the values of data-set coordinates will be relatively

clause to the −1 or 1. An example of such a normalization is shown in Fig. 4.8

The Sav scaling factor is robust to noise (averaging the distances filters out

the noise). However, the zero-sets derived from two different data-sets are quite

similar. Therefore, other scaling factors, having better differentiating property are

needed.

Another scaling factor is:

Smax = max
i=1,2,...,n

√
x2

i + y2
i (4.10)

In this case the derived zero-sets are more distinguishable (see Fig. 4.9). How-

ever, the scaling factor, depending only on one point of the data-set is highly

inrobust.

Another scaling factor we discuss here is S75%. In this case, we find a point

(x75%, y75%), such that 75% of the data-set points are closer to the origin than it.

S75% =
√

x2
75% + y2

75% (4.11)

In this case we still have distinguishable zero-sets (Fig. 4.10), but a much more

robust scaling factor.

These three scaling factors were tested in recognition tasks. The last one (S75%)

was found to provide better performance in recognition than Sav and Smax.
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4.2.4 Data-set smoothing

In order to apply Gradient1, Min-Max and Min-Var algorithms, gradient directions

along the data-set should be estimated. Generally, the boundary of the object is

extracted from a digitized picture. Therefore, the coordinates of the data-set are

forced to lie on a predetermined grid. I.e., we can assume that quantization noise

is added to each coordinate. This noise complicates the gradient direction deter-

mination task and makes the result unreliable. For example, in the case of the

straight line in Fig. 4.11, the direction of the gradient should be constant. How-

ever, the estimated directions, based on noisy coordinates (denoted by heavy dots

in Fig. 4.11) are far from being constant. Furthermore, the direction of the gra-

dient sometimes changes rapidly from point to point, making gradient constraints

impractical.

In order to overcome this problem, the data-set points coordinates are slightly

smoothed by the following:

1. Match a first degree polynomial (a straight line) to each data point (xi, yi)

and several of its neighboring data-set points

2. Replace the point (xi, yi) by (x̂i, ŷi) , on the derived polynomial, that is

closest to (xi, yi).

Thus, the original data-set (x, y) is replaced by the smoothed one: (x̂, ŷ).

The resulting data-set points and the estimated gradient directions for the

above example are shown in Fig. 4.12. As a result of the smoothing, the gradient

directions are now much closer to the gradient directions of the original curve.

In addition, the estimation is stable, i.e, the gradient doesn’t change its direction

rapidly from point to point.
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Figure 4.5: (a) ”butterfly”(solid line), scaled to fit circle with radius = 0.1 and the resulting
zero-set of Min-Max polynomial of degree 6 (dotted line). (b) ”car”(solid line), scaled to fit

circle with radius = 0.1 and the resulting zero-set of Min-Max polynomial of degree 6 (dotted
line). (c) a0,0 (x-axis) versus a1,0 (y-axis). Diamonds represent 20 different ”butterfly”
data-sets, asterisks: 20 different ”car” data-sets. (d) a2,0 (x-axis) versus a2,2 (y-axis).

Diamonds represent 20 different ”butterfly” data-sets, asterisks: 20 different ”car” data-sets.
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Figure 4.6: (a) ”butterfly”(solid line), scaled to fit circle with radius = 1 and the resulting
zero-set of Min-Max polynomial of degree 6 (dotted line). (b) ”car”(solid line), scaled to fit
circle with radius = 1 and the resulting zero-set of Min-Max polynomial of degree 6 (dotted

line). (c) a0,0 (x-axis) versus a1,0 (y-axis). Diamonds represent 20 different ”butterfly”
data-sets, asterisks: 20 different ”car” data-sets. (d) a2,0 (x-axis) versus a2,2 (y-axis).

Diamonds represent 20 different ”butterfly” data-sets, asterisks: 20 different ”car” data-sets.
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Figure 4.7: (a) ”butterfly”(solid line), scaled to fit circle with radius = 10 and the resulting
zero-set of Min-Max polynomial of degree 6 (dotted line). (b) ”car”(solid line), scaled to fit

circle with radius = 10 and the resulting zero-set of Min-Max polynomial of degree 6 (dotted
line). (c) a0,0 (x-axis) versus a1,0 (y-axis). Diamonds represent 20 different ”butterfly”
data-sets, asterisks: 20 different ”car” data-sets. (d) a2,0 (x-axis) versus a2,2 (y-axis).

Diamonds represent 20 different ”butterfly” data-sets, asterisks: 20 different ”car” data-sets.
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Figure 4.8: Examples of normalization with Sav scaling factor. The ”pentagon” (solid) and
”star” (dash-dot) data-sets. The zero-sets of degree 2 polynomial are drawn by heavy lines

(solid and dash-dot, respectively).
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Figure 4.9: Examples of normalization with Smax scaling factor. The ”pentagon” (solid) and
”star” (dash-dot) data-sets. The zero-sets of degree 2 polynomial are drawn by heavy lines

(solid and dash-dot, respectively).
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Figure 4.10: Examples of normalization with S75% scaliong factor. The ”pentagon” (solid)
and ”star” (dash-dot) data-sets. The zero-sets of degree 2 polynomial are drawn by heavy lines

(solid and dash-dot, respectively).
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Figure 4.11: The dashed straight line denotes the original contour. The dots are the points
along the this line forced to lye on 0.06X0.06 grid. The estimated gradient directions at each

point denoted by the solid lines.
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Figure 4.12: The dashed straight line denotes the original contour. The dots are the
smoothed data-set. The estimated gradient directions at each point denoted by the solid lines.
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4.3 Multi Order (degree) and Fitting Error Tech-

nique (MOFET) approach for data-set clas-

sification

4.3.1 Drawbacks of single-degree classification

All the classifiers based on the fitting algorithms we already mentioned use the

dame strategy: a polynomial of a selected degree is matched to the data-set, thus

representing the object by the coefficients of the polynomial (i.e., single degree

classification). Note, that a polynomial of the same degree is matched to each of

the objects. Hence, the polynomial coefficients space is utilized for classification

purposes. In the previous chapters we have shown techniques that make the poly-

nomial coefficients stable (by using robust fitting algorithm and by preprocessing

the data). So, let’s just choose the right degree, and we can start the classification,

can’t we?

Although the task of choosing ”the right degree” seems very simple, once we

try to analyze it, we would find that for a general data-base such a degree is

impossible to find!

In order to explain this claim, let’s consider the next case: Assume that we

have 3 different objects as shown in Fig. 4.13. We add several times colored noise

with STD = 0.05 to each of the data-sets and match to the obtained data-sets a

polynomial of a ”candidate” degree. As previously, we would expect dense and

distant ”clouds” of the polynomial coefficients in order to get good classification.
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First, a Gradient1 polynomial of degree 6 was applied to each data-set (Fig.

4.13, left column). In order to get a clue about what happens to the coefficients

”clouds”, we show their projections on two different 2-dimensional domains (Fig.

4.14(a)). Note that the clouds representing the ”cow” and the ”dog” shapes are

contiguous and even overlapping. Which means that classification based on co-

efficients of a degree 6 polynomial will have very low classification rate on these

data-sets, i.e., the data-sets are too complicated for a polynomial of degree 6. The

conclusion is that we need to increase the degree of the polynomial, to improve

classification performance.

A Gradient1 polynomial of degree 8 was applied on the data-sets, as shown in

Fig. 4.13, right column. The projections of resulting clouds appear in Fig.4.14(b).

We can see that the ”orange” shape cloud is very sparse, which means that the

fitting polynomial is highly unstable (it is not a surprise, as we have already figured

out that if the degree of the fitting polynomial is too high, then this polynomial

is unstable). The graphs appearing in Fig.4.14(b) are zoomed to include clouds of

the ”dog” and the ”cow” shapes only (Fig.4.14(c)). It can be seen that the ”caw”

and the ”dog” shape clouds are distinguishable this time, but the points of the

”orange” shape appear here and there among their clouds points. Which means

that some of our pretty animals shapes may be classified as an ”orange”, or vice

versa.
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Figure 4.13: (a) ”orange”, (b) ”dog”, (c) ”cow”. Solid line: Original data-set, Heavy dotted:
Zero-set of fitting polynomial. Left column: matching polynomial is of degree 6. Right: of

degree 8.
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Figure 4.14: The projections of coefficient clouds. Left column: a0,0 (x-axis) versus a1,0

(y-axis). Right column: a2,0 (x-axis) versus a2,2 (y-axis). Diamonds represent ”orange”
data-sets. Asterisks: ”dog” data-sets. Circles: ”cow” data-sets. (a) Coefficients of Gradient1

polynomials of degree 6, (b) Coefficients of Gradient1 polynomials of degree 8, (c) Coefficients
of Gradient1 polynomials of degree 8 zoomed around ”dog” and ”cow” clouds.
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The conclusion is that:

1. A low degree polynomial results in stable coefficients, but may not have the

ability to distinguish relatively complicated objects.

2. A high degree polynomial could distinguish. complicated objects, but may

not have a stable representation of the simpler ones.

The problem is that for most real sets of the objects any degree we choose will

suffer from at least one of the listed above problems.

4.3.2 Classification based on several polynomials

We propose the next solution to the single degree classification problem:

Matching polynomials of several different degrees to each of the

data-sets. By this we make sure that for each object there exists a set of reliable

and valuable parameters. To demonstrate how this technique can solve the previ-

ously depicted problem, we return to the example of ”orange”, ”dog” and ”cow”

shapes.

Assume that at the learning stage the classifier matched polynomials of degrees

6 and 8 to the data-sets belonging to each of 3 categories and extracted information

about the data-sets ”clouds”. Then, at the classification stage, the classifier get

an unknown object and fits polynomials of degree 6 and 8 to it. Let’s denote by

a6 the vector of the polynomial of degree 6 coefficients and by a8 the vector of the

polynomial of degree 8 coefficients. The classifier has to decide whether the object

is an ”orange”, a ”dog” or a ”cow”, i.e., it has to check 3 hypotheses.

Assume that the unknown data-set is ”orange”. We would expect that the

a6 will fall inside the ”cloud” belonging to the ”orange” shape, which is clearly

distinguishable from other objects clouds (see Fig. 4.14(a)). On the other hand,

the a8 can fall in any place of the coefficients space (see Fig. 4.14(b)),i.e., doesn’t
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carry a reliable information. Therefore, if the classifier will base its decision mostly

on a6, i.e., the reliable features, it would mostly make a correct decision.

Now, assume that the unknown data-set is ”dog”. Our expectation is that a6

will fall inside the ”cloud” of ”dog” (which is mixed with the cloud of ”cow”), Fig.

4.14(a). At this stage we can already decide that the object is not an ”orange”.

Since a8 will most probably fall inside the ”dof” cloud (Fig. 4.14(c)) we expect to

make a correct decision. Analysis of the ”cow” shape is identical to the analysis

of ”dog”.

The conclusion is that in order to improve classification performance, several

polynomials (of different degree) should be matched to the object. In our exper-

iments we matched polynomials of degree 2, 4, 6 and 8. At first sight, it appears

that there is a need to extract from an object a large amount of features, However,

as it will be shown in the sequel, not each and every polynomial coefficient will

used, and the final number of features will not be that large.

4.3.3 The final touch – adding the fitting error to the fea-

ture vector

The technique described above can improve significantly the performance, however,

we can indicate some specific shapes that cause even this technique to fail. We

show an example of such shapes below.

Consider the objects ”pillow” and ”square” that appear in Fig. 4.15. We can

see that a polynomial of degree 4 is adequate for modeling the ”square” (Fig.

4.15(a2)). Therefore, we would expect that the coefficients of a polynomial of

degree 6 matched to this object (Fig. 4.15(b2)) to be unstable. A polynomial of

degree 4 describing the ”pillow” shape doesn’t differ significantly from the ”square”

polynomial (Figs. 4.15(a1-2)), consiquently, the coefficients of these polynomials

are very similar. We perturbed the objects in the same manner as in the previous
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example, and show the projections of the resulting ”clouds” (Fig. 4.16(a)). We can

see clearly that the points belonging to these two objects are mixed. Although the

polynomials of degree 6 belonging to ”square” and ”pillow” look quite different,

their ”clouds” are mixed due to the instability (Fig. 4.16(b)). Therefore, we

cannot base the classification on this degree either.

In order to overcome this obstacle, we propose to extract another feature from

the objects. We can see that the polynomial of degree 4 fits well the ”square”

shape, but not so well the ”pillow”. Therefore, while the classification relying

on polynomial coefficients only would have low classificatiioin rate (the resulting

polynomials are very similar indeed), a parameter based on fitting errors can

do this job. We assume that the complexity of the data-set would not change

significantly because of the noise. E.g., we suppose that the perturbed ”squares”

are fitted well by a degree 4 polynomial, while the perturbed ”pillows” are not.

We denote by ar the vector of coefficients belonging to fitting polynomial of

degree r, and by ear
the vector of this polynomial fitting errors (the length of this

vector is n – the number of the data-set points). Our aim is to derive from this

vector a robust and informative parameter.

For example we may consider the average fitting error (denoted by dav(ear
))

or maximal fitting error (dmax(ear
)). We have already encountered these measures

in Chapter 3, when comparing the fitting performance of different algorithms.

We would like to know, first, how informative these measures are. To get some

impression of it, we can just look at Figs. 3.1 and 3.2 (containing several data-sets

along with the fitting polynomials) and the corresponding Tables 3.1 and 3.2. We

can see that the dav(ear
) has a narrow range of values and is not sensitive to the

local poor fitting.
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For example, the ”dog” data-set (3.1(b) 3.2(b)) has poor fitting at the legs

and the tail areas, but the influence on the average fitting error is negligible. On

the contrary, from dmax(ear
) one can figure out local fitting properties, but cannot

conclude how good the global fitting is.

As a result of noise, the object is distorted, which may aggrevate the fitting

problem. In some cases the effect of the noise on fitting performance is negligible

(see Fig. 4.17(a)), while in others it can create sections that are difficult to fit.

Generally, these sections are small and result in local poor fitting (e.g., the left

low corner of the square appearing in Fig. 4.17(b)). Consequently, dmax(ear
) may

not appear to be stable enough for classification purposes. On the other hand, the

dav(ear
) is stable, but not informative enough.

We propose a measure (denoted by d75%(ear
)) that combines the stability of

dav(ear
) with the informativeness of dmax(ear

). Among the elements comprising

ear
, we would choose a value greater than 75% of the elements, but smaller than

the rest 25%. If there are only a few badly fitted data-set points (as shown in Fig.

4.17(b)), they would not be taken into account, thus we achieve stability. However,

if more than 25% of the data-set points were badly fitted (as in case shown in Fig.

2.8), then the d75%(ear
) measure would reveal it.

We can summarize and say that the MOFET approach suggests classification

based on the coefficients and the d75%(ear
) measure of degree 2, 4, 6 and 8 poly-

nomials.
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Figure 4.15: Left column: ”pillow”. Right: ”square”. Solid line: Original data-set. Heavy
dotted: Zero-set of fitting polynomial. (a) Matching polynomial is of degree 4, (b) Matching

polynomial is of degree 6.
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Figure 4.16: Projections of the coefficient clouds. Left column: a0,0 (x-axis) versus a1,0

(y-axis). Right column: a2,0 (x-axis) versus a2,2 (y-axis). Diamonds represent ”pillow”
data-sets. Asterisks: ”square” data-sets. (a) Coefficients of Gradient1 polynomial of degree 4,

(b) Coefficients of Gradient1 polynomial of degree 6.
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Figure 4.17: Two examples of perturbed ”squares” (solid line) and fitting polynomial of
degree 4 (dotted line).



Chapter 5

Rotation invariant Representation

Rotation invariance is one of the central requirements for object classification. In

most practical cases we have no control on the orientation of the object we want to

recognize. For example, consider a series of landscape pictures containing different

vehicles. It is clear that a vehicle may move at any direction and, consequently,

we should be able to recognize it at any orientation.

5.1 Rotation Invariants derived from Implicit Poly-

nomials

Consider that we have an object, described by the data-set (x,y). We denote by

Pa(x, y) a polynomial of degree r matched to this data-set.

Rotation of the the data-set by θ can be written as:




x̃i(θ)

ỹi(θ)


 =




cos(θ) − sin(θ)

sin(θ) cos(θ)







xi

yi


 4

= R(θ)




xi

yi


 , (5.1)

74



Chapter 5. Rotation invariant Representation 75

where (x̃(θ), ỹ(θ)) are the coordinates of the rotated data-set and R(θ) is the

rotation matrix.

We denote the polynomial derived from the rotated data-set by:

P r
ã(θ)(x, y) = P r

a (x cos(θ)− y sin(θ), x sin(θ) + y cos(θ)) (5.2)

Therefore, we would like to derive a transformation ( or mapping function f ),

such that

f(a) = f(ã(θ)) = I , ∀θ. (5.3)

We name I the set of rotation invariants.

Fortunately, this hard job of deriving rotation invariants was already done.

Invariants that are based on the polynomial coefficients, were first derived by

Keren [7]. These invariants have a form of sum of coefficient products. These

products may cause instability, especially for high degree polynomials (requiring

multiplication of a larger amount of the coefficients). Therefore, we prefer using

another set of invariants, derived by Tarel [8]. This set contains invariants that

depend linearly, quadratically, and angularly on the polynomial coefficients (see

Appendix C). In our experiments we used only the linear invariants (which due to

their simple dependence on polynomial coefficients were more likely to be stable).

Furthermore, in our experiments using additional invariants didn’t increase the

classification rate. These linear invariants depend only on the polynomial coeffi-

cients having indices of the form (2i, 2j), i.e., a2i,2j. If the data-set is mirrored (i.e.,

(x, y) −→ (x,−y)), then these coefficients wouldn’t change and, therefore, the lin-

ear invariants are invariant to the mirroring too. We provide a brief description of

the last technique in Appendix C.
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5.2 Application of the Rotation Invariants

In this section we investigate the applicability of the rotation invariants of implicit

polynomials derived by Gradient1, Min-Max, and Min-Var algorithms. We discuss

now several necessary conditions that should be fulfilled by the algorithms in order

enable usage of the invariants.

5.2.1 Data preprocessing

Recall that we should preprocess the data-set before matching a polynomial to it

(Section 4.2). In order to use the invariants mentioned in the previous section, we

have to make sure that the relation between the original preprocessed data and the

rotated one is indeed only a rotation. Let’s examine the steps taken to preprocess

the data.

First, the data-set is translated so that its center of mass (the centroid) would

coincide with the origin. It is a known fact that the centroid is an intrinsic property

of the object and therefore invariant to rotaion. Actually, this step eliminates the

translation issue.

The next step we carry out is scaling. The use of any of the scaling factors

mentioned is Section 4.2 (Sav, Smax, S75%) rely on the Euclidian distances of the

data-set points from the origin. These distances wouldn’t change if the data-set

is rotated about its centroid and therefore the scaling factor is rotation invariant.

Although this scaling factor property seems to be trivial, there are cases where it

isn’t fulfilled. For example, stretching the data-set to fit a square with vertexes

[(1,-1), (1,1),(-1,1),(-1,-1) )] is not rotation invariant (this preprocessing was done

in [3]).
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The last step is smoothing. In this step we are looking for a straight line such

that the sum of the Euclidian distances from several neighboring data-set points to

it is minimal. The result of this process doesn’t depend on the coordinate system

and, therefore, it is rotation invariant.

So, finally, we can say that the proposed data preprocessing is invariant to

rotation. Furthermore, even if the original data-set underwent an Euclidian trans-

form (i.e., scaling, translation and rotation), the relation between the original

preprocessed data-set and the transformed one is rotation only. Therefore, the

first essential condition for deriving the invariants (5.1) is fulfilled. Note that ini-

tially we demanded only rotation invariance. However, by the preprocessing we

eliminated both scaling and translation and, consequently, if we derive rotation

invariant features, it would be also Euclidian transform invariant.

5.2.2 Polynomial Fitting

The next issue we need to examine is polynomial fitting. We need that the re-

lation between polynomials fitted to the original and the rotated data-sets will

be rotation only (5.2). We will address the Gradient1, Min-Max and Min-Var

algorithms (including the modification proposed in Chapter 3) and check whether

these algorithms are invariant to rotation.

First of all we need to check that the conditions of the fitting problem are rota-

tion invariant. In all the aforementioned algorithms we conditioned the polynomial

value (to be equal zero), the gradient direction (to coincide with the normal to

the data-set) and the gradient value (algorithm dependent) at each data-set point.

Let’s see how these conditions are affected by rotation of the polynomial.
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If the polynomial fitted to the rotated data-set by an angle θ, P r
ã(θ)(x, y), sat-

isfies (5.2), then

P r
ã(θ)(x̃i(θ), ỹi

(θ)) = P r
a (x, y), (5.4)

|∇P r
ã(θ)(x̃i(θ), ỹi

(θ))| = |∇P r
a (x, y)| (5.5)

and

]∇P r
ã(θ)(x̃i(θ), ỹi

(θ)) = ]∇P r
a (x, y) + θ (5.6)

Therefore, we would like that coditions of the fitting problem would lead to

the fulfilment of these properties.

Requiring that both P r
ã(θ)(x̃i(θ)ỹi

(θ)) and P r
a (x, y) are zero, fulfills (5.4). Ex-

pecting that the gradient would coincide with the normal to the data-set satisfies

(5.6) (if the data-set is rotated by θ, the normals to it would be rotated by θ as

well). Value of the gradient depends on the algorithm we apply. In the case of

Gradient1, this value is set to 1 for each data-set point and, therefore, meets (5.5).

Thus, we conclude that Gradient1 conditions match all the rotation invariance

conditions.

Min-Max case

In the case of Min-Max, the value of |∇P r
a (xk, yk)| should be equal to

∑ (r+1)(r+2)
2

i=1 |mi(xk, yk)|, where (xk, yk) are coordinates of k-th point belonging to

the data-set. We denote this by: |∇P r
a (xk, yk)| →

∑ (r+1)(r+2)
2

i=1 |mi(xk, yk)|. On the

other hand,

|P r
a(θ)(x̃k, ỹk)| →

∑ (r+1)(r+2)
2

i=1 |mi(x̃k, ỹk)| =
∑ (r+1)(r+2)

2
i=1 |mi(x cos(θ)− y sin(θ), x sin(θ) + y cos(θ))| 6=

∑ (r+1)(r+2)
2

i=1 |mi(xk, yk)|
Therefore, the relation between the polynomials, fitted by Min-Max algorithm

to the rotated and the original data-sets cannot be expressed by rotation only, and,

therefore, the invariants discussed in Section 5.1 cannot be applied. However, if
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we approximate
∑ (r+1)(r+2)

2
i=1 |mi(xk, yk)|, so that the approximation would depend

on the distance of the point from the origin, then the invariants could be applied

on this approximated Min-Max algorithm. Using the relation

(r+1)(r+2)
2∑

i=1

|mi(xk, yk)| =
r∑

l=0

dl
k

l∑
j=0

| cos αk
j sin αk

l−j|, (5.7)

where dk is the Euclidian distance of (xk, yk) from the origin and αk is the angle

between (xk, yk) and x-axis (actually, we have here a polar representation of the

(xk, yk)).

Then the sum of the monomials for such point can be approximated by Wdk

Wdk
= mean

0≤α≤2π

(
r∑

l=0

dl
k

l∑
j=0

| cos αj sin αl−j|
)

(5.8)

There is a need to check whether this approximation is good enough. Fig. 5.1

shows the minimum, the mean, and the maximum value of
∑r

l=0 dl
k

∑l
j=0 | cos αk

j sin αk
l−j| over 0 ≤ α ≤ 2π for each value of dk,– the distance

from the origin. It can be seen that for high degree polynomials these quantities

barely differ. Therefore, the use of the average value wouldn’t harm seriously the

Min-Max properties. The comparison of the fitting performance and of sensitivity

to the polynomial coefficients perturbation appears in Fig. 5.2. As it can be seen,

the results of Min-Max and the rotation invariant Min-Max (RI-Min-Max) are

quite similar. Note that this average value can be computed in advance (with a

certain resolution on d values. E.g., 0.01 resolution was used in our experiments).

Thus, the computational cost is not increased.

Recall that we denoted by wmm(x, y) (2.32) the desired value of the gradient

at each point (x, y). In case of RI-Min-Max, we have:

wri
mm(xk, yk)

4
= mean

0≤α≤2π

(
r∑

l=0

dl
k

l∑
j=0

| cos αj sin αl−j|
)

, (5.9)

where (·)ri means that the corresponding parameter is rotation invariant.
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Figure 5.1: Minimum (solid line), mean (dashed line) and maximum (dotted line)
of

(∑r
l=0 d ((xk, yk), (0, 0))l ∑l

j=0 | cos αj sin αl−j |
)
, over all values of α, as a function of the

distance from the origin for different degrees of the polynomial. (a) 2-nd degree, (b) 4-th
degree, (c) 6-th degree, (d) 8-th degree.
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(a1) (a2)

(b1) (b2)

Figure 5.2: Left column: Application of the original Min-Max of degree 4 on the ”T” shape.
Right column: Application of the RI-Min-Max of degree 4 on the ”T” shape. (a) Heavy-dotted
line: the original data-set, solid line – the fitted polynomial zero-set. (b)Heavy-dotted line: the
original data-set. Solid lines – accumulated zero-sets, when noise added to each coefficient is

uniformly distributed with mean 0 and absolute maximum value of 2−8 of the biggest
coefficient.
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(a1) (a2)

(b1) (b2)

Figure 5.3: Left column: Application of the original Min-Max of degree 8 on the
”horseshoe” shape. Right column: Application of the RI-Min-Max of degree 8 on the
”horseshoe” shape. (a) Heavy-dotted line: the original data-set, solid line – the fitted

polynomial zero-set. (b)Heavy-dotted line: the original data-set. Solid lines – accumulated
zero-sets, when noise added to each coefficient is uniformly distributed with mean 0 and

absolute maximum value of 2−10 of the biggest coefficient.
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Min-Var case

Now, we are going to check whether Min-Var fitting is invariant under rotation.

We examine the value of the gradient in the same way it was done for Min-Max.

In the case of Min-Var we have: |∇P r
a (xk, yk)| →

√
m′(xk, yk)m(xk, yk).

For example, in the case od a 2-nd degree polynomial the value of the gradient

would tend to be (we abandon the index k for convinience) :
√

1 + x2 + y2 + x4 + x2y2 + y4.

This expression can be rewritten in terms of d ((x, y), (0, 0)) as:
√

1 + d2 + d4 − x2y2.

Note that this term depends on coordinates system and therefore isn’t invariant

to rotation. However, if the second-degree monomial xy is replaced by
√

2xy,

then the value of the gradient would become:
√

1 + x2 + y2 + x4 + 2x2y2 + y4 =
√

1 + d2 + d4, which is invariant on rotation. The idea is to multiply the monomials

by certain coefficients, such that the sum of squares of monomials belonging to the

homogeneous polynomial of degree l would be equal to (x2 +y2)l = d2l. Exploiting

Newton’s binomial series we have:

(x2 + y2)l =
l∑

i=0

(
l

i

)
(x(l−i)yi)2 =

l∑
i=0

(

√(
l

i

)
x(l−i)yi)2 (5.10)

Therefore, the xl−iyi monomial should be multiplied by
√(

l
i

)
.

This can be done by taking the next steps:

Pa(x, y) =
∑r

l=0

∑l
i=0 al−i,jx

l−iyi

=
∑r

l=0

∑l
i=0

al−i,i√(
l
i

)
︸ ︷︷ ︸
bl−i,i

·
√(

l
i

)
xl−iyi

=
∑r

l=0

∑l
i=0 bl−i,i

√(
l
i

)
xl−iyi

4
= P r

b (x, y),

(5.11)

where P r
b (x, y) denotes the polynomial of degree r, whose coefficients bl−i,i (com-

prising the vector b) multiply the factorized monomials of the form
√(

l
i

)
xl−iyi;

and r is the degree of the polynomial.
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Recall that the distance between point (xi, yi) belonging to ZS(Pa(x, y)) and

the closest point belonging to ZS(Pa+da(x, y)) is given by (2.30), which is repeated

here for convenience:

du(x, y) =
m′(xi, yi)

||∇Pa(xi, yi)|| · da (5.12)

The Jacobian matrix relating a and b is given by:

da

db
=




√(
0
0

)
0 0 0 0 0 0

0
√(

1
0

)
0 0 0 0 0

0 0
√(

2
0

)
0 0 0 0

0 0 0
√(

2
1

)
0 0 0

0 0 0 0
√(

2
2

)
0 0

0 0 0 0 0
. . . 0

0 0 0 0 0 0
√(

r
r

)




4
= Jab (5.13)

Hence, (5.12) can be rewritten as:

du(x, y) =
m′(xi, yi)

||∇Pa(xi, yi)|| · Jab · db (5.14)

Then, denoting by η(xi, yi) the vector consisting from of factorized monomials,

and replacing ||∇Pa(xi, yi)|| by ||∇P r
b (xi, yi)|| (these are just different notations

for the same function) we get:

du(x, y) =
η′(xi, yi)

||∇P r
b (xi, yi)|| · db (5.15)

We assume that the polynomial is represented by b and, therefore, any processes

perturbing the polynomial coefficients (like quantization) is applied directly to

this vector. Consequently, we can assume that elements of db are uniformly and

independently distributed in the range [−ε ε]. Under this consideration we can

write:

var(du(x, y)) = var

(
η′(xi, yi) · db

||∇P r
b (xi, yi)||

)
=

η′(xi, yi)η(xi, yi)

||∇P r
b (xi, yi)||2 ·

ε2

3
(5.16)
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Then, we write:

wri
mv(xi, yi)

4
=

√
η′(xi, yi)η(xi, yi) =

√√√√
r∑

j=0

d2j
i (5.17)

A comparison of the Min-Var and the rotation invariant Min-Var (RI-Min-Var)

is shown in Figs. 5.4 and 5.5. Note that both algorithms have the same fitting

performance. Rotation Invariant Min-Var is less sensitive to coefficients noise. The

reason to it is that the noise is added to the b coefficients instead of to a. The

STD of the noise depends on the biggest coefficients. Because the data-set lies

mostly inside the circle of radius 1, the higher the power of monomial the bigger

its coefficient. In the other hand,
√(

l
i

)
factors also tend to grow with monomials

power. Therefore, the biggest value of b may be considerably smaller than that

of a, while the smallest values of these vectors would remain almost the same.

Consequently, the dynamic range of b is smaller than the dynamic range of a and,

hence, b is less sensitive to coefficient noise.

Note that application of the changes proposed in this section on the Mod. Min-

Max and Mod. Min-Var algorithms (described in Chapter 3) is immediate. The

only change we have to do is to replace wmm(xi, yi) by wri
mm(xi, yi) in equations

(3.7) and (3.9) (Mod. RI-Min-Max); and wmv(xi, yi) by wri
mv(xi, yi) in equations

(3.8) and (3.10) (Mod. RI-Min-Var).
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(a1) (a2)

(b1) (b2)

Figure 5.4: Left column: Application of the original Min-Var of degree 4 on the ”T” shape.
Right column: Application of the Rotation invariant Min-Var of degree 4 on the ”T” shape. (a)

Heavy-dotted line: the original data-set, solid line – the fitted polynomial zero-set.
(b)Heavy-dotted line: the original data-set. Solid lines – accumulated zero-sets, when noise

added to each coefficient is uniformly distributed with mean 0 and absolute maximum value of
2−8 of the biggest coefficient.
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(a1) (a2)

(b1) (b2)

Figure 5.5: Left column: Application of the original Min-Var of degree 8 on the ”horseshoe”
shape. Right column: Application of the Rotation invariant Min-Var of degree 8 on the
”horseshoe” shape. (a) Heavy-dotted line: the original data-set, solid line – the fitted

polynomial zero-set. (b)Heavy-dotted line: the original data-set. Solid lines – accumulated
zero-sets, when noise added to each coefficient is uniformly distributed with mean 0 and

absolute maximum value of 2−10 of the biggest coefficient.
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LS fit invariance

The last thing we have to verify is that the LS fit under the rotation invariant

conditions provides a polynomial that satisfies (5.2). Recall that that we want to

minimize (2.21):

eG1 =




M

GN

GT




︸ ︷︷ ︸
Mtot

·a−




0n

1n

0n




︸ ︷︷ ︸
btot

(5.18)

Although this equation is derived for the Gradient1 algorithm, the only change

we have to do in order to redefine it for rotation invariant Min-Max or Min-Var,

is to divide the rows comprising Mtot by constants defined by wri
mm and wri

mv,

respectively. We show in Appendix D that as a result of a rotation by θ, Mtot is

multiplied by a rotation matrix L(−θ) (L is defined in appendix C). The solution

of the above minimization problem is given by:

aopt = (M ′
totMtot)

−1
M ′

totbtot (5.19)

If the data-set is rotated, then Mtot should be replaced by MtotL(−θ) and the

optimal vector of coefficients (ã) is given by:

ãopt = (L′(−θ)M ′
totMtotL(−θ))−1 L′(−θ)M ′

totbtot

= (L(−θ))−1(M ′
totMtot)

−1(L′(−θ))−1L′(−θ)M ′
totbtot

= L(θ)(M ′
totMtot)

−1M ′
totbtot

(5.20)

Thus, the optimal vector of coefficients is rotated and, therefore, the rotation

invariants defined in [8] are applicable to the Gradient1, rotation invariant Min-

Max, and rotation invariant Min-Var algorithms.



Chapter 6

Affine Invariant Representation

6.1 Mother-shape approach

Generally, the 2D objects we are interested to classify are projections of 3D objects.

Such a projection can be described by a non-linear perspective transform. In

general , the relation between two different projections of the same object isn’t

linear. However, in many practical cases it can be approximated by an affine

transform. That is: 


x̌i

y̌i


 = A




xi

yi


 + T, (6.1)

where A is an arbitrary 2x2 matrix, T a 2x1 vector and (x̌i, y̌i) and (x, y) are

the corresponding points belonging to two different projections of the 3D object.

Hence, the ability to recognize an 2D object even if it undergoes an affine transform

is of high importance.

Before we start analyzing the affine invariance issue, let’s recall the way we

achieved Euclidian invariance: We first eliminated scaling and the translation and

then computed rotation invariants. Hence, we can conclude that Affine invariance

could be obtained in two different ways:

89
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1. Analyze the data (or the polynomial modeling it) and derive a set of pa-

rameters that are insensitive to an affine transform, i. e., obtaining affine

invariants.

2. Eliminate the effect of the affine transform (up to rotation) by preprocess-

ing the data-set and then apply the polynomial and use the earlier derived

rotation invariants.

Examples of an implementation of the first approach appears in [9] and [15]. In

[9] approach a quartic (i.e., a polynomial of degree 4) was matched to the data-set

and then decomposed into three covariant conics (polynomials of degree 2). The

resulting invariants were based on intrinsic properties of the conics. In [15] the

classification was based on algebraic affine invariants and was limited to low degree

polynomials.

In our work we decided to implement the second approach. The elimination of

the affine transform effect (up to rotation) is done by normalization of the scatter

matrix S(x, y) of the translated to origin data (note that the center of the mass is

an intrinsic affine invariant property of the data):

S(x, y)
4
=

1

n




x′

y′


 ·

[
x y

]
=




E(x2) E(xy)

E(xy) E(y2)


 , (6.2)

where E(x2), E(xy) and E(y2) denote the second-order moments of the data-set.

The normalization of the matrix S can be done by multiplying the data-set

(x,y) by Λ, where Λ is 2x2 normalization matrix such that,

Λ′Λ = S−1 (6.3)

Denoting by Snorm the normalized scatter matrix, we have:

Snorm(x, y) = 1
n
Λ




x′

y′


 ·

[
x y

]
Λ′ = ΛS(x, y)Λ′

= Λ(Λ′Λ)−1Λ′ = Λ(Λ)−1(Λ′)−1Λ′ = I

(6.4)
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Thus, by multiplying (x, y) by Λ we get a data-set having a variance equal to 1

in each coordinate and zero covariances between them. We denote a shape having

this properties as Mother Shape.

Note, that the normalization matrix Λ is not unique. Multiplication of this

matrix by any 2x2 matrix R such that R′R = I also satisfies equation (6.3). We

will examine now the properties of this matrix R.

R
4
=




r1,1 r1,2

r2,1 r2,2


 (6.5)

Then, requiring

R′R =




r1,1 r2,1

r1,2 r2,2







r1,1 r1,2

r2,1 r2,2


 = I (6.6)

We have:

r2
1,1 + r2

2,1 = 1 (6.7)

r2
1,2 + r2

2,2 = 1 (6.8)

r1,1r1,2 + r2,1r2,2 = 0 (6.9)

From (6.7) and (6.8) we can conclude that all the elements of R satisfy |ri,j| ≤ 1.

Therefore, we can denote without loss of generality

r1,1 = cos(θ), (6.10)

where 0 ≤ θ ≤ π. Then,

r2,1 = ±
√

1− cos2(θ) = ± sin(θ) (6.11)

In the same way:

r2,2 = cos(α), 0 ≤ α ≤ π (6.12)

r1,2 = ± sin α (6.13)
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Applying (6.9- 6.13) we have:

cos(θ)(
α± sin α) + cos(α)(

θ± sin θ) = 0, (6.14)

where ”
θ±” and ”

α±” (signs of sin θ and sin α, respectively) are independent. If

these ”±” signs are both ”+” or both ”-”, then (6.14) becomes:

sin(θ + α) = 0 (6.15)

Therefore,

α = pi− θ (6.16)

(Note that other alternatives wouldn’t match the predefined range of α). And,

cos(α) = − cos(θ) (6.17)

sin(α) = sin(θ) (6.18)

Thus, the valid forms of R are:

R1 =




cos θ sin θ

sin θ − cos θ


 (6.19)

R2 =




cos θ − sin θ

− sin θ − cos θ


 (6.20)

Now, let’s solve (6.14) for opposite ”±” signs:

sin(θ − α) = 0, (6.21)

α = θ, (6.22)

and we have:

R3 =




cos θ sin θ

− sin θ cos θ


 (6.23)

R4 =




cos θ − sin θ

sin θ cos θ


 (6.24)
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R3 and R4 are just rotation matrices, rotating the data-set by θ and −θ,

respectively.R1 and R2 can be written as follows:

R1 =




cos θ − sin θ

sin θ cos θ




︸ ︷︷ ︸
R4




1 0

0 −1




︸ ︷︷ ︸
F1

(6.25)

R2 =




cos θ sin θ

− sin θ cos θ




︸ ︷︷ ︸
R3




1 0

0 −1




︸ ︷︷ ︸
F1

, (6.26)

where F1 is a matrix mirroring the data-set along the y axis. Thus, we can conclude

that R1 and R2 are combination of mirroring and rotation.

Denoting by (x, y)
Affine

a family of all data-sets that are related to the original

data-set (x, y) by an affine transform, we conclude that the mother-shape is defined

uniqly for each family up to mirroring and rotation. However, this uncertainty

doesn’t really matter, because we can derive a set of parameters that is invariant to

rotation and mirroring. This scatter matrix normalization technique for treating

an affine transform is not new. It can be found, for example, in [11] and [12].

However, the concept of ”mother shape” is our own.

6.2 Mother-Shape derivation

We propose to normalize the Scatter matrix S using a simple process deriving also

additional information from the data-set. This is done in two stages:

Stage 1: Rotation of the data-set by a rotation matrix R(β), obtaining:

SR(β) = R(β)SR′(β) (6.27)

By this rotation we want to zero out the off-diagonal elements of the S (i.e., make

the scatter matrix orthogonal, zeroing out the covariance in the data-set). Note

that the ratio of the main-diagonal elements of derived SR(β): ζ
4
=

SR(β)1,1

SR(β)2,2
is a
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measure of stretchiness of the data-set. If ζ is close to 1, than the data-set is

”round” (see Fig. 6.1a1). Smaller or bigger than 1 ζ means that the data-set is

”stretched” along some axis (Fig. 6.1b1). This ratio is a geometric property of the

data-set and, therefore, can be used for classification. (6.27) can be rewritten as

SR(β) =




cos β sin β

− sin β cos β







E(x2) E(xy)

E(xy) E(y2)







cos β − sin β

sin β cos β


 (6.28)

We denote for convenience: cos β = c, sin β = s. Executing the right hand side

multiplication of (6.28) we have:

SR(β) =




E(x2)c2 + 2E(xy)sc + E(y2)s2 −E(x2)cs−E(xy)s2 + E(xy)c2 + E(y2)cs

−E(x2)cs−E(xy)s2 + E(xy)c2 + E(y2)cs E(x2)s2 − 2E(xy)sc + E(y2)s2




(6.29)

Hence,

−E(x2)cs− E(xy)s2 + E(xy)c2 + E(y2)cs = 0 (6.30)

E(xy)(c2 − s2) = cs(E(x2)− E(y2)) (6.31)

E(xy) cos(2β) = 0.5 sin(2β)(E(x2)− E(y2)) (6.32)

tan(2β) =
2E(xy)

E(x2)− E(y2)
(6.33)

Note that if E(xy) is 0, then the off-diagonal elements of S are already zero and

there is no need to rotate the data-set – β = 0. If E(x2) = E(y2) and E(xy) 6= 0,

then tan(2β) −→∞ and we need to rotate the data-set by π/4. If E(x2) = E(y2)

and E(xy) = 0, then the scatter matrix is already normalized (up to scaling) and

it can be rotated by any angel.

There are 4 possible values of β in range [0, ..., 2π] (the function tan(2β) is a π
2 -

cyclic function of β). It makes sense, because, if the Scatter matrix is orthogonal,

then rotating it by π/2 would leave it orthogonal. We may choose the following

angle β̆:
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sin(2β̆) = 2KE(xy) (6.34)

cos(2β̆) = K(E(x2)− E(y2)) (6.35)

K
4
= ((E(x2)− E(y2))2 + (2E(xy))2)

− 1
2 (6.36)

Using this definition we have:

SR(β) =




E(x2) + E(y2)
2 − 1

2K 0

0
E(x2) + E(y2)

2 + 1
2K


 (6.37)

Stage 2: Normalization of Scatter matrix.

Multiplying the rotated data-set by

N 4
=




(
E(x2) + E(y2)

2 − 1
2K

)− 1
2

0

0

(
E(x2) + E(y2)

2 + 1
2K

)− 1
2


 , (6.38)

the normalized Scatter matrix is obtained.

Note that if the data-set is very ”stretched”, then the value of N (1, 1) is very

big, and, hence, even small perturbation of the data-set would be magnified con-

siderably by the shape transform. These are ”ribbon-like” shapes, which can be

recognized by their small ζ and treated separately.

In summary the steps for deriving the Mother shape are:

Step 1 (Rotation): Multiply the coordinates of the data-set by the rotation

matrix

R(β̆) =




cos(β̆) sin(β̆)

− sin(β̆) cos(β̆)


 , (6.39)

where β̆ is defined by (6.34)-(6.36).

Step 2 (Normalization): Multiply the coordinates of the data-set obtained

in Step 1 by N (6.38)

In Fig. 6.1 we show examples of the above data-set normalization.
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Figure 6.1: (a1) ”horseshoe” data-set, (a2) Mother Shape of the ”horseshoe” data-set. (Note
that the original Scatter matrix of this data-set is almost I, therefore this data-set barely

changed.) (b1) ”bottle” data-set, (b2)Mother Shape of the ”bottle” data-set.
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6.3 Conclusion

In this chapter we proposed a shape transform converting the linear invariants

proposed in [8] into affine-invariant parameters. This transform is done by simple

manipulations of the data-set (i.e., multiplication by R(β̆) (6.39) and N (6.38)),

deriving by this the Mother shape which is invariant (up to rotation) to an Affine

transform of the data-set. In order to stabilize this transform, the initial Scatter

matrix can be based not only on data-set points (which are lying along the object

boundary), but also adding points inside the object (as it is done in [12], in the

context of shape matrix classification).



Chapter 7

Classification Process and

Simulation Results

In this chapter we present the proposed classifier that involves the computation of

the Mother-Shape of each object followed by the application of MOFET. We then

report the results of several tests that were carried out to examine the effect of

different classifier parameters on classification performance. Finally, we compare

our proposed technique with the Curvature Scale Space (CSS) [17] classification

method adopted by the MPEG7 standard.

7.1 Learning and Classification

Generally, a classification task consists of two sub-tasks: classifier design (i.e.,

learning) and classifier application (i.e, testing), see section 2.1. In our work, the

classifier is based on the probability density functions (PDFs) of feature vectors,

where each PDF is estimated from feature vectors belonging to different views of a

corresponding object in the dictionary. Thus, each dictionary object is represented

by its PDF. Then, we apply the Maximum Likelihood principle for classification.

98
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Classifier design (learning)

Assume that we have a dictionary of L objects, where object l has Sl different

views. These views may be the result of an affine deformation and noise that stem

from the object acquisition process. For each view the following steps are applied:

1. Translate the data-set to the origin and transform it to get its mother-shape

(according to section 6.2).

2. Scale and smooth the derived data-set as described in sections 4.2.3 (with

scaling factor S75%) and 4.2.4.

3. Match degree 2, 4, 6 and 8 polynomials to the obtained data-set and find

the fitting error measure d75%(ear
) (see section 4.3.3) for each degree. The

fitting polynomials can be computed by any one of the following algorithms:

Gradient1, Rotation Invariant Min-Max (RI-Min-Max), Rotation Invariant

Min-Var (RI-Min-Var), Modified Rotation Invariant Min-Max (Mod. RI-

Min-Max), and Modified Rotation Invariant Min-Var (Mod. RI-Min-Var),

according to section 5.2.2.

4. Calculate the linear geometric invariants from the obtained polynomial co-

efficients.

It can be concluded from Appendix C that a homogeneous polynomial of even

degree provides one linear invariant. Therefore, an r-degree polynomial (r is even),

containing r/2+1 homogeneous polynomials of even degree, would provide r/2+1

linear invariants. Consequently, we can derive 2+3+4+5 = 14 linear invariants

from the polynomials fitted to the data-set. We add to this four d75%(ear
) param-

eters obtained in step 3 and get an 18-dimentional feature vector : f learn

l,i
(The first

index denotes the object and the second one the view. The uppercase ”learn”

denotes that the feature vector belongs to the learning database).
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Once we have Sl feature vectors, first and second order statistics are calculated:

The mean value of the vectors is estimated by

µ
l
=

1

Sl

Sl∑
i=1

f learn

l,i
, (7.1)

and the covariance matrix, by:

Σl =
1

Sl

Sl∑
i=1

f learn

l,i
(f learn

l,i
)′. (7.2)

We assume that the feature vectors of each object l are normally distributed.

I.e., the probability density function of f
l

(feature vector representing object l)

can be approximated by:

pl(f l
) ' 1

(2π)v/2|Σl|1/2
e−(f ′

l
−µ′

l
)Σl(f l

−µ
l
)/2, (7.3)

where v is the feature vector length (v = 18 in our case).

Classifier application (testing)

Once the statistics are created, for each object in the dictionary, we are ready

for classification. The classification employs the Maximum Likelihood (ML) esti-

mation method. First, the feature vector of the unknown object f class is obtained

by applying the four steps described at the beginning of this section. Note that in

this stage we must use the same fitting algorithm that was chosen in the learning

stage). Then, the ML decision rule is applied:

KML = argmax
l=1...L

pl(f
class), (7.4)

Where KML is the class index to which the unknown object is classified to.
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7.2 Experimental Database

In our experiments we used the ”Multiview Curve Database” (MCD) created by

M. Zuliani [22] , containing 40 different shapes taken from 7 different points of

view, giving a total of 280 shapes. Examples of different views of the same object

are shown in Figs. 7.1 and 7.2. Mother-shapes of all the objects belonging to the

database appear in Appendix G. In order to expand this data-base, we add colored

noise to each of the shapes. Each shape was perturbed 20 times, thus a database

of 40 × 7 × 20 = 5600 different views was created. Colored noise was added in

order to better mimic the changes in boundary shapes due to data acquisition (e.g.,

segmentation). White noise can model the pixelization noise (i.e., quantization of

data-set points location), which is negligible relative to the acquisition noise. We

added the colored Gaussian noise to each of the coordinates of the data-set. Two

different databases were created: one with a relatively strong noise having a STD

of 0.02, and another one with weaker noise of STD = 0.01. An example of the

effect of these perturbations on the original data-sets that appear in Figs 7.1 and

7.2 are depicted in Figs. 7.3 – 7.6. Note that because of shape normalization the

”stretched” data-sets are more sensitive to noise then those which undergo a minor

normalization.
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Figure 7.1: Different views of the shape ”rooster”
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Figure 7.2: Different views of the shape ”T”
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Figure 7.3: Different views of the perturbed shape ”rooster” by a colored noise with STD =
0.01
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Figure 7.4: Different views of the perturbed shape ”T” by a colored noise with STD = 0.01
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Figure 7.5: Different views of the perturbed shape ”rooster” by a colored noise with STD =
0.02
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Figure 7.6: Different views of the perturbed shape ”T” by a colored noise with STD = 0.02
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7.3 Experimental Results

In this section we report the results of several experiments that were carried out

to examine the effect of different parameters in the proposed classifier on its per-

formance. We also report on a comparison of its performance to the CSS [17]

technique.

7.3.1 Effect of fitting algorithms on classification perfor-

mance

In this test we compare the performance of different polynomial fitting techniques

for classification. We use the 4-step feature extraction and ML approach described

in section 7.1 with five different fitting algorithms: Gradient1, RI-Min-Max, RI-

Min-Var, Mod. RI-Min-Max and Mod. RI-Min-Var.

In order to create the data for learning we used 3 views × 20 perturbations =

60 data-sets for each shape in the database. The remaining sets (80 data-sets for

each shape) were used for the classification test.

For a noise of STD = 0.02, and with the first 3 views being used for learning,

we obtained the results shown in Table. 7.1.

Table 7.1: Comparison between different fitting algorithms. Noise STD is 0.02, the classifier
is based on first 3 views of each shape (out of 7)

Gradient1 RI-Min-Max RI-Min-Var Mod. RI-Min-Max Mod. RI-Min-Var
87.1% 87.3% 88.1% 87.3% 88.5%

In order to get more statistics, we carried out the above test several times,

where each time different views were used for learning. Averaging the results we

get the results shown in Table. 7.2. Note that all the results displayed in the

following tables are obtained by such averaging.
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Table 7.2: Comparison between different fitting algorithms. Noise STD is 0.02, the classifier
is based on 3 views (each time 3 different views are chosen)

Gradient1 RI-Min-Max RI-Min-Var Mod. RI-Min-Max Mod. RI-Min-Var
90.2% 90.1% 90.5% 90.1% 90.6%

If the classifier is based only on a single view, we get very poor classification

performance (see Table 7.3). This is because first and second order statistics which

are based only on 20 different samples are highly unreliable. We verified that taking

into account 100 different perturbations from a single view improved the results.

For example, the Mod. RI-Min-Var based classifier succeeded to classify correctly

93% of the data-sets.

Table 7.3: Comparison between different fitting algorithms. Noise STD is 0.02, the classifier
is based on a single view

Gradient1 RI-Min-Max RI-Min-Var Mod. RI-Min-Max Mod. RI-Min-Var
50.0% 50.5% 50.5% 49.9% 50.7%

Basing the classification on 6 out of 7 views (i.e., 120 learning data-sets for

each shape) improves the classification performance significantly (see Table 7.4).

In this case we have enough samples to create a reliable classifier.

Table 7.4: Comparison between different fitting algorithms. Noise STD is 0.02, the classifier
is based on 6 views

Gradient1 RI-Min-Max RI-Min-Var Mod. RI-Min-Max Mod. RI-Min-Var
96.0% 95.8% 95.6% 95.6% 95.8%

We conclude that the performance of the classifier highly depends on the trust-

worthiness of the dictionary. The more data-sets we included in our dictionary the

better classification performance we get. We can also conclude that all the con-

sidered fitting algorithms have quite similar performance, with Mod. RI-Min-Var

having a slight advantage. Hence, we continue our investigation with this fitting
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algorithm. Note that in all the tests we carry out, the classifier is based on 3 or 6

views out of 7.

7.3.2 Effect of scaling factor on classification performance

In section 4.2.3 we claimed that scaling factor S75% has an advantage over Smax

and Sav. We check now how a replacement of S75% by Smax or Sav would effect

classification performance. We examine it for classifiers based on 3 and 6 views

out of 7 and using the Mod. RI-Min-Var fitting algorithm. It can be seen (Table

7.5) that the classification with S75% scaling factor has better performance then

the two other scaling factors.

Table 7.5: Comparison between different scaling factors. Noise STD is 0.02, Mod.
RI-Min-Var is the fitting algorithm

6-views classification 3-views classification
S75% Smax Sav S75% Smax Sav

95.8% 95.5% 95.1% 90.6% 89.7% 88.4%

7.3.3 MOFET versus single-degree

In this subsection we compare the MOFET approach with the single-degree one

(i.e., using linear invariants of a single fitting polynomial). To do this we per-

formed all four feature-extraction steps of section 7.1 and then examined what

would happen if we use linear invariants statistics (without the fitting error) of

only one fitting polynomial. The results are shown in Tables 7.6 and 7.7 and prove

the effectiveness of the MOFET approach.

In order to show that for effective classification we need the coefficients of

several polynomials as well as the fitting errors, we examined performance of the

classifier based on a single polynomial along with its fitting error and performance

of the classifier based on polynomials of degree 2, 4, 6 and 8 , without the fitting
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error measure (i.e., Multi Order Technique – MOT). The results appear on the

Tables 7.8 and 7.9.

Table 7.6: Comparison between the MOFET and single-degree approaches, using degree 2, 4,
6 and 8 polynomials. Noise STD is 0.02, Mod. RI-Min-Var is the fitting algorithm. The

classifier is based on 3 views out of 7.

MOFET (3 views) Single-degree (3 views)
2 4 6 8

90.6% 54.5% 75.1% 64.8% 60.8%

Table 7.7: Comparison between the MOFET and single-degree approaches using degree 2, 4,
6 and 8 polynomials. Noise STD is 0.02, Mod. RI-Min-Var is the fitting algorithm. The

classifier is based on 6 views out of 7.

MOFET (6 views) Single-degree (6 views)
2 4 6 8

95.8% 58.0% 79.3% 71.6% 66.0%

Table 7.8: Comparison between the MOFET approach, a single-degree using one of degree 2,
4, 6 and 8 polynomial along with the fitting error, and classification based on linear invariants

of degree 2,4,6 and 8 polynomials (i.e., the MOT approach). Noise STD is 0.02, Mod.
RI-Min-Var fitting algorithm. The classifier is based on 6 views out of 7.

MOFET(6 views) single degree + f75% (6 views) MOT
2 4 6 8

95.8% 67.7% 83.2% 80.7% 75.2% 94.4%

Table 7.9: Comparison between the MOFET approach, a single-degree using one of degree 2,
4, 6 and 8 polynomial along with the fitting error, and classification based on linear invariants

of degree 2,4,6 and 8 polynomials (i.e., the MOT approach). Noise STD is 0.02, Mod.
RI-Min-Var fitting algorithm. The classifier is based on 3 views out of 7.

MOFET (3 views) single degree + f75% (3 views) MOT
2 4 6 8

90.6% 64.1% 78.5% 73.3% 68.9% 88.4%
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7.3.4 MOFET versus Bayesian Recognition method

We also compared the results of the MOFET approach to the ”Bayesian Recogni-

tion method” developed by J. Subrahomonia et al. [13]. In this work the authors

assumed that the original data-set is utterly fitted (and thus completely repre-

sented by the polynomial coefficients). They assumed also that distances between

the points belonging to the noisy data-set and the zero-set representing the orig-

inal one are Normally distributed and i.i.d. Under these assumptions they found

that if the number of the data-set points N → ∞, then the classification of the

unknown object can be based on the Mahalanobis distance metric:

(al,i − â)ΨN(al,i − â)′, (7.5)

where â is the coefficient vector of the polynomial fitted to the unknown object,

al,i is the coefficient vector of the polynomial fitted to an object in the dictionary

(l denotes the object index and i the view index) and ΨN (the Fisher Information

Matrix) is given by

ΨN(i, j) =
∂2

∂ai∂aj

N∑

k=1

P 2
â (xk, yk)

|∇Pâ(xk, yk)|2 (7.6)

Transformation of this metric into the linear invariants space is given by :

(invl,i − înv)JinvΨNJ ′inv(invl,i − înv)′, (7.7)

where Jinv is the Jacobian matrix transferring from the coefficients space to the

invariants space. The unknown shape is classified as an object l having the minimal

Mahalanobis distance (7.7), between this unknown shape and one of its views. We

applied this technique on our database. The results are shown in Tables 7.10 and

7.11.

This technique has the same disadvantages as the single-degree approach (i.e.,

it is unable to distinguish between complicated objects if the polynomial degree

is too low and have unstable representation of simple objects if the degree is
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too high). Besides, the initial assumption of this technique is not valid in most

practical cases: there is high dependency between distances of the noisy data-set

points and the zero-set. Furthermore, we cannot say that these distances have

zero-mean (e.g., the unfitted pulpi region in the ”bf” shape (shown in Fig. 2.8)

always appears outside the fitting polynomial ).

Table 7.10: Comparison between the MOFET approach and the Mahalanobis distance
approach, using degree 2, 4, 6 and 8 polynomials. Noise STD is 0.02, Mod. RI-Min-Var is the

fitting algorithm. The classifier is based on 3 views.

MOFET (3 views) Mahalanobis distance approach (3 views)
2 4 6 8

90.6% 38.7% 60.64% 38.2% 22.6%

Table 7.11: Comparison between the MOFET approach and the Mahalanobis distance
approach, using degree 2, 4, 6 and 8 polynomials. Noise STD is 0.02, Mod. RI-Min-Var is the

fitting algorithm. The classifier is based on 6 views.

MOFET (6 views) Mahalanobis distance approach (6 views)
2 4 6 8

95.8% 40.4% 65.2% 43.8% 27.3%

We can summarize by concluding that classification based on the proposed

MOFET approach proved to have much better performance then all the other

IP-based classification algorithms that were tested. The computational cost of

this technique is not much higher than the computational cost of a single degree

approach using a polynomial of high degree. In our case the classification of an

object (using Matlab R© 6.1, running on Pentium R© 4, 2.8 GHz, 512MB of RAM)

took about 3 seconds. Details of the computational cost appear are given in

Appendix F.
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7.3.5 MOFET versus CSS [17]

We compared the performance of MOFET with the CSS technique. We choose this

technique, because has shown better performance then other known techniques,

namely, Fourier Descriptors [18], Turning Angle [19], Convex Hull [20] etc. We

bring a short description of this technique and discuss its advantages and disad-

vantages in appendix E. The results of this comparison appear in Tables 7.13 and

??. It can be seen that the MOFET algorithm has better performance. We also

compare the computational cost of these techniques. It can be seen (Appendices

E, F) that the MOFET has a little advantage over the CSS in this issue.

Table 7.12: Comparison between MOFET approach and the CSS technique (STD = 0.02).

6-views classification 3-views classification
MOFET CSS MOFET CSS
95.8% 91.3% 90.6% 87.8%

Table 7.13: Comparison between MOFET approach and the CSS technique (STD = 0.01).

6-views classification 3-views classification
MOFET CSS MOFET CSS
99.2% 98.5% 99.2% 97.0%
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Summary and Future Directions

8.1 Summary

In this work we have improved the performance of existing fitting algorithms in

two aspects: representation and classification. We have shown that replacing

the algebraic distances by geometric ones, in the fitting algorithm minimization

problem, results in improved fitting of the data-set.

We have also introduced a novel Multi Order (degree) and Fitting Error (MOFET)

classifier that outperforms existing Implicit Polynomial based classifiers. Prepro-

cessing of the-set data before fitting the polynomial to it has considerable influence

on the classification performance. Using the scaling factor S75% (4.11) instead of

the commonly used Sav% (4.9) improves the performance of the classifier. Fit-

ting several polynomials of different degrees and utilization of their coefficients

along with the fitting errors made it possible to take advantage both of stability of

low-degree polynomials and informativeness of high-degree polynomials, and thus

enabled the design of a high performance classifier. Making use of the linear in-

variants designed by Tarel [8], allowes the classification of objects that underwent

Euclidian transform. Although the classifier based on these invariants didn’t use

all the information provided by the polynomial (i.e., some coefficients don’t affect

112
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the invariants), it did show good performance.

We addressed also the problem of 3D object recognition via 2D contours. We

showed that in circumstances allowing approximations of a projective transform

by an Affine transform, exploiting of the Mother-shape technique enables effective

projection-based classification of 3D objects.

We used Probability Density Function (pdf) of feature vectors to design a

simple low-cost MOFET classifier cased on ML estimator. This technique showed

good performance, although it demanded a relatively high amount of object views

in the dictionary (above 100).

Finally, we compared the proposed MOFET classifier to the standard CSS [17]

contour based classification and found MOFET to have better performance than

CSS.

8.2 Main Contributions

In this section we summarize the most significant contribution of this work.

Improved Fitting

Replacing algebraic distances by geometric ones, in the fitting algorithm min-

imization problem, resulted in better fitting of IPs to the object.

MOFET classifier

Fitting several polynomials of different degrees and utilization of invariants

based on of their coefficients, along with the fitting errors, made it possible to

take advantage both of stability of low-degree polynomials and informativeness of

high-degree polynomials, resulting in a high performance classifier.

Mother-shape approach

Mother-shape approach enables affine invariant 2D object classification. In

particular, this approach can be used for projection-based classification of 3D ob-

jects.
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8.3 Future Work

• Fitting and classification of 3D objects

In our work we explored and improved the description and classification of 2D

objects by the Min-Max and Min-Var algorithms. These algorithms were extended

in [3] to fit IPs to 3D data (i.e., 3D surfaces) as well . Hence, future work should

consider extending of the techniques presented here to fitting and classification of

3D surfaces.

• Bayessian Recognition Method [13]

Another issue that can be considered is the exploration of a technique for esti-

mating polynomial coefficients distributions from the statistics of the noise. This

technique, proposed in [13], showed weaker classification performance than the

classifier based on direct estimation of the first and the second order statistics of

the polynomial coefficients. We suggest using a colored noise model instead of a

white noise model used in [13] to describe the distribution of the data-set pertur-

bation. Such a model portrays more accurately real data-set noise. The technique

appearing in [13] was developed for single-degree classification. It could be a chal-

lenge to broaden it so that it would combine polynomials of several degrees.

• Invariance under Projective Transform

In our work we found a way to classify a 2D object that underwent an Affine

transform. Classification of 2D objects that underwent a more general projective

transform [23], using Implicit Polynomials, is a worthy of studying issue. Devel-

opment of such a technique could enable more accurate 3D object recognition.
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• Tracking

Finally, the Implicit Polynomials can be used for tracking. The polynomial defines

a contour with relatively few degrees of freedom, i.e., can define a deformable

model [21]. The parameters of the model are adjusted to minimize the ”external

energy” of the contour. See [21] for details.
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Geometric Distance

Approximation

In this appendix we show that the geometric distance between a data-set point

(xk, yk) and the zero-sets of the polynomial Pa(x, y) is given by:

ea(k) ' |Pa(xk, yk)|
| 5 Pa(xk, yk|) (A.1)

(See (2.5)).

The value of the polynomial Pa(x, y) at (xk, yk) is Pa(xk, yk). The first-order

approximation of the polynomial value at point xk + ∆x, yk + ∆x is:

Pa(xk+∆x, yk+∆y) ≈ Pa(xk, yk)+
∂Pa(x, y)

∂x |(xk,yk)
∆x+

∂Pa(x, y)

∂y |(xk,yk)

∆y (A.2)

If the point xk + ∆x, yk + ∆x belongs to the zero-sets, then the value of (A.2)

is equal to zero and we get:

Pa(xk, yk) +
∂Pa(x, y)

∂x |(xk,yk)
∆x +

∂Pa(x, y)

∂y |(xk,yk)

∆y = 0. (A.3)

The distance between xk, yk and xk + ∆x, yk + ∆x is

dk =
√

∆x2 + ∆y2 (A.4)
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The constrained minimization of (A.4) (we minimize d2
k for easier computations)

is given by:

min
∆x,∆y

∆x2 + ∆y2 + λ

(
Pa(xk, yk) +

∂Pa(x, y)

∂x |(xk,yk)
∆x +

∂Pa(x, y)

∂y |(xk,yk)

∆y

)
,

(A.5)

where λ is Lagrange multiplier. Derivation of A.5 by ∆x and ∆y is:

2∆x + λ
∂Pa(x, y)

∂x |(xk,yk)
= 0 (A.6)

2∆y + λ
∂Pa(x, y)

∂y |(xk,yk)

= 0 (A.7)

Therefore, er have:

∆x

∆y
=

∂Pa(x,y)

∂∂x |(xk,yk)

∂Pa(x,y)

∂y |(xk,yk)

(A.8)

Substitution of (A.8) into A.3:

Pa(xk, yk) +
∂Pa(x, y)

∂x |(xk,yk)

∂Pa(x,y)

∂x |(xk,yk)

∂Pa(x,y)

∂y |(xk,yk)

∆y +
∂Pa(x, y)

∂y |(xk,yk)

∆y = 0. (A.9)

∂Pa(x, y)

∂y
Pa(xk, yk) +

(
∂Pa(x, y)

∂x |(xk,yk)

)2

∆y +

(
∂Pa(x, y)

∂y |(xk,yk)

)2

∆y = 0.

(A.10)

∆y = −
∂Pa(x,y)

∂y |(xk,yk)
Pa(xk, yk)

| 5 Pa(xk, yk)|2 (A.11)

By the same way we have:

∆x = −
∂Pa(x,y)

∂x |(xk,yk)
Pa(xk, yk)

| 5 Pa(xk, yk)|2 (A.12)

Therefore:

d2
k,min =




∂Pa(x,y)

∂y |(xk,yk)
Pa(xk, yk)

| 5 Pa(xk, yk)|2




2

+




∂Pa(x,y)

∂x |(xk,yk)
Pa(xk, yk)

| 5 Pa(xk, yk)|2




2

(A.13)

ea(k) ' dk,min =
|Pa(xk, yk)|
| 5 Pa(xk, yk)| (A.14)
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Derivation of the dependence of

the polynomial coefficients on

small changes of the data

We begin from equations (4.3) and (4.4), repeated here for convenience:

p′
r
(xzs

i (t), yzs
i (t)) · a(t) = 0, ∀i = 1, 2, .., q (B.1)

g′
N

(xzs
1 (t), yzs

1 (t)) · a(t) = G(t) (B.2)

Differentiation in t:

dp′
r
(xzs

i (t), yzs
i (t))

dt
· a(t) + p′

r
(xzs

i (t), yzs
i (t)) · da(t)

dt
= 0,∀i = 1, 2, ..., p (B.3)

dg′
N

(xzs
1 (t), yzs

1 (t))

dt
· a(t) + g′

N
(xzs

1 (t), yzs
1 (t)) · da(t)

dt
=

dG(t)

dt
(B.4)

or:

p′
r
(xzs

i (t), yzs
i (t)) · da(t)

dt
= −dp′

r
(xzs

i (t), yzs
i (t))

dt
· a(t), ∀i = 1, 2, ..., p (B.5)
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g′
N

(xzs
1 (t), yzs

1 (t)) · da(t)

dt
=

dG(t)

dt
− dg′

N
(xzs

1 (t), yzs
1 (t))

dt
· a(t) (B.6)

It is easy to see that the right-hand expression of the (B.5) is equal to:

−dp′
r
(xzs

i (t), yzs
i (t))

dt
·a(t) = −∂p′r(x

zs
i (t), yzs

i (t))

∂xzs
i (t)

·a(t)·dxzs
i (t)

dt
−∂p′r(x

zs
i (t), yzs

i (t))

∂yzs
i (t)

·a(t)·dyzs
i (t)

dt

(B.7)

or,

−dp′
r
(xzs

i (t), yzs
i (t))

dt
·a(t) = −∂Pa(t)(x

zs
i (t), yzs

i (t))

∂xzs
i (t)

·dxzs
i (t)

dt
−∂Pa(t)(x

zs
i (t), yzs

i (t))

∂yzs
i (t)

·dyzs
i (t)

dt

(B.8)

Then, we replace (B.5) and (B.6), using matrix notation, by:

M(t) · da(t)

dt
= b(t) (B.9)

M(t) =




p
r
(xzs

1 (t), yzs
1 (t))T

p
r
(xzs

2 (t), yzs
2 (t))T

...

p
r
(xzs

p (t), yzs
p (t))T

g′
N

(xzs
1 (t), yzs

1 (t)




(B.10)

b(t) =




−∂Pa(t)(x
zs
1 (t),yzs

1 (t))

dxzs
1 (t)

· ∂xzs
1 (t)

dt
− ∂Pa(t)(x

zs
1 (t),yzs

1 (t))

∂yzs
1 (t)

· dyzs
1 (t)

dt

−∂Pa(t)(x
zs
2 (t),yzs

2 (t))

∂xzs
2 (t)

· dxzs
2 (t)

dt
− ∂Pa(t)(x

zs
2 (t),yzs

2 (t))

∂yzs
2 (t)

· dyzs
2 (t)

dt

...

−∂Pa(t)(x
zs
p (t),yzs

p (t))

∂xzs
i (t)

· ∂xzs
p (t)

dt
− ∂Pa(t)(x

zs
p (t),yzs

p (t))

∂yzs
p (t)

· dyzs
p (t)

dt

dG(t)
dt

− dg′
N

(xzs
1 (t),yzs

1 (t))

dt
· a(t)




(B.11)

This result appears in the section 4.2.1, equations (4.5)-(4.7)
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Rotation Invariants derived by

Tarel [8]

We first rewrite equation 2.1 (repeated here for convinience):

P r
a (x, y) = a′pr(x, y) (C.1)

as
n∑

l=0

l∑
m=0

am,l−mxmyl−m = 0 (C.2)

In the last equation the inner sum is on elements belonging to an homogeneous

polynomial of degree l, i.e., the elements satisfying that the power of x plus the

power of y is l. Thus the polynomial of degree n is written as a sum of n + 1

homogeneous polynomials of degree 0, 1..., n.

We denote by al a vector consisting of the a coefficients belonging to an homo-

geneous polynomial of degree l, e.g., a2 = [a2,0 a1,1 a0,2]
′.

Consider that a are the coefficients of the initial polynomial and ã(θ) are the co-

efficients of this polynomial rotated by θ. It can be easily seen that the effect of the

rotating of the polynomial by an angel θ: P r
a (x cos(θ)−y sin(θ), x sin(θ)−y cos(θ))

is: coefficients belonging to the original homogenious polynomial of degree l would

multiply linear combination of the monomials belonging to that polynomial.
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For example, if we rotate a polynomial of degree 2, we would get

P 2
ã (x, y) =a0,0 + a1,0(x cos(θ)− y sin(θ)) + a0,1(x sin(θ)− y cos(θ))+

a2,0(x cos(θ)− y sin(θ))2+

a1,1(x cos(θ)− y sin(θ))(x sin(θ)− y cos(θ))+

a0,2(x sin(θ)− y cos(θ))2

(C.3)

Therefore, coefficients belonging to the rotated homogeneous polynomial of

degree l, ãl, will depend only on coefficients of the original homogeneous polynomial

of degree l, al, and the rotation angle. Denoting by c = cos(θ) and s = sin(θ) (from

here and after on the notation in [8] is used) we get for the above example:

ã(θ) =




1 0 0 0 0 0

0 c s 0 0 0

0 −s c 0 0 0

0 0 0 c2 −sc s2

0 0 0 2sc c2 − s2 −2sc

0 0 0 s2 sc c2




· a (C.4)

In the general case we get:

ã(θ) =




1 0 0 0 0 0

0 L1 0 0 0 0

0 0 L2 0 0 0

0 0 0
. . . 0 0

0 0 0 0 Ln−1 0

0 0 0 0 0 Ln




︸ ︷︷ ︸
L

·a, (C.5)

where the Ll matrix is transforming the coefficients of l-th degree homogeneous

polynomial.

Tarel shows in his work in [8], that there is a way to derive a set of parameters,

depending linearly on polynomial coefficients, whose transformation as a result of
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rotation is much simpler (i.e., the transformation matrix replacing L has extremely

simple form).

We denote the vector of these parameters by C, and by C l the vector of pa-

rameters derived from coefficients of l-th degree homogeneous polynomial.

Each vector C l having an odd number of the coefficients (l is even) can be

written as:

C l =




αl, 0

βl, 0

αl−1, 1

βl−1, 1

...

αl/2+1, l/2−1

βl/2+1, l/2−1

γl/2, l/2




, (C.6)

and, if l is odd:

C l =




αl, 0

βl, 0

αl−1, 1

βl−1, 1

...

αl/2+1, l/2

βl/2+1, l/2




(C.7)

The matrix Bl transforming C l under rotation (and replacing Ll) has the form:

Bl =




R(lθ) 0

R((l − 2)θ)

R((l − 4)θ)

. . .

0 1




(C.8)
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for even l, and

Bl =




R(lθ) 0

R((l − 2)θ)

R((l − 4)θ)

. . .

0 R(θ)




(C.9)

for odd l.

R(θ) is the rotation matrix, as defined in 5.1.

It is easy to see that:


α̃l,m

β̃l,m


 = R((l −m)θ)




αl,m

βl,m


,

where (̃·) denotes parameters belonging to the rotated polynomial. Therefore, the

pair αl,m, βl,m can be treated as a vector rotated by (l −m)θ.

A polynomial of degree n has dn/2e(n+1−dn/2e) such vectors and, correspond-

ingly, the same number of the ”vector size” invariants:
√

α2 + β2 (these invariants

are quadratic ). Another group of the invariants is the relative angle: if some

vector (α, β) is rotated by θ and another vector (α1, β1) by kθ than the difference:

k arctan(α
β
) − arctan(α1

β1
) is constant. Thus, there are dn/2e(n + 1 − dn/2e) − 1

angular invariants.

Finally, γ̃l/2, l/2 = γl/2, l/2, providing d(n + 1)/2e linear invariants.

Thus, there are (n+1)(n+2)/2− 1 invariants. Note that in order to represent

a polynomial of degree n we need (n + 1)(n + 2)/2 coefficients. In the case of

rotation invariance we have one degree of freedom (the rotation angle), therefore,

we need one less parameter.



Appendix D

Rotation of Mtot matrix (eqn.

(5.18))

The matrix Mtot (5.18) consists of M (2.8), GN and GT (2.22). We will show that

when the data-set is rotated the rows of all these matrices are transformed by the

same rotation matrix L:

M̃tot = MtotL (D.1)

We prove this by induction.

Typical element of M , Mi,j (the monomial) has a form of xk
i y

l
i, where j is

defined by k and l. Then, GNi,j
is kxk−1

i yl
i cos(αi) + lxk

i y
l−1
i sin(αi), where αi is a

direction of the gradient relative to the x axis.

As a result of a rotation by θ we have:

M̃i,j = x̃k
i ỹ

l
i and

G̃Ni,j
= kx̃k−1

i ỹl
i cos(αi − θ) + lx̃k

i ỹ
l−1
i sin(αi − θ),

where x̃i = xi cos(θ) + yi sin(θ), ỹi = −xi sin(θ) + yi cos(θ)

If (D.1) is true, then

M̃i,j = m′
i · Lj, (D.2)
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and

G̃Ni,j
= g′

Nxi

· Lj, (D.3)

where m′
i and g′

Nxi

are i-th row of M and GN respectively. We will prove, first,

that if (D.2) and (D.3) are truth for xk
i y

l
i, then it is also truth for xk

i y
l+1
i .

x̃k
i ỹ

l+1
i = M̃i,p = m′

i · Lp (D.4)

Expanding (D.3) we have:

(xi cos(θ) + yi sin(θ)i)
k(−xi sin(θ) + yi cos(θ))l+1

i = m′
i · Lp, (D.5)

or

x̃k
i ỹ

l
i(−xi sin(θ) + yi cos(θ)) = m′

i · Lp (D.6)

Then, we have:

m′
i · Lj(−xi sin(θ) + yi cos(θ)) = m′

i · Lp (D.7)

Note that because Lj ”produces” a monomial of k+ l degree, the only non-zero

elements are those that multiply monomials of the same degree (see (C.5)). The

same is valid for Lp. Therefore, we rewrite equation (D.7):




xk+l
i

xk+l−1
i yi

xk+l−2
i y2

i

...

yk+l
i




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




(−xi sin(θ)+yi cos(θ)) =




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

...

yk+l+1
i




′

·




Lp,(k+l+1,0)

Lp,(k+l,1)

Lp,(k+l−1,2)

...

Lp,(0,k+l+1)




,

(D.8)
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or

−




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

...

xiy
k+l
i




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




sin(θ) +




xk+l
i yi

xk+l−1
i y2

i

xk+l−2
i y3

i

...

yk+l+1
i




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




cos(θ)

=




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

...

yk+l+1
i




′

·




Lp,(k+l+1,0)

Lp,(k+l,1)

Lp,(k+l−1,2)

...

Lp,(0,k+l+1)




(D.9)

Then,

−




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

...

xiy
k+l
i

yk+l+1
i




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)

0




sin(θ) +




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

xk+l−2
i y3

i

...

yk+l+1
i




′

·




0

Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




cos(θ)

=




xk+l+1
i

xk+l
i yi

xk+l−1
i y2

i

...

yk+l+1
i




′

·




Lp,(k+l+1,0)

Lp,(k+l,1)

Lp,(k+l−1,2)

...

Lp,(0,k+l+1)




,

(D.10)
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and we have:

−




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)

0




sin(θ) +




0

Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




cos(θ) =




Lp,(k+l+1,0)

Lp,(k+l,1)

Lp,(k+l−1,2)

...

Lp,(0,k+l+1)




(D.11)

We continue to G̃Ni,j

G̃Ni,p
= g′

Nxi

· Lp (D.12)

kx̃k−1
i ỹl+1

i cos(α− θ) + (l + 1)x̃k
i ỹ

l
i sin(α− θ) = g′

Nxi

· Lp (D.13)

(kx̃k−1
i ỹl

i cos(α− θ) + (l)x̃k
i ỹ

l−1
i sin(α− θ))︸ ︷︷ ︸

G̃Ni,j

ỹi + x̃k
i ỹ

l
i sin(α− θ) = g′

Nxi

· Lp (D.14)

g′
Nxi

· Lj ỹi + x̃k
i ỹ

l
i sin(α− θ) = g′

Nxi

· Lp (D.15)

g′
Nxi

· Lj(yi cos(θ)− xi sin(θ)) + m′
i · Lj sin(α− θ) = g′

Nxi

· Lp (D.16)

Lj expected to multiply only derivatives of k + l degree and Lp of k + l +1 degree.
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Therefore, we can rewrite (D.16) :




(k + l)xk+l−1
i cos(α) + 0 sin(α)

(k + l − 1)xk+l−2
i yi cos(α) + xk+l−1

i sin(α)

(k + l − 2)xk+l−3
i y2

i cos(α) + 2xk+l−2
i y sin(α)

...

0 cos(α) + (k + l)yk+l−1
i sin(α)




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




(yi cos(θ)− xi sin(θ)

+




xk+l
i

xk+l−1
i yi

xk+l−2
i y2

i

...

yk+l
i




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




(sin(α) cos(θ)− sin(θ) cos(α))

=




(k + l + 1)xk+l
i cos(α) + 0 sin(α)

(k + l)xk+l−1
i yi cos(α) + xk+l

i sin(α)

(k + l − 1)xk+l−2
i y2

i cos(α) + 2xk+l−1
i y sin(α)

...

0 cos(α) + (k + l + 1)yk+l
i sin(α)




′

·




Lp,(k+l+1,0)

Lj,(k+l,1)

Lj,(k+l−1,2)

...

Lj,(0,k+l)




(D.17)

By regrouping the left side of the (D.16)
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we have:




(k + l)xk+l
i cos(α) +xk+l

i cos(α) +0 sin(α)

(k + l − 1)xk+l−1
i yi cos(α)+xk+l−1

i yi cos(α)+xk+l
i sin(α)

(k + l − 2)xk+l−2
i y2

i cos(α)+xk+l−2
i y2

i cos(α)+2xk+l−2
i y sin(α)

...

0 cos(α) +yk+l
i cos(α) +(k + l)yk+l−1

i xi sin(α)




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




(− sin(θ))+




(k + l)xk+l−1
i yi cos(α) +xk+l

i sin(α) +0 sin(α)

(k + l − 1)xk+l−2
i y2

i cos(α)+xk+l−1
i yi sin(α)+xk+l−1

i yi sin(α)

(k + l − 2)xk+l−3
i y3

i cos(α)+xk+l−2
i y2

i sin(α)+2xk+l−2
i y2

i sin(α)
...

0 cos(α) +yk+l
i sin(α) +(k + l)yk+l

i sin(α)




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




cos(θ) =




(k + l + 1)xk+l
i cos(α) + 0 sin(α)

(k + l)xk+l−1
i yi cos(α) + xk+l

i sin(α)

(k + l − 1)xk+l−2
i y2

i cos(α) + 2xk+l−1
i y sin(α)

...

yk+l
i cos(α) + (k + l)yk+l−1

i xi sin(α)

0 cos(α) + (k + l + 1)yk+l
i sin(α)




′

·




Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)

0




(− sin(θ))+




(k + l + 1)xk+l
i cos(α) + 0 sin(α)

(k + l)xk+l−1
i yi cos(α) + xk+l

i sin(α)

(k + l − 1)xk+l−2
i y2

i cos(α) + 2xk+l−1
i y sin(α)

...

yk+l
i cos(α) + (k + l)yk+l−1

i xi sin(α)

0 cos(α) + (k + l + 1)yk+l
i sin(α)




′

·




0

Lj,(k+l,0)

Lj,(k+l−1,1)

Lj,(k+l−2,2)

...

Lj,(0,k+l)




(cos(θ))

(D.18)

And, again we get the same relation between Lj and Lp as in (D.11). In the

same way, it’s possible to prove that if (D.2) and (D.3) are true for xk
i y

l
i, then it

is also true for xk+1
i yl

i.



Appendix D 130

The (D.2) and (D.3) Equations are obviously valid for x0y0 = 1 (this element

and it’s derivatives multiplied by 1) and, therefore, as we have shown by induction,

are valid for any xiyj,

The same manipulation could be done for GT :

G̃Ti,j
= −kx̃k−1

i ỹl
i sin(αi − θ) + lx̃k

i ỹ
l−1
i cos(αi − θ). Denoting βi = αi + π

2
, we have:

G̃Ti,j
= −kx̃k−1

i ỹl
i sin(βi − θ − π

2
) + lx̃k

i ỹ
l−1
i cos(βi − θ − π

2
), therefore,

G̃Ti,j
= kx̃k−1

i ỹl
i cos(βi − θ) + lx̃k

i ỹ
l−1
i sin(βi − θ).

Thus, we have an expression similar to G̃Ni,j
(having βi instead of αi, which is,

as a matter of fact, the angle between the tangent at the point (xi, yi) and the x

axis). Therefore, we can expect here the same results as for G̃Ni,j
. Hence, Mtot

rotation can be expressed as a multiplication by L.
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CSS

In this appendix we present a brief description of the Curvature Scale Space (CSS)

technique proposed by F. Mokhtarian in [17] and estimate its computation com-

plexity.

E.1 Algorithm description

We start the explanation by assuming that the object boundary curve is repre-

sented by continuous parameterized line r(u) = (x(u), y(u)), 0 6 u 6 1 (From

here on we use the notation used in [17]).

Then, the curvature of the curve is given by:

k(u) =
ẋ(u)ÿ(u)− ẏ(u)ẍ(u)

(ẋ(u)2 + ẏ(u)2)3/2
, (E.1)

where ẋ(u) = dx(u)
du

, ẍ(u) = d2x(u)
d2u

, ẏ(u) = dy(u)
du

, ÿ(u) = d2y(u)
d2u

. This measure

would get positive values at the points belonging to convex segments of the shape,

negative values at the points belonging to the concave segments, and is equal to 0

at ”transition” (i.e., curvature zero crossing) points. E.g., in Fig. E.1 appears the

”dog” data-set having its convex segments (i.e., k > 0) marked by heavy dots.

131
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Figure E.1: ”Dog” data-set with the convex segments marked out by heavy dots.

The CSS technique supposes smoothing of the curve by 1-d Gaussian kernel of

width σ – g(u, σ), and finding the curvature zero crossing points of the resulting

curve (see Fig. E.2). As a result of the smoothing, some concave and convex

segments are eliminated and, thus, the number of curvature zero crossing points is

decreased. For example, in Figs. E.2a-c we can see the concave segment denoting

the ”back” of the ”dog”. The ends of this segment are denoted by zero-crossing

points. As σ is increased, this segment becomes shorter (and the zero-crossing

points representing it get closer), and, finally, eliminated (see Fig. E.2d). In the

end of the process the shape becomes convex (Fig. E.2f). Note that the curve
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is scaled so that it’s length is 200 and that the kernel width (σ) is in range of

[1...60] with a resolution of 0.1. These values (except of the maximum value of σ,

which is database-dependent) are proposed by the authors in [17]. As the result

of the process, the CSS image of the shape can be depicted. This image shows

the location of the curvature zero crossing points for each σ. For example, in the

case of the ”dog” data-set we get the image appearing in Fig. E.3. The x-axis of

the CSS image denotes the arc length of the curve segment between some point

x(u),y(u) and the starting point x(0),y(0): s(u). Note that the total length of the

curve is 200 (according to the normalization). The x-axis denotes the value of

σ. The black contours in the graph represent the curvature zero crossing points.

E.g., in Fig. E.3 there are 4 such points for σ = 9.9, 2 for σ = 23.9 and none

for σ = 32.9, which correspond to Figs. E.2d, E.2e and E.2f, respectively. The

authors proposed to represent the data-set by CSS contour maxima. For example,

in the case of the ”dog” data-set, the coordinates of these maxima are:

{(64 29.4), (121 14.1), (165 9.7), (30 7.3), (11 6.8), (195 5.8)}

Note that not all the maxima were picked (actually, the algorithm suggests

that maxima of height less than 0.2 of the highest maximum in the CSS contour

image are not taken into account).

In order to compare two different data-sets, the CSS technique applies a match-

ing algorithm (described in details in [17]). The result of the matching is a distance

between the data-sets. If the classification is based on a dictionary containing L

different objects, where each object has Sl views, then the distance between some

unknown shape and object l in the dictionary is the minimal distance between

the unknown shape and the views data-sets of this object. The unknown shape is

associated with the object having minimal distance to it.



Appendix E 134

−20 0 20

−20

−10

0

10

20

a
−20 0 20

−20

0

20

b
−20 0 20

−20

0

20

c

−20 0 20

−20

0

20

d
−20 0 20

−20

0

20

e
−20 0 20

−20

0

20

f

Figure E.2: Smoothed by Gaussian kernel ”dog” data-set with the curvature zero crossing
points denoted by dots. (a) σ = 1.2, (b) σ = 3.9, (c) σ = 6.9, (d) σ = 9.9, (e) σ = 23.9, (f) σ =

32.9.

In this technique, the filtering by a Gaussian-kernel with small σ values filter

out small fluctuations in the data-set. It results in a robustness to white or ”almost

white” noise, as described in [17].

However, this technique has significant drawbacks. The ”contour maxima”

feature vector fails to represent contours uniquely. For example, convex shapes,

which are notable for their positive curvature, would result in an ”empty” feature

vector. Hence, such shapes cannot be distinguished by the CSS technique. Futher-

more, we can extend this claim and say that different shapes can have the almost

identical CSS image. For example, the CSS images of the noisy ”jar” shape (Fig.

E.4a) and noisy ”square” shape (Fig. E.4b) are quite similar. We placed the CSS

images of these shapes on the same figure (see Fig. E.5). It can be seen that the

dominant maxima are almost identical. As a result, the CSS based classifier would
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Figure E.3: CSS image of the ”dog” data-set

have a difficulty in distinguishing between these shapes. In order to emphasize this

problem, we show the mutual CSS images of the original square (Fig. E.4b)) and

of the additional ”square” (Fig. E.6a), see Fig. E.6b. We can see that the CSS

images of ”square” and ”jar” shapes are much more similar than the CSS images

of two different ”square” shapes.
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Figure E.4: (a) - ”jug” shape from the database. (b) - ”square” shape from the database.
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Figure E.5: CSS images of the ”jar” shape (bright contour) and of the ”square” shape (dark
contour)
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Figure E.6: (a) - Additional ”square” shape from the database. (b) - CSS images of the
additional ”square” shape (bright contour) and of the original ”square” shape (bright contour).
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E.2 Computation Complexity of CSS

We would like to estimate the computational cost of the CSS.

First, the CSS image should be computed. The convolution of the data-set

consisting from N points with the Gaussian kernel consisting on N points requires

O(N2) computations (multiplications and additions). In case of Q different ker-

nels we would have O(QN2) computations. Then, the curvature zero crossing

points should be found for each value of σ. It will take O(N) computations per σ

(curvature estimation and zero crossing points searching). Thus, this stage would

demand O(QN) computations.

Then, the leading pics are extracted from the CSS image. This action requires

O(QN) calculations.

Finally, the matching algorithm is applied. If we assume that each data-set

has P leading pics, then finding a distance between two different data-sets would

take O(P 3) computations. This distance should be computed for every data-set

in the dictionary. Assuming that we have R data-sets in the dictionary, the last

operation would require O(RP 3) calculations.

Taking into account the leading factors we conclude that the computational

cost of CSS based classifier is: O(QN2) + O(RP 3). In the case of the database

we used in our experimetns, we have: N = 250, Q = 600 (the kernel width σ is in

range of [1...60] with the resolution of 0.1), P = 6 (generally, a data-set belonging

to the database would have about 6 leading maxima) and R is equal to 40 objects

× 3 views × 20 perturbations = 2400 in case of classification based on 3 views and

40 objects × 6 views × 20 perturbations = 4800 in case of classification based on

6 views. Therefore, we would have to perform about 107 calculations.
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MOFET approach computational

cost estimation

Before we start the estimation of the computational cost, let’s define the next

constants:

• N – number of points representing the data-set (250 in our case)

• L – number of different objects in the dictionary (40 in our case)

• Ad – number of coefficients of degree d polynomial. For polynomials of degree

2, 4, 6, and 8, A2 = 6, A4 = 15, A6 = 28, A8 = 45, respectively.

We assume that the dictionary is produced off-line. Therefore, its computa-

tional cost is not of interest. Hence, we estimate how many mathematical oper-

ations need to be done in order to classify unknown data-set. First, we need to

transform the data-set (according to the steps 1 and 2 of 4-step process described

in Section 7.1). It is easy to see that this transform (including the transforma-

tion to the Mother-shape) is based on 1st and 2nd moments and, therefore, O(N)

computations are required. Then, tangent direction at each data-set point is cal-

culated: this process also demands O(N) computations. Then, 2, 4, 6 and 8 degree
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polynomials are fitted to the data-set. Recall that in order to fit the polynomial,

we need to solve:

a = (M ′
totMtot)

−1
M ′

totb. (F.1)

See (2.24) for Gradient1 case. We didn’t label Mtot matrix on purpose: we address

this estimation to any LS algorithm discussed in this work. Mtot consists of:

Mtot =




M

GN

GT




(F.2)

where, the general form of its component matrices is given by

M =




wm
1 m′(x1, y1)

wm
2 m′(x2, y2)

· · ·
wm

n m′(xn, yn)




GN =




wg
1g
′
N

(x1, y1)

wg
2g
′
N

(x2, y2)

· · ·
wg

ng
′
N

(xn, yn)




GT =




wg
1g
′
T
(x1, y1)

wg
2g
′
T
(x2, y2)

· · ·
wg

ng′
T
(xn, yn)




,

(F.3)

where wm
i and wg

i are algorithm dependent constants. For example, in case of

Gradient1 all of them are equal to 1 (see (2.22)) and in case of Modified Min-Var

wm
i = Wmv

wmv(xi,yi)
and wg

n(xi, yi) = 1
wmv(xi,yi)

( see 3.10). It is clear, that the higher the

degree of the polynomial, the higher the amount calculations (i.e., multiplications

and additions). In order to compute (M8
tot)

′M8
tot ( the upper index means that

the fitted polynomial is of degree 8) we need O(N(A8)
2) calculations. Then, the

inverse of (M8
tot)

′M8
tot would take O((A8)

3) calculations, multiplication of (M8
tot)

′b

– O(NA8) calculations (note that b comprises 0-s and 1-s and, therefore, the

only needed calculation is the summation) and multiplication of [(M8
tot)

′M8
tot]

−1

on (M8
tot)

′b would need O((A8)
2) calculations. We also need to find the value of

d75%(ea8
), which requires O(N) calculations. It can be easily seen that the leading

factor among listed above is O(N(A8)
2). Similarly, in order to fit polynomials of
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degrees 6, 4, and 2 we will need O(N(A6)
2), O(N(A4)

2) and O(N(A2)
2) calcu-

lations (these values are considerably smaller then O(N(A8)
2) ). Finally, we get

18-dimensional vector representing the data-set and we need to base our classifi-

cation on it. The likelihood of each object in the database is given by

1

(2π)9|Σl|e
−(f ′

l
−µ′

l
)Σl(f l

−µ
l
)/2 (F.4)

(see 7.3). If we use, instead the ln of the above expression (i.e., the log-likelihood

criterion):

ln

(
1

(2π)9|Σl|e
−(f ′

l
−µ′

l
)Σl(f l

−µ
l
)/2

)
= −ln

(
(2π)9|Σl|

)−(f ′
l
−µ′

l
)Σl(f l

−µ
l
)/2, (F.5)

then we will need about 182 + ε ≈ 400 calculations. Therefore, the classifica-

tion based on 18-dimensional features-vector will consume O(400L) calculations.

Hence, the overall amount of the calculations is O(N(A8)
2) + O(400L). In the

case of our data-base we will get about 106 calculations per data-set.



Appendix G

The DataBase

In the figures G.1 and G.2 appear the Mother-shapes of the 40-object MCD

database [22] we used in our experimetnts.

142



Appendix G 143

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

−1 0 1
−1

0

1

Figure G.1: Mother shapes of the first 20 MCD objects
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Figure G.2: Mother shapes of the last 20 MCD objects
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