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Abstract

Multiple description (MD) coding is a coding technique that produces several descrip-
tions of a single source of information (e.g., an image), such that various reconstruc-
tion qualities are obtained from different subsets of the descriptions. The purpose of
MD coding is to provide error resilience to information transmitted on lossy networks
(i.e., networks that cannot avoid possible loss of packets). Since there is no hierarchy
of descriptions in MD coding, representations of this type make all of the received
descriptions useful (unlike, for example, layered coding, where a lost layer may also
render other enhancement layers useless). Thus, MD coding is especially suitable for
networks with no priority mechanisms for data delivery, such as the Internet.

Among previous works, MDs for image coding were generated via the utilization of
a decomposition into polyphase-like components (a polyphase transform) and selective
quantization, performed in the wavelet domain. In this research work, we present an
effective way to exploit the special statistical properties of the wavelet decomposition
to provide improved coding efficiency, in the same general framework.

We propose a novel coding scheme that efficiently utilizes contextual information,
extracted from a different polyphase component, to improve the coding efficiency
of each redundant component (aimed to provide an acceptable reconstruction of a

lost polyphase component in the case of a channel failure), and thus enables the



proposed MD coder to achieve improved overall performance. This is accomplished
by means of various coding procedures, such as context-based classification of the
wavelet coefficients, parametric model-based adaptive quantization, efficient optimal
bit allocation (performed in the general framework of Lagrangian optimization), and
adaptive entropy coding.

Our experimental results clearly demonstrate the advantages of the proposed
context-based MD image coder. Specifically, we also show that the proposed coder
outperforms its predecessor—the original polyphase transform-based coder—across
the entire redundancy range, and that the improvement in coding efficiency can in-

deed be attributed primarily to the effective utilization of contextual information.
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Chapter 1

Introduction

1.1 Multiple Description Coding

Multiple description (MD) coding is a coding technique that represents a single source
of information (e.g., an image) with several chunks of data, called descriptions, in
such a way that the source can be approximated from any (non-empty) subset of the
descriptions. The purpose of MD coding is to provide error resilience to information
transmitted on lossy networks, such as the Internet, where inevitable loss of data may
severely degrade the performance of conventional coding techniques. For example,
in layered coding, where the information is represented hierarchically, a lost layer
may also render other enhancement layers useless. MD coding, on the other hand,
makes all of the received descriptions useful, and thus can better mitigate transport
failures. It is clear that in order to gain robustness to the possible loss of descriptions,
some compression efficiency must be sacrificed (i.e., the representation is redundant).
That is the reason why MD coding should be applied only if this disadvantage in

compression efficiency is offset by the advantage of mitigating transport failures.



Many MD coding schemes focus on the case of two descriptions, mainly due to its
relative tractability, and so does this work. The basic situation of MD coding, for the
two-description case, is as follows [15]: Suppose that we wish to send a description
of an information source over an unreliable communication network, namely, one
with nonzero probability for the event of description loss. In order to deal with
the possibility of a lost description, or due to constraints imposed by the network
regarding the size of packets, we decide to send two descriptions instead and hope
that at least one of them will get through. Obviously, each description should be
individually good due to the possibility that only one description will get to the
destination. However, in the case that both descriptions get through, we wish to
maximize the combined descriptive information at the receiver.

Among prior works, MDs for image coding were generated via the utilization of a
decomposition into polyphase-like components (a polyphase transform) and selective
quantization [30], performed in the wavelet domain. Unlike many other MD coding
techniques, such as MD scalar quantization [59] and MD correlating transforms [65],
the technique of MD coding via polyphase transform and selective quantization ex-
plicitly separates description generation and redundancy addition, which significantly
reduces the complexity of the system design and implementation. This technique also
enables to easily generate descriptions of statistically equal rate and importance, a
property which is well suited to communication systems with no priority mechanisms
for data delivery (e.g., the Internet).

For description generation, in the two-description case discussed herein, the afore-
mentioned technique employs a polyphase transform, and each of the two resulting

polyphase components is coded independently at a source coding rate to constitute



the primary part of information for its corresponding description. In order to ex-
plicitly add redundancy to each description, the other polyphase component is then
coded at a (usually lower) redundancy coding rate using selective quantization and
added to this description. In case of a channel failure, this redundancy enables an

acceptable reconstruction of the lost component.

1.2 Proposed Coding Scheme

In this research work, we develop and explore an effective way to exploit the spe-
cial statistical properties of the wavelet decomposition to provide improved coding
efficiency, in the general framework of polyphase transform-based MD image coding.
We propose a novel coding scheme that efficiently utilizes contextual information,
extracted from the primary polyphase component of each description, to improve
the coding efficiency of the corresponding redundant polyphase component, and thus
enables the proposed MD coder to achieve improved overall performance. This is
accomplished by means of various coding procedures, such as context-based classi-
fication of the wavelet coefficients, parametric model-based adaptive quantization,
efficient optimal bit allocation, and adaptive entropy coding.

In order to efficiently utilize the statistical dependencies between neighboring
wavelet coefficients, and avoid the need for an explicit characterization of these de-
pendencies, we use an effective context-based classification procedure. To avoid the
penalty of forward classification, the classification is based on contexts formed from
quantized coefficients of the primary polyphase component of the description, which
are also available at the decoder, and thus no transmission of side information is

required. Nevertheless, a controlled amount of side information is still produced and
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transmitted to the decoder, in order to improve the performance of the system. This
side information includes the classification thresholds, allowing to select a class for a
coefficient given its context, as well as the source statistics of each class, where each
class is modeled using a parametric Laplacian distribution. The parametric modeling
is also utilized by the bit allocation, quantization and entropy coding procedures that
follow.

The context-based classification procedure enables the proposed coder to utilize a
set of quantizers, each customized to an individual class. For this task, we examine two
types of quantizers: the uniform threshold quantizer (UTQ) and the uniform recon-
struction with unity ratio quantier (URURQ). Both of these quantizers well approx-
imate the optimum entropy-constrained scalar quantizer (ECSQ) for the Laplacian
distribution, assuming mean squared error (MSE) distortion, and are relatively simple
to design and operate. In order to avoid the high complexity of entropy-constrained
design algorithms for the quantizers, we propose an efficient design strategy, that is
based on a pre-designed indexed array of MSE-optimized quantizers of different step
sizes for the Laplacian distribution. To further reduce the complexity of the proposed
design strategy, we also derive closed form expressions for the distortions attained by
both the UTQ and the URURQ).

For bit allocation between the various classes in the different subbands, we develop
an optimal and efficient model-based bit allocation scheme, in the general framework
of Lagrangian optimization, which also takes into account the non-energy preserving
nature of the biorthogonal wavelet transform. Our bit allocation scheme, which is
based on variance scaling and on the aforementioned pre-designed indexed array of
MSE-optimized quantizers, enables the proposed coder to avoid complex on-line bit

allocation procedures, as well as to intelligently and instantly adapt the arithmetic
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entropy encoder to the varying coefficients statistics.
Finally, we also suggest a way to determine, in practice, the optimal operating
point for the proposed MD coder, based on the properties of the communication

channel.

1.3 Thesis Outline

This thesis is organized as follows. Chapter 2 introduces the MD scenario, summarizes
the main results in the theory of MD coding, and provides an overview of some existing
MD coding techniques. Chapter 3 provides a detailed review of an efficient technique
for MD image coding utilizing a polyphase transform and selective quantization, which
forms the framework of our proposed context-based MD coding system. Chapter 4
provides the motivation for context-based MD coding in the wavelet domain, and also
presents the outline of the proposed context-based MD wavelet image coder. A more
detailed description of the main building blocks of the proposed coder is provided in
the subsequent chapters.

In Chapter 5 we describe the context-based classification procedure, which en-
ables the proposed coder to use a set of customized quantizers for improved coding
efficiency. Chapter 6 provides a detailed description of the parametric model-based
quantization and bit allocation schemes. In Chapter 7 we comprehensively address
some implementation considerations, which are also generally related to efficient im-
plementation of wavelet coders, including boundary extensions for the wavelet trans-
form (especially referring to coding applications), and optimal bit allocation for the

biorthogonal wavelet transform.

12



Chapter 8 provides exhaustive experimental results, which also include a compar-
ison to other relevant MD image coding systems. It also provides a way to optimally
determine, in practice, the operating point for the proposed coder, based on the
properties of the communication channel.

Finally, Chapter 9 concludes this thesis and describes several possible directions

for future research.
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Chapter 2

Fundamentals of Multiple

Description Coding

This chapter introduces the MD scenario, summarizes the main results in the theory

of MD coding, and provides an overview of some existing MD coding techniques.

2.1 Introduction to Multiple Description Coding

As described in Section 1.1, the basic problem that multiple description coding deals
with is how to represent a single source of information with several chunks of data
(“descriptions”) in such a way that the source can be approximated from any subset
of the chunks [21].

Current systems that deliver content over packet networks typically generate
the transmitted data with a progressive coder and use TCP (Transmission Control
Protocol)—the standard protocol that controls retransmission of lost packets—in or-

der to deliver the data over the network. The main drawback of such techniques is

14



that the order in which packets are received is critical, which may cause intolerable
delays when packets are lost. For example, suppose that an image is compressed
using a progressive (layered) coder that generates L packets, numbered from 1 to L.
The receiver reconstructs the image from the received packets and the quality of the
reconstructed image is improved steadily as the number of consecutive packets re-
ceived, starting from the first, increases. If the first two packets are received but the
third packet, for instance, is not, the quality of the reconstructed image is propor-
tionate to reception of only two packets, no matter how many of the other packets
are received. Receiving the third packet may require retransmission of that packet,
which introduces a delay. Such delays may be much longer than the inter-arrival
times between received packets and therefore hurt the performance of the system.
The above example shows that although progressive transmission works well when
packets are received in order without loss, the performance of such a system may be
degraded when packet losses occur.

In a constellation where losses are inevitable, it would be highly beneficial to create
representations that make all of the received packets useful, not just those consecutive
from the first. The purpose of MD coding is to create such representations. It
is clear that in order to gain robustness to the possible loss of descriptions, some
compression efficiency must be sacrificed. That is the reason why MD coding should
be applied only if this disadvantage in compression efficiency is offset by the advantage
of mitigating transport failures.

In the remainder of this chapter, unless specified otherwise, we focus on the two-
description case for the sake of conciseness and clarity. Nevertheless, many of the
ideas and results presented in the sequel can be extended to the case of more than

two descriptions.

15



The basic situation of MD coding, for the two-description case, is as follows [15]:
Suppose that we wish to send a description of a random process (information source)
over an unreliable communication network—one with nonzero probability for the
event of description loss. In order to deal with the possibility of a lost description, or
due to constraints imposed by the network regarding the size of packets, we decide
to send two descriptions instead and hope that at least one of them will get through.
Obviously, each description should be individually good due to the possibility that
only one description will get to the destination. However, in the case that both
descriptions get through, we wish to maximize the combined descriptive information
at the receiver.

The difficulty in generation of such descriptions is that good individual descrip-
tions must be close to the process (by virtue of their goodness) and therefore must
be highly dependent. Such a dependency implies that the second description will
contribute only little extra information beyond one description alone. On the other
hand, two descriptions that are independent from each other must be far apart and
therefore cannot in general be individually good. Essentially, this demonstrates the
fundamental tradeoff of MD coding: creating descriptions that are individually good

and yet not too similar.

2.2 Information Theoretic Aspects

The following is known as the MD problem: if an information source is described
with two separate descriptions, what are the concurrent limitations on the qualities
of these descriptions taken separately and jointly?

The MD situation for the two-description case is shown schematically in Figure 2.1.

16



A sequence of source symbols { X} }4_, is encoded and transmitted to three receivers

b
Channel 1 . Decoder 1 {x:"}
X X0

Source { "} Encoder Decoder 0 { "}
@

Channel 2 . Decoder 2 { k}

Figure 2.1: Scenario for MD coding with two channels and three receivers. In the
general case there are M channels and 2 — 1 receivers.

over two noiseless (or error corrected) channels. One decoder, called the central
decoder, receives information from both channels, while the other two decoders, called
the side decoders, receive information only from their respective channels. We denote
the transmission rate over Channel ¢ by R;, ¢ = 1,2, in bits per source sample.
The reconstruction sequence produced by Decoder ¢ is denoted by {X}Ei)}i\le with

respective distortion

N .
Di:%;E[d <Xk,X,ff)ﬂ ,i=0,1,2 (2.1)

where d(-,-) is a nonnegative, real-valued distortion measure?.
It should be noted that the situation drawn in Figure 2.1 of three separate users
or three classes of users (applicable to broadcasting over two channels, for example)

can also serve as an abstraction to the case of a single user that can be in one of three

! Actually, a different distortion measure may be used for each of the reconstructed sequences. A
single distortion measure is assumed here for simplicity.
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states depending on which descriptions are received. We will usually adopt the latter
interpretation.

Several interesting problems in rate distortion theory are introduced by the MD
model. The central theoretical problem is the following [21]: given an information
source and a distortion measure, determine the set of achievable values for the quin-
tuple (Ry, Ry, Do, D1, D3). These theoretical bounds are of major importance and are
discussed next.

Recall the definition of the rate distortion region in the one-description rate dis-
tortion problem: for a given source and distortion measure, the rate distortion (RD)
region is the closure of the set of achievable rate distortion pairs (where a rate dis-
tortion pair (R, D) is called achievable if, for some positive integer n, there exists a
source code with length n, rate R and distortion D). As an extension, the MD rate
distortion region, or simply MD region is defined, for a given source and distortion
measure, as the closure of the set of simultaneously achievable? rates and distortions
in MD coding. Specifically, for the two-description case, the MD region is the closure
of the set of achievable quintuples (Ry, Ry, Dy, D1, D3).

Unfortunately, unlike RD regions in the one-description rate distortion prob-
lem [48], MD regions have not been completely characterized in terms of single-letter
information theoretic quantities (entropy, mutual information, etc.). The following
theorem of El Gamal and Cover [15] shows how achievable quintuples can be deter-

mined from joint distributions of source and reproduction random variables.

Theorem 2.1 [15] Let X1, Xs,... be a sequence of i.i.d. finite alphabet® random

2The meaning of “achievable” in this context is the immediate extension from the one-description
rate distortion problem.

3 Although the proof of the theorem assumes a finite alphabet, it can be extended to the Gaussian
source, as noted in [15].
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variables drawn according to a probability mass function p(x). Let d(-,-) be a bounded
distortion measure. An achievable rate region for distortion D = (D1, Do, Dy) is given

by the convex hull of all (Ry, Ry) such that

Ry > I(X; XW) (2.2)
Ry, > I(X; X¥) (2.3)
Ri+Ry, > I(X; XO XU X@) 4 (XMW, X (2.4)

for some probability mass function p(z,#© 20, @) = p(z)p(2@, 21, 2?)|z) such

that
Dy > Eldx, XxW)] (2.5)
Dy > Eld(X,X®)] (2.6)
Do > E|d(X,X)] (2.7)

and where I(-; +) denotes Shannon mutual information [13].

It should be noted that Theorem 2.1 does not specify all achievable quintuples, un-
fortunately. The points that can be obtained in this manner are therefore called inner
bounds to the MD region. Other characterizations of achievable points in terms of
information theoretic quantities for the two-description case [68] and for more than
two descriptions [63] also generally do not give the entire MD region.

Points that are certainly not in the MD region are called outer bounds. Rate
distortion functions provide the simplest outer bounds: In order to have distortion
Dy, Decoder 1 must receive at least R(D;) bits per symbol, where R(D) is the rate

distortion function of the source (with the given distortion measure). By making
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similar arguments for the other two decoders we get the bounds

Ri+ Ry > R(Dy) (2.8)

R, > R(Dy), i=1,2. (2.9)

The bounds (2.8) and (2.9) are usually loose due to the difficulty in making the
individual and joint descriptions good.

Memoryless Gaussian sources and the squared error distortion measure? are of
special importance (also) in MD coding. First, this is the only case for which the
MD region is completely known. Ozarow showed in [41] that for this source and
distortion measure, the MD region is exactly the largest set that can be obtained
with the achievable region of El Gamal and Cover. Moreover, the MD region for any
continuous-valued memoryless source with squared error distortion measure can be
bounded using the MD region for Gaussian sources [67]. Useful intuition and insight
into the limitations in MD coding can be gained from this special case and so we now
turn to a more detailed analysis of it.

For a memoryless Gaussian source with variance o and squared error distortion

measure, the MD region consists of (R, Ry, Do, D1, D) that satisfy [21]

D;

v

o227 =12 (2.10)

Dy > o2 AmitR) (2.11)

where vp = 1 if Dy + Dy > 02 + Dy, and
1
o= . e
1-— (\/(1 — Dl)(l — DQ) — \/D1D2 — 2_2(R1+R2))

otherwise (obviously vp > 1 from (2.11) and the fact that D(R) = ¢?272% is the

distortion rate function for a Gaussian source with squared error distortion). The

4The squared error distortion measure is given by d(z, %) = (v — #)2.
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relation (2.11) is pivotal as it indicates that there is a multiplicative factor vp by
which the central distortion must exceed the distortion rate minimum. When at least
one of the side distortions is sufficiently large, vp = 1 and the central reconstruction
can be very good. Otherwise, there is a penalty in the central distortion, determined
by the value of vyp from (2.12).

In the special case that Ry = Ry and Dy = D», called the balanced case in the
terminology of MD coding, the following side distortion bound for a source with unit

variance can be proved to hold [20] (in addition to the bound D; > g?272f%1);

1
D > min {5 {1 + Do — (1 - Do)y/1 - 2—2(Rl+R2)/DO] d—y/1- 2—2(Rl+R2)/D0} .
(2.13)
Introducing the total rate R; + R as the sum of a base rate r = R(D) and a

redundancy p = Ry + Ry — R(Dy) gives the alternative formulation

b I+27—(1—-2"7)V1—-2%], for p<r—1+logy(l+27%)
1 =
1—+vV1—-2"2 for p>r —1+logy(1+27%).
(2.14)

This bound is plotted in Figure 2.2 as a function of the redundancy p for several
values of the base rate r (in bits/sample).

It is instructive to examine the behavior of the bound (2.14) in the low redundancy
region. In this region, the partial derivative of the side distortion lower bound with
respect to p is given by

oD, (1-27*)ln2 2%

= 2.15
dp 2 V1—2"2 (2.15)
and for any fixed r > 0 we get
. 0Dy



Side Distortion Lower Bound

0 1 1 1
0 0.5 1 1.5 2

Redundancy (p) [bits/sample]

Figure 2.2: Side distortion lower bound vs. redundancy p for several values of base
rate r.
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For an interpretation of this result, consider an MD coding system that achieves the
rate distortion bound for the central decoder. If a small additional increase in rate
is allowed, what would be an intelligent way to spend it? A common performance
measure in MD coding systems is some linear combination of central and side dis-
tortions (in which the weights usually correspond to probabilities of receiving certain
combinations of descriptions). In such a case, the infinite slope at p = 07 implies that
it will be much more efficient to dedicate the small additional rate to reducing the
side distortion rather than to reducing the central distortion. Essentially, a nonzero
redundancy should ideally be used by such a system.

The significant effect of a small amount of redundancy in MD coding systems is
observed even when actual performance is considered, not merely bounds. For exam-
ple, in the MD coding technique of correlating transforms (discussed in Section 2.3.3),
an infinite side distortion slope is again observed at zero redundancy [23, 24].

Ozarow’s result is often interpreted as an exponential lower bound on the product
of central and side distortions. Assuming that Ry = Ry > 1 and Dy = Dy =~
27201 with 0 < v < 1, qp can be estimated as (4D;)~!. The bound in (2.11)
then gets the form

Dy - Dy > %22—4& (2.17)

which explains the reason for this interpretation of Ozarow’s result. This optimal rate
of exponential decay of the product of central and side distortions can be attained by

MD quantization techniques [59, 60] (MD quantization is discussed in Section 2.3.2).
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2.3 Generation of Multiple Descriptions

This section provides a concise description of some common MD coding techniques.
Powerful MD codes can be built from combination of MD coding techniques, like MD
quantizers and transforms [21], along with channel codes and basic components of
modern compression systems, such as prediction, scalar quantization, decorrelating
transforms and entropy coding [22].

One of the simplest ways to produce multiple descriptions is to partition the
source data into several parts and then compress each part independently to produce
the descriptions. Proper interpolation can be used to decode from any (non-empty)
subset of the descriptions. For example, one can separate a speech signal into odd- and
even-numbered samples to produce two descriptions, encode them independently and
employ one-dimensional interpolation upon decoding if one of the descriptions is lost,
as in Jayant’s subsample-interpolation (SI) approach [28, 29]. This separation can also
be adapted to multidimensional data, such as images [52]. Although this technique
can be very powerful, it has a serious drawback, as it relies completely on the existence
and amount of redundancy already present in the source (in the form of correlation or
memory). Additionally, in order to be complementary to modern compression systems
that initially reduce correlation by means of prediction or decorrelating transforms,
an MD coding technique must work well on memoryless sources. We now turn to

describe such techniques in detail.

24



2.3.1 Progressive Coding and Unequal Error Protection

Generation of two descriptions can be easily performed by duplication of a single
description of the source. This description can be produced with the best (single-
description) compression technique available. If only one description is received, the
performance is the best possible in such a case. Nevertheless, receiving both descrip-
tions provides no further improvement in performance.

A more flexible and controllable approach is to repeat only some fraction of the
data. Ideally, the repeated data would be the most important, and thus this type of
fractional repetition is naturally matched to progressive source coding. In order to
produce two R-bit descriptions, first set ¢ € [0, 1] and encode the source to a rate
(2— ()R with a progressive source code. The first (R bits are the most important and
thus are repeated in both descriptions, while the remaining (2—()R—(R =2(1-()R
bits are split between the descriptions (in a meaningful way). Essentially, this strategy
protects some of the bits with a rate-1/2 channel code® (repetition), while the other
bits are left unprotected. It is therefore called an unequal error protection (UEP)
strategy for MD coding. UEP can also be easily generalized to the case of more than
two descriptions.

When designing an MD coding system based on UEP, one has to determine the
amount of data to be coded at each channel code rate. Techniques for this assignment
that are based on optimization of a scalar objective function are described in [38, 43].

In order to assess the performance of UEP as an MD coding technique, the MD

rate distortion region (defined in Section 2.2) can be compared to the corresponding

5A block channel code that maps k input symbols to n output symbols, with n > k, is said to
have rate k/n.
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region attained with UEP. Both regions can be determined completely for the two-
description case with memoryless Gaussian source and squared error distortion mea-
sure. Comparing the minimum attainable central distortions for fixed values of side
distortions can be used to characterize the difference between these regions. The max-
imum gap in central distortion over all rates and side distortions is about 4.18 dB [20].
Although bounded, this gap is quite significant, and analogous comparisons show that

it increases for more descriptions [63].

2.3.2 Multiple Description Scalar Quantization

We begin this section with a description of a natural way to use scalar quantizers
to create multiple descriptions for communication over two channels—a purpose also
known in this context as channel splitting due to its origin. We later introduce a
more systematic and efficient approach to construct scalar quantizer pairs known as
multiple description scalar quantization (MDSQ).

We start with an example demonstrating the difficulty in creating two useful
descriptions of a source without added redundancy. Consider trying to communicate,
using 4 bits, a single real number x € [—1,1]. One option, which is optimal if the
source is uniformly distributed, is the four-bit uniform scalar quantizer shown in
Figure 2.3(a) with black labels. There is no satisfactory way to split the four bits
into two pairs for transmission over two channels since any reconstruction by the side
decoder that does not receive the most significant bit (MSB) will, on average, be
poor. One reasonable labeling under these circumstances is shown in Figure 2.3(a)
with red and blue labels, but even this does not produce good estimates in a consistent
manner.

A natural way to use scalar quantizers for channel splitting is to combine two
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Figure 2.3: (a) A four-bit uniform scalar quantizer. (b) Two three-bit quantizers
that complement each other so that both outputs together give about four-bit
resolution. (¢) More complicated quantizers together attain four-bit resolution while
each having fewer output levels. (From [21])

uniform quantizers (one for each channel) with an offset between them, as shown in
Figure 2.3(b) in red and blue. Due to this offset, combining the information from
both channels gives one additional bit of resolution. To avoid clutter, we do not show
the reconstructions computed when both channels are available; as an example, if
¢1(x) = 110 and ¢o(x) = 101, then = must be in the interval [7/16,9/16) and thus is
reconstructed to 1/2.

Indeed, the quantizers in Figure 2.3(b) produce good side reconstructions (i.e.,
the reconstructions from either channel alone are good), but this comes at the cost
of a fairly high redundancy: the total rate over both channels is 6 bits/sample, while
the reconstruction quality when both channels are received is comparable to that
of the 4-bit quantizer in Figure 2.3(a). More generally, using two B-bit quantizers
(offset from each other) to create the descriptions produces approximately (B + 1)-
bit resolution for the central decoder, while the total rate is 2B bits/sample. Due to

the high redundancy, this solution is usually unsatisfactory (at least unless the side
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reconstructions are of extreme importance).

Reudink [44] was the first to propose efficient channel splitting techniques with a
reasonable amount of redundancy that do not rely entirely on preexisting redundancy
in the source sequence. The quantizers shown in Figure 2.3(c) in red and blue are
based on one of Reudink’s families of quantizer pairs. Although each of these quan-
tizers looks somewhat strange due to the fact that its quantization cells are not con-
nected, both quantizers complement each other to produce cells with small intersec-
tions. For example, knowing that ¢;(x) = 100 only limits z to [1/4,3/8) U [1/2,3/4);
also knowing that ¢o(2) = 100 then localizes = to the interval [1/2,5/8). Note that
each quantizer in Figure 2.3(c) has only six outputs. Considering each of these quan-
tizers as a log, 6 &~ 2.6-bit quantizer, the quantizer pair in Figure 2.3(c) attains 4-bit
resolution with a total rate which is lower than that of the quantizers in Figure 2.3(b).

Reudink’s work was archived as a technical report [44], but was not published.
Many years later, Vaishampayan [59] independently developed a theory for designing
MD scalar quantizers. Based on this theory, we now give a formal notation for MD
scalar quantization and a systematic way to construct scalar quantizer pairs like those
in Figure 2.3.

A fixed-rate MD scalar quantizer is comprised of an encoder g and three de-
coders: a central decoder 3y and two side decoders 3; and (5. For each scalar sample
x of the source, the encoder g produces a pair of quantization indices (i1,72). The
central decoder 3y produces an estimate of z from (i1,i2) and the side decoders [3;
and (3, produce estimates from i; and iy, respectively. For example, in Figure 2.3(b)
and (c) the i; and iy indices are shown in red and blue, respectively. The reconstruc-
tions by the side decoders ; and 3y are indicated by vertical positions, while the

reconstruction by the central decoder 3y is implicit.

28



Vaishampayan [59] proposed a useful visualization technique for the encoding op-
eration. First, the encoding operation ay is presented as ay = [ o a—the composition
of an index assignment [ and an initial encoder «. The initial encoder « is an ordinary
quantizer, i.e., it partitions the real line into cells that are intervals. The index as-
signment [, which must be invertible, produces a pair of indices (i1, i) from the single
index produced by the ordinary quantizer «. Vaishampayan’s visualization technique
is to write out /7!, forming the index assignment matrix.

The index assignment matrix corresponding to the quantizer in Figure 2.3(b) is
shown in Table 2.1, where the cells of the initial encoder «a, taken in increasing values

of x, are numbered from 0 to 14. The redundancy in the representation by this

000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
000 | O
001 1 2
010 3 4
011 5 6
100 7 8
101 9 | 10
110 11 | 12
111 13 | 14

Table 2.1: Index assignment matrix for the quantizer in Figure 2.3(b). The indices
in the left column and top row of the matrix correspond to the red and blue labels
in Figure 2.3(b), respectively.

quantizer is indicated by the fact that the corresponding index assignment matrix
has only 15 out of 64 cells occupied. The qualities of the side reconstructions are
indicated by the relatively small range of values in any row or column of the matrix
(a maximum difference of 1).

Lower redundancy can be achieved using an index assignment matrix with a higher
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fraction of occupied cells. Table 2.2 shows the index assignment matrix for the quan-

tizer in Figure 2.3(c). A higher fraction of occupied cells (16 out of 36) in this example

000 | 001 | 010 | 011 | 100 | 101
000 O 1
001 | 2 3 )
010 4 6 7
011 8 9 | 11
100 10 | 12 | 13
101 14 | 15

Table 2.2: Index assignment matrix for the quantizer in Figure 2.3(c). The indices
in the left column and top row of the matrix correspond to the red and blue labels
in Figure 2.3(c), respectively.

indicates lower redundancy, but the extended range of values in any row or column
of the index assignment matrix (a maximum difference of 3) implies that the side
distortions are higher.

If all the cells of the index assignment matrix are occupied, there is no redundancy.
However, the side distortions in this case are necessarily high. For a four-bit quantizer
a and zero redundancy, Table 2.3 shows the best possible index assignment, as also

marked in Figure 2.3(a) with red and blue labels.

0001|1011
000|156
01| 2 712
101 3 | 8 | 11|13
1119 1014 |15

Table 2.3: Index assignment matrix for the quantizer in Figure 2.3(a). The indices
in the left column and top row of the matrix correspond to the red and blue labels
in Figure 2.3(a), respectively.
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In the design of an MD scalar quantizer, the optimization of the ordinary quan-
tizer a and the decoders [y, ; and (5 is relatively easy. The optimization of the
index assignment [ is very difficult, however. Instead of addressing the exact optimal
index assignment problem, Vaishampayan [59] gave several heuristic guidelines that
are likely to give performance which is close to the best possible. Essentially, the cells
of the index assignment matrix should be filled from the upper-left to the lower-right
and from the main diagonal outward, as demonstrated in the examples above.

The theory of designing MD scalar quantizers is extended from fixed-rate quanti-
zation to entropy-constrained quantization in [61].

The design of an MD scalar quantizer offers convenient adaptation of the quantizer
according to the relative importance of the central distortion and each side distor-
tion. For the balanced case, where Ry = Ry and D; = D, and assuming high rates,
the central and side distortions can be traded off while keeping their product con-
stant [59, 61]. In addition, it can be shown that the exponential decay of this product
as a function of the rate matches the optimal decay implied by [41], while the lead-
ing constant terms are consistent with what one would expect from high-resolution
analysis of ordinary (single description) scalar quantizers [60].

The formalism of MD scalar quantization can be extended to MD vector quantiza-
tion (MDVQ), but the actual quantizer design and encoding may become impractical
if no additional constraints are placed. This is because the complexity of the initial
quantization mapping « increases exponentially with the vector’s dimension N and
because the heuristic guidelines for the design of the index assignment [ in MDSQ do
not extend to MDVQ as there is no natural order on R"V. These difficulties are avoided
by the elegant technique of MD lattice vector quantization (MDLV(Q)) of Servetto et

al. [47, 62], where the index assignment problem is simplified by lattice symmetries
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and the complexity is reduced due to the structure of the lattice [12]. Other related
MD quantization techniques are described in [17, 18, 26].

Obviously, MD scalar quantization can also be applied to transform coefficients.
For the case of high rates, it is shown in [3] that the transform optimization problem
is essentially unchanged from conventional (single description) transform coding. The
technique of MD correlating transforms described next also utilizes transforms and
scalar quantizers, but, in contrast to MD scalar quantization, gets its MD character

from the transform itself.

2.3.3 Multiple Description Correlating Transforms

This section provides a concise description of a useful technique for meeting MD
coding objectives in the framework of standard transform-based coding through the
design of correlating transforms [24]. The basic idea in standard transform coding is to
eliminate statistical dependency and produce uncorrelated transform coefficients [22].
In the scenario of MD coding, however, statistical dependency between transform co-
efficients may prove useful as it can improve the estimation of transform coefficients
that are in a lost description. The technique of MD coding using correlating trans-
forms, proposed by Wang et al. [65], is based on explicit introduction of correlation
between pairs of random variables through a linear transform (called a correlating
transform in this context due to its purpose).

Relating to the two-description case, let X; and X5 be statistically independent
zero-mean Gaussian random variables with variances o? > o5. In the case of con-
ventional (single description) source coding, there would be no reason to use a linear
transform prior to quantization. For a rate R (in bits per sample) and assuming high-

rate entropy-coded uniform quantization, the MSE distortion per component would
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be given by [22]

Dy = %alaﬂ—m, (2.18)

which is the best possible performance in this case.
In the two-description MD scenario, suppose that the quantized versions of X;
and X, are sent on channels 1 and 2, respectively. Due to the statistical independence

of X and X5, side decoder 1 cannot do better than estimating X, using its mean.

Therefore
e _ 1
D1 = 50'10'22 2 + 50’% (219)
and, similarly,
e _ 1
Dy = 501092 2R 4 50%. (2.20)

Under the assumption that each channel is equally likely to fail, instead of considering
D, and D, separately, it is reasonable to consider the average distortion when one

description is lost

o 1
Di = 5(Di+ Dy) = 1(07 +03) + Toon0:2 7" (2:21)

The average side distortion D; could be reduced if side decoder i had some in-

formation about Xj, j # ¢. This can be achieved by sending correlated transform

coefficients instead of the X;’s themselves, i.e., to send quantized versions of Y; and

Y, given by
le a b Xl
= (2.22)
3/2 c d XQ
Specifically, let us consider the original transform proposed in [65], where
Y] 1 1 1 X
o ' (2.23)
.| Y21 21| x



Since [Y7, Ys]” is obtained using an orthonormal transformation and MSE distortion
is considered, the distortion in approximating the X;’s equals the distortion in ap-
proximating the Y;’s. Since the variance of both Y; and Y5 is (0% + 03)/2, the central

distortion is given by

Do = %e (@) 9-2R (2.24)

which is worse than the performance attained without using the correlating transform

by a constant factor of
(0% +03)/2
0102 ’

I = (2.25)

Note that I' > 1 as the ratio of an arithmetic and a geometric mean, and that o3 > o3
implies ' > 1.

For each side decoder, the total distortion is approximately equal to the quantiza-
tion error plus the distortion in estimating the missing coefficient from the received

one. Using the fact that Y; and Y, are jointly Gaussian, it can be shown that [24]

— o202 e U2+02
Dy~ L2 — (L2 )92k 2.26
' 624 62 T3 ( 2 (2:26)

By comparing (2.21) and (2.26), one can see that the use of the transform given
by (2.23) reduced the constant term in D; by the factor I'?, while the exponential
term was increased by the factor I'. Along with (2.18) and (2.24), this shows that
the technique of correlating transforms enables the central and side distortions to be
traded off. Intermediate tradeoffs can be obtained by using other orthogonal trans-
forms. As also discussed later in this section, additional operating points, including
more extreme tradeoffs, can be attained by using nonorthogonal transforms [39]. Note
that the factor I' approaches unity as o;/0y — 1; thus, the pairwise correlation has
no effect when the joint density of X; and X, has spherical symmetry (this fact holds

equally well for both orthogonal and nonorthogonal transforms).

34



We now give a useful geometric interpretation to the use of correlating transforms
for MD coding. As before, let X = [X;, X5]7 where X; and X, are statistically
independent zero-mean Gaussian random variables with variances 0% > ¢3. Denot-
ing the standard basis of R? by {e;, e»}, we note that the level curves of the joint
probability density function (pdf) of X are ellipses with principal axis aligned with
e; and secondary axis aligned with e;. Without using a correlating transform, X is

essentially represented by ((X, e1), (X, es)), where (-, -) denotes inner product. This

is shown in Figure 2.4(a).

L]

(e) (d)

Figure 2.4: Basis configurations for correlating transforms. (a) The standard basis.
(b) Basis for the original correlating transform of [65]. (c) Generalization to
arbitrary orthogonal bases. (d) Bases that are symmetric with respect to the

principal axis of the source density. (From [24])
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Assume that uniform scalar quantized versions of (X, e;) and (X, e;) are used as
descriptions. For a given total rate, it was demonstrated earlier in this section that
the central distortion Dy and the average side distortion D; = (D; + Dy) /2 can be
traded off by using the correlating transform of (2.23), which corresponds to using

the representation

((X, %[1,1}% (X, %[—1,1]@) | (2.27)

This is only a single operating point, however, and it may be desirable to trade off
Dy and D in a continuous manner.

The representation in (2.27) is immediately recognized as
((X, Gruer), (X, Grpues)) (2.28)

where Gy is a Givens rotation of angle 0 (see Figure 2.4(b)). Thus, a natural extension

is to consider all representations of the form (see Figure 2.4(c))
((X, Gger), (X, Gges)), for 0 <0 <7/4 (2.29)

which offers a continuous tradeoff between Dy and D;. This representation has an
undesirable asymmetry, however, as it produces unequal side distortions (except for
0 = m/4). A geometric reasoning for this asymmetry, based on Figure 2.4(c), is as
follows. Dj is the variation of X which is not captured by (X, Gge;), or the variation
perpendicular to Gge; (neglecting the quantization error as Dy and D, are equally
affected by quantization). Similarly, D, is the variation perpendicular to Gyes. Due
to the fact that Gye; and Gyes are not symmetrically situated with respect to the pdf
of X (except for 6 = 7/4), the side distortions D; and Dj are unequal.

The equal weighting of D; and D, in D, suggests equal importance of both descrip-

tions, and so equal side distortions may be desirable. If so, based on the geometric
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observation above, it is reasonable to represent X by (see Figure 2.4(d))
(X, Gyer), (X, G_geq)), for 0 <0 < 7/2. (2.30)

Additionally, note that in order to capture most of the principal component of the
source, the basis should be skewed toward e; (see Figure 2.4(d)). Although equal side
distortions are attained using this representation (i.e., Dy = Ds), its use introduces
a new problem.

The representation of X using (2.30) is a nonorthogonal basis expansion (for
0 # m/4). The uniform scalar quantization of such a representation produces non-
square partition cells. These non-square partition cells are undesirable as they have
normalized second moments that are higher than those of square cells, and thus may
lead to higher distortions [22]. The insight attributed to Vaishampayan is that a
correlating transform can be applied after quantization has been performed in an
orthogonal basis representation, which ensures that the partition cells are square
regardless of the transform. The advantage of this approach over the original method
of pairwise correlating transforms was demonstrated in [39]. Although the transform
in this case maps from a discrete set to a discrete set, it can be designed to approximate
a linear transform [23, 24].

From the geometric view of Figure 2.4, one can easily understand the significance
of the ratio o1 /09 in MD coding using correlating transforms. When o4 /09 — 1, the
level curves become circles and the variation perpendicular to either basis vector is
then invariant to the basis; the side distortions are thus unaffected by the correlating
transform and this holds equally well for both orthogonal and nonorthogonal bases.

The MD coding technique of correlating transforms can also be generalized to

the case of more than two descriptions. Such an extension is described and analyzed
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in [24].
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Chapter 3

Multiple Description Image

Coding via Polyphase Transform

This chapter reviews an efficient technique for MD image coding utilizing a polyphase
transform and selective quantization [30]. This method forms the framework of our

proposed context-based MD coding system, introduced in Chapter 4.

3.1 System Outline

Unlike many other MD coding techniques, such as MD scalar quantization and MD
correlating transforms (both are described in Chapter 2), the technique of MD coding
via polyphase transform and selective quantization explicitly separates description
generation and redundancy addition. This separation can significantly reduce the
complexity of the system design and implementation, especially in the case of more
than two descriptions. The polyphase transform-based technique described in this

chapter also enables to easily generate descriptions of statistically equal rate and
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importance, a property which is well suited to communication systems with no priority
mechanisms for data delivery, such as the Internet.

For description generation, this approach employs a polyphase transform (i.e.,
decomposition to polyphase-like components; specific options are described below),
and each of the resulting polyphase components is coded independently at a source
coding rate to constitute the primary part of information for its corresponding de-
scription. In order to explicitly add redundancy to each description, other polyphase
components are then coded at a (usually lower) redundancy coding rate using se-
lective quantization and added to this description. In case of channel failures, this
redundancy enables an acceptable reconstruction of the lost components. This is

shown in Figure 3.1 for the two-description case.
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Figure 3.1: MD coding system based on polyphase transform and selective
quantization.

Referring to Figure 3.1, the input X is first decomposed into two sub-sources Y;

and Y5 via a polyphase transform. Each of the two polyphase components Y; and Y5
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is then quantized independently by ()1 to form the primary part of information for its
corresponding description. In order to enable an acceptable reconstruction of the lost
component in the case of a channel failure, each description also carries information
about the other component—a coarsely! quantized version produced by the quantizer
Q2. The outputs of the appropriate quantizers are combined together by a multiplexer
to form the descriptions, and each description is transmitted on its corresponding
channel. At the receiver, if both descriptions arrive, the finely quantized versions of
the two polyphase components (produced by ) during encoding) are then used for
reconstruction to produce X© 1f one of the descriptions is lost, one finely quantized
and one coarsely quantized polyphase component (the primary and redundant part of
the received description, respectively) are used for reconstruction (the reconstruction
from description ¢ only is denoted by X0 j=1, 2).

Note that in the encoded bit stream the redundant information (coarsely quan-
tized polyphase components) is explicitly separated from the primary information
(finely quantized polyphase components), which simplifies the design and implemen-
tation of the encoder and decoders in the system. Compared to the technique of MD
correlating transforms, no use of an additional correlating transform is needed here,
while careful index assignments required by MD scalar quantizers are also avoided
by this approach. Despite the similarity to Jayant’s subsample-interpolation (SI) ap-
proach [28; 29] (described in Section 2.3), the polyphase transform-based technique
does not rely on the existence and amount of redundancy already present in the source

and thus can also be applied to memoryless sources.

!The quantizers Q1 and Q. are referred to as “fine” and “coarse”, respectively, in order to
demonstrate the concept of selective quantization. The actual relation between the resolutions of
the different quantizers is generally determined according to the probability of description loss (i.e.,
channel failure).
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The polyphase transform-based technique can also be adapted to the case of cor-

related input data, as shown in Figure 3.2. The correlated input data (e.g., an image)
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Transform "|  Generation : Addition : .| Entropy Encoding .| Synchronization |
Channel lll
Inverse - < P ) P le——
Output < < <
<—p Decorrelating D&S:rnﬁ):on ) l;zcdol;/:é;;%m ) Engg"ﬂ;ﬁ;‘;‘f{gﬁ & e Unpacketization ‘_
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Figure 3.2: MD coding system based on polyphase transform and selective
quantization for correlated input.

is first transformed by a decorrelating transform (e.g., KLT [22]). In the description
generation stage, a polyphase transform is applied to the transform coefficients and
each resulting polyphase component forms the primary part of a single description.
The redundancy addition stage identifies for each description which of the other de-
scriptions it will protect and introduces redundancy among descriptions accordingly.
Each description is then quantized and entropy-coded independently, where the pri-
mary information is coded at a source coding rate and the redundant information
is coded at a (usually lower) redundancy coding rate. The coded descriptions are
independently packetized and transmitted over the network (e.g., the Internet).

For decoding, the decoder first identifies which descriptions are available and which
are lost. It then decodes the available descriptions and uses the redundancy infor-
mation to reconstruct the polyphase components whose corresponding descriptions
are missing. In the description merging stage the reconstructed polyphase compo-
nents are recomposed together and finally the inverse of the decorrelating transform

is applied to obtain the reconstructed output.
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3.2 Experimental Results

In this section we review some of the experimental results for the polyphase transform-
based MD image coder, as reported in [30]. It is aimed to demonstrate the perfor-
mance of the polyphase transform-based coder and compare it with that of an al-
ternative MD wavelet image coder based on multiple description scalar quantization
(MDSQ).

For the two-description case, in the polyphase transform-based MD image coder
of [30], the input image is first wavelet transformed and a polyphase transform is
then applied to the wavelet coefficients to decompose them into two polyphase com-
ponents. Two different types of polyphase transform are examined. One is the plain
polyphase transform, which, for each row in each subband, simply groups all the
even-numbered coefficients into one polyphase component and all the odd-numbered
coefficients into the other component. The second, which can be viewed as a gen-
eralized polyphase transform in vector form, groups wavelet coefficients in different
subbands corresponding to the same spatial location into a block structure similar
to the zerotree structure [49]. One polyphase component then consists of all the
even-numbered blocks and the other consists of all the odd-numbered blocks.

Finely quantized and coarsely quantized versions of the polyphase components
then constitute the two descriptions, as explained in Section 3.1. The actual quanti-
zation and entropy coding of the different polyphase components is performed using
the SPIHT wavelet image coder [45].

For the grayscale image Lena of size 512 x 512 pixels, Figure 3.3 shows? the PSNR

(Peak Signal-to-Noise Ratio) values corresponding to the central and (average) side

2Figure 3.3 is based on Figure 5(a) from [30], after a swap between the curves referring to the
plain and vector-form polyphase transforms, as implied by the accompanying text in [30].
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distortions obtained for different amounts of redundancy and a total rate of 1 bpp

(bits per pixel). Comparing the results for the two types of polyphase transforms, the
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Figure 3.3: Central PSNR vs. side PSNR for image Lena; total rate of 1 bpp. The
polyphase transform-based MD wavelet coder [30] (with two options for the
polyphase transform) is compared with the MDSQ-based coder [46].

vector-form polyphase transform yields slightly better results than the plain polyphase
transform. This can be explained by the fact that the SPIHT coder is suited to the
zerotree structure used by the vector-form polyphase transform and thus more efficient

coding is obtained for this type of transform. A comparison with the MDSQ-based
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MD wavelet image coder of Servetto et al. [46] (results are obtained from [30]) is also
shown in Figure 3.3 and demonstrates the effectiveness of the polyphase transform-

based MD coding technique.
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Chapter 4

Context-Based Multiple
Description Wavelet Image Coding:

Motivation and Proposed System

Outline

This chapter provides the motivation for context-based MD coding in the wavelet
domain, which enables the proposed coder to utilize some useful properties of the
wavelet decomposition for meeting MD coding objectives, and also presents the out-
line of the proposed context-based MD wavelet image coder. The subsequent chapters
will provide a more detailed description of the main building blocks of the proposed
coder. These include the context-based classification procedure, which enables us
to use a set of customized quantizers for improved coding efficiency, as well as the

efficient parametric model-based quantization and bit allocation schemes.
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4.1 Motivation

One of the first applications of wavelet theory was image coding. Early wavelet
coders used coding techniques similar to those already used by subband coders, with
the only possible difference being the choice of filters (wavelet filters were typically
designed to satisfy certain smoothness constraints [14], while subband filters were
designed to approximately satisfy the criteria of nonoverlapping frequency responses).
In contrast, modern wavelet coders usually utilize the multiresolution nature of the
wavelet decomposition in order to achieve improved coding efficiency.

Our proposed MD coder also operates in the wavelet domain and exploits the
special properties of the wavelet decomposition for meeting MD coding objectives.
This is accomplished by means of various coding procedures adapted for this task,
such as context-based classification of subband coefficients, parametric model-based
quantization and efficient bit allocation. This section provides the motivation for
context-based MD coding in the wavelet domain by presenting a brief review of the
wavelet transform, followed by a description of some useful statistical properties of
wavelet coefficients. Later, we will describe in detail the various procedures that
enable the proposed MD coder to utilize the useful properties of the wavelet decom-

position for improved coding efficiency.

4.1.1 Wavelet Background

A typical one-dimensional (1-D) discrete wavelet transform (DWT) is shown in Fig-
ure 4.1. The one-dimensional input signal x(n) is passed through a lowpass filter h

and a highpass filter g, followed by downsampling by a factor of two, to constitute
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Figure 4.1: K-level one-dimensional discrete wavelet transform.

one level of the transform [57]. The outputs a;(n) and d;(n) are called the approxi-
mation and detail subbands of the signal, respectively. Multiple levels, or scales, of
the wavelet transform are formed by repeating the filtering and decimation process,
usually on the lowpass branch outputs only. To produce a K-level wavelet decompo-
sition, as in Figure 4.1, the process is carried out for a total number of K times. The
resulting approximation coefficients ax (n) and detail coefficients d;(n),i € {1,..., K}
are called wavelet coefficients.

The extension of a one-dimensional wavelet transform to a two-dimensional (2-D)
wavelet transform for the processing of images can be performed using separable
wavelet filters [27, 37]. Namely, a two-dimensional transform can be computed by
applying a one-dimensional transform to all the rows of the input image, followed by
a one-dimensional transform applied to all the resulting columns. This is illustrated in
Figure 4.2, where x(m,n) denotes the input image (m and n are the row and column
indices, respectively) and h and g are the lowpass and highpass filters, respectively.
Note that downsampling is performed in two stages, with one of them preceding the
second filtering operation, to reduce the overall number of computations. The outputs
ai(m,n), d¥(m,n), d{ (m,n) and dP(m,n) are called the approzimation, horizontal
detail, vertical detail and diagonal detail subbands of the image, respectively.

Multiple levels (scales) of the two-dimensional wavelet decomposition are formed
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Figure 4.2: Two-dimensional discrete wavelet transform. Separable filters are first
applied in the horizontal dimension and then in the vertical dimension to produce a
one-level two-dimensional transform.
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by repeating the process, typically on the approximation subband only. As an ex-
ample, consider the original image of size 512 x 512 pixels shown in Figure 4.3.
A three-level two-dimensional wavelet transform of the original image is shown in
Figure 4.4. Note that the detail subbands (all subbands except the approximation
subband as in the upper left corner of the decomposition) have been enhanced to
make their underlying structure more visible.

The octave-band frequency decomposition, obtained by recursively splitting the
lowpass branch outputs, provides good spatial selectivity at higher frequencies, and
good frequency selectivity at lower frequencies. This tradeoff is very useful for the
analysis of natural images, as these often exhibit short, high-frequency events (e.g.,

edges), in addition to long, low-frequency events (e.g., typical scene’s background).

4.1.2 Statistical Characterization of Wavelet Coefficients

For the purpose of image coding, one of the most attractive properties of the wavelet
transform is its tendency to compact the energy of the input image into a relatively
small number of wavelet coefficients [57]. This energy compaction property can also be
shown to be equivalent to reducing the correlation amongst wavelet coefficients [58].
For natural images, as an example, much of the energy in the wavelet transform is
concentrated in the approximation subband. Moreover, the energy in detail subbands
is concentrated in a relatively small number of coefficients.

The first order statistics (distribution marginals) of detail' wavelet coefficients

! Approximation coefficients are usually modeled using a uniform distribution [9].
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Figure 4.3: Original image used for demonstrating the two-dimensional wavelet
transform.
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Figure 4.4: Example of a three-level two-dimensional wavelet transform of the
original image shown in Figure 4.3 (the detail subbands have been enhanced to
make their underlying structure more visible).
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have been previously modeled [31, 33, 36, 37] using a two-parameter generalized Gaus-

sian (also called generalized Laplacian) probability density function (pdf) of the form

where N(s,r) = 2sT'(1/r)/r and I'(a) = [t e~ dt is the Gamma function. The

shape parameter r determines the exponential rate of decay and the distribution

variance o2 is given by

»
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|
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The generalized Gaussian distribution (GGD) is a family of zero-mean symmetric
distributions that include the Laplacian distribution (for » = 1) and the Gaussian
distribution (for r = 2). In addition, the density function of (4.1) converges pointwise
to a uniform density on (—s,s) as r — oo.

For various types of images, excellent fits of the generalized Gaussian probability
density function of (4.1) have been demonstrated in [9]. For the images in the rich
sample set used in [9], the shape parameter r in (4.1) corresponding to the best fit
is typically in the range [0.5, 1], which implies that the first order statistics of detail
wavelet coefficients can be reasonably modeled using a Laplacian distribution.

An example of the generalized Gaussian probability density function of (4.1) with
r = 1 (i.e., Laplacian density) and s = 1.5 is shown in Figure 4.5. As shown, the
density function is symmetric, peaked at zero and has relatively long tails. The long
tails indicate the existence of a few subband coefficients with large magnitudes that
concentrate a large portion of the energy in the subband. The high peak around zero
indicates that most coefficients in the subband have magnitudes which are close to
zero and thus have low energy.

Although the coefficients produced by the wavelet transform are approximately
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Figure 4.5: The generalized Gaussian probability density function of (4.1) with
r=1and s = 1.5.

o4



decorrelated [49], visual inspection of the wavelet decomposition (see Figure 4.4, for
example) reveals that wavelet coefficients are not statistically independent. In fact,
large magnitude coefficients are usually gathered at neighboring spatial locations, as
well as at the same relative spatial locations of subbands at adjacent scales and orien-
tations [9]. Experiments show that the correlation coefficient between the square of a
wavelet coefficient and the square of the coefficient corresponding to the same spatial
location at the next coarser scale (also called parent; see Figure 4.6 for illustration)
tends to be between 0.2 and 0.6 with a concentration around 0.35 [49].

Numerous image compression schemes implicitly utilize the spatial and scale-to-
scale dependencies present in the wavelet decomposition. The embedded zerotree
wavelet (EZW) coder of Shapiro [49], whose introduction in 1993 marked the begin-
ning of the era of modern lossy wavelet coding, exploits the likelihood of a coefficient
to have small magnitude if the coefficients corresponding to the same spatial location
at coarser scales have small magnitudes. In this technique, entire trees of zeros are
encoded with a single symbol, thus capturing a portion of the conditional distribu-
tion of a coefficient given the coefficients corresponding to the same spatial location at
coarser scales. Said and Pearlman [45] generalized Shapiro’s zerotrees and introduced
set partitioning techniques to effectively encode these generalized trees of zeros. The
resulting coding scheme, known as SPIHT (Set Partitioning In Hierarchical Trees),
outperforms EZW at even lower levels of complexity. LoPresto et al. [36] use a gener-
alized Gaussian model for the wavelet coefficients and estimate the model parameters
from local neighborhoods.

In order to explicitly examine and utilize the statistical relationship between the

magnitudes of wavelet coefficients, and due to the difficulty of characterizing the full
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multidimensional density, Buccigrossi and Simoncelli [9] proposed to use a linear pre-
dictor for the magnitude of a coefficient, based on the magnitudes of its neighbors
(also at adjacent scales and orientations), as shown in Figure 4.6. In order to deter-
mine which coefficients to include in the conditioning set, rather than exhaustively
explore all possible subsets of candidate neighbors, a greedy algorithm was applied.
Specifically, the conditioning set was constructed incrementally: at each step, the
remaining neighbor whose inclusion maximized the mutual information between the
coefficent and its predictor was joined to the conditioning set. Using this analysis
based on three sample images, and imposing causality (assuming a standard scanline
ordering of the coefficients), it was found that the local neighbors within the subband
(labeled “Left” and “Up” in Figure 4.6) contributed the most to the mutual informa-
tion. The parent and the cousins (in that order) followed with smaller contributions,
while joining any of the remaining potential neighbors to the conditioning set offered
only a marginal increase in the resulting mutual information.

As described above, the utilization of the statistical dependencies present in the
wavelet decomposition enables modern wavelet coders to achieve improved coding
efficiency. The proposed context-based MD wavelet image coder, introduced in the
following section, is designed to utilize the fundamental properties of the wavelet
decomposition in the framework of multiple description coding. In the following
sections, we will show how these useful properties of the wavelet decomposition can

be exploited for meeting MD coding objectives.
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4.2 Proposed System Outline

Chapter 3 described a useful technique for MD coding via the utilization of a polyphase
transform and selective quantization [30]. Section 4.1 introduced the wavelet decom-
position and its fundamental statistical properties. Our proposed context-based MD
wavelet image coding system is aimed to provide improved coding efficiency by means
of effective utilization of the statistical properties of the wavelet decomposition, in
the general framework of polyphase transform-based MD coding. We focus on the
two-description case, mainly due to its tractability, as is common in the MD coding
literature.

For image coding (i.e., correlated input data), the polyphase transform-based tech-
nique of [30] first employs a decorrelating transform, such as wavelet transform. Re-
ferring to Figure 3.1 in Section 3.1 (which does not show the decorrelating transform
itself), the resulting decorrelated transform coefficients, denoted by X, are decom-
posed into two sub-sources Y; and Y, via a polyphase transform. Each of the two
polyphase components Y; and Y3 is then quantized independently by ), to form the
primary part of information for its corresponding description. In order to enable an
acceptable reconstruction of the lost component in the case of a channel failure, each
description also carries information about the other component—a coarsely quan-
tized version produced by the quantizer ()5. At the receiver, if both descriptions
arrive, the finely quantized versions of the two polyphase components (produced by
@)1 during encoding) are used for reconstruction. If one of the descriptions is lost, one
finely quantized and one coarsely quantized polyphase component (the primary and
redundant part of the received description, respectively) are used for reconstruction.

As also pointed out in [30], the structural similarities existing between the polyphase



components Y; and Y5 can potentially improve the quantization efficiency, if utilized
effectively. In the case that only description ¢ is received (i € {1,2}), side decoder i
uses the finely quantized version of the polyphase component Y; (produced by ()
and the coarsely quantized version of the other polyphase component (produced by
Q<) for reconstruction. Since this coarsely quantized component needs to be decoded
only in that case and the finely quantized component is available to both the encoder
and the relevant side decoder, the finely quantized component can also serve to pro-
vide contextual information that will improve the quantization efficiency of ()5. This

is shown in Figure 4.7.
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Figure 4.7: MD coding system based on polyphase transform that utilizes
context-based quantization in coding the redundant information.

Although the polyphase components Y; and Y5 in Figure 4.7 are both derived from
the same input X (denoting the transform coefficients), it is not obvious how one of
them can help to improve the quantization of the other. First, since the input X is

typically the output of a decorrelating transform, the coefficients of the polyphase
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components Y; and Y5 are approximately decorrelated. Thus, quantization schemes
that rely on correlation, such as linear predictive quantization, are not expected to
yield an improvement in the quantization of a polyphase component by using the
(quantized) complementary polyphase component. Second, the structural similarities
existing between the polyphase components Y; and Y, cannot be easily characterized
and their utilization to improve the quantization efficiency of the quantizer @), is
therefore a complicated task. Moreover, since the polyphase decomposition generally
breaks the natural structure of the transform decomposition X (e.g., wavelet decom-
position), common statistical characterizations of the transform coefficients and their
dependencies have to be adapted accordingly.

To overcome these difficulties, the proposed MD coder realizes an adaptive model-
based quantization scheme that is aimed to utilize the special statistical properties
of the wavelet decomposition. Adaptivity is achieved by means of context-based
classification that also produces a controlled amount of side information, where the
contexts are formed from finely quantized coefficients of the complementary polyphase
component. The classification, performed on a coefficient-by-coefficient basis (as op-
posed to block-based classification [33]), enables the encoder to use a set of customized
quantizers for improved coding efficiency, along with efficient parametric model-based
quantization and bit allocation schemes.

Figure 4.8 shows a simplified block diagram of the proposed encoder. The input
image is first wavelet transformed to produce the dyadic wavelet decomposition de-
noted by X. The resulting decorrelated transform coefficients are decomposed into
the two polyphase components Y; and Y5 via a polyphase transform. Each of the

two polyphase components Y] and Y5 is then encoded independently by a wavelet
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Figure 4.8: Simplified block diagram of the proposed MD encoder.
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coefficients encoder to form the primary part of information for its corresponding de-

scription. Depending on the exact type of polyphase transform, this can generally be a

standard wavelet encoder (e.g., SPIHT [45] encoder), operating directly on the wavelet

coefficients. In order to enable an acceptable reconstruction of the lost component in

the case of a channel failure, each description also carries information about the other

component. This redundant information, useful only in the case of a lost description,

is produced by efficient algorithms for classification, bit allocation, quantization, and

adaptive entropy encoding, that use contextual information extracted from quantized

coefficients of the complementary polyphase component. These quantized coefficients

are obtained directly from the wavelet coefficients encoder that produces the primary

part of information for the description.
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In order to utilize the statistical dependencies between neighboring wavelet co-
efficients (see Section 4.1.2), for improving the coding efficiency of the redundant
information, the context used for the classification of a given coefficient is formed
from neighboring quantized coefficients, obtained from the complementary polyphase
component. To avoid the need for an explicit characterization of the statistical depen-
dencies between neighboring coefficients, we use an adaptive classification procedure
that also produces a controlled amount of side information, which is transmitted to
the decoder. This side information includes the classification thresholds, allowing to
select a class for a coefficient given its context, as well as the source statistics of each
class, where each class is modeled using a parametric distribution. The paramet-
ric modeling is also utilized by the bit allocation, quantization and entropy coding
procedures that follow.

A simplified block diagram of the corresponding decoder is shown in Figure 4.9.
If both descriptions arrive, the primary part of information from each description is
decoded using a wavelet coefficients decoder (corresponding to the wavelet coefficients
encoder used for encoding the primary part of information). The central decoder then
composes the resulting polyphase components to produce the reconstructed wavelet
decomposition X(©. Finally, an inverse wavelet transform is applied to the recovered
wavelet coefficients to produce the reconstructed image.

If only description i is received (i € {1,2}), the primary part of information from
the received description is decoded, as before, to recover the quantized polyphase
component Y;. The complementary polyphase component is then recovered from the
redundant part of information. To this end, entropy decoding is performed, followed
by context-based classification and dequantization. The contexts for classification are

formed from quantized coefficients of the polyphase component Y;, and the auxiliary
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Simplified block diagram of the proposed MD decoder.

side information provides the required classification thresholds and source statistics

of each class. Side decoder ¢ then composes the recovered polyphase components to

produce the reconstructed wavelet decomposition X®_ An inverse wavelet transform

follows to produce the reconstructed image.

The next chapters provide a detailed description of the main building blocks of

the proposed coder, which include the classification, quantization and bit allocation

schemes. A careful treatment of some important implementation considerations, such

as boundary extension and optimal bit allocation for biorthogonal wavelet filters, is

also provided.
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Chapter 5

Context-Based Multiple
Description Wavelet Image Coding:

Context-Based Classification

5.1 Introduction

Data classification is an effective technique used in various quantization applications.
For an input source modeled as a mixture of sources with different distributions,
classification enables the use of a set of quantizers, each customized to an individual
distribution component. Compared to the use of a single average quantizer fitted to
the overall input statistics, this offers a potential increase in coding efficiency, since the
quantization can be adapted to the data based on the classification information [66].

As a simple demonstration of the potential benefit of classification in general
subband image coding applications, consider Figure 4.4 (in Section 4.1.2), which

shows the wavelet transform of the natural image shown in Figure 4.3. As can be
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seen, high-activity regions (corresponding to edges in the image, for example) tend
to cluster at neighboring spatial locations, and are separated from surrounding low-
activity regions. Identifying those high- and low-activity regions via classification
would enable the utilization of separate quantizers, each suited to a different region.

A comprehensive study by Joshi et al. [33] demonstrates substantial coding gains
due to classification in subband image coding applications. The considered classifica-
tion techniques are all based on block-wise classification, where one of a finite number
of classes is assigned to each block of coefficients within a subband. In the framework
of [33], the class assigned to each block is explicitly stated as side information and
transmitted to the decoder (this is known as forward classification). In order to limit
the resulting overhead, the size of blocks used for classification must be large enough,
and the number of potential classes must be kept small. Even then, however, the
overhead rate may become excessive for low target bit rates.

Our proposed MD coder utilizes classification for efficient coding of the redundant
information, which enables an acceptable reconstruction of the lost polyphase com-
ponent in the case of a channel failure. In order to perform well across a wide range
of total bit rates (corresponding to the desired quality of reconstruction) and redun-
dancy levels (derived from the probability of channel failure), the proposed coder
avoids the penalty of forward classification. To this end, the classification is based on
quantized coefficients of the complementary polyphase component, and utilizes the
special statistical properties of the wavelet decomposition. Since the quantized coef-
ficients of the complementary polyphase component are also available at the decoder,
no transmission of side information is required. Nevertheless, a controlled amount
of side information is still produced and transmitted to the decoder, in order to im-

prove the performance of the system. This side information includes the classification
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thresholds, allowing to select a class for a coefficient given its context, as well as the
source statistics of each class, where each class is modeled using a parametric distri-
bution. It allows the classification process to adapt itself to the data, and enables
the proposed coder to avoid the need for an explicit characterization of the statisti-
cal dependencies between neighboring wavelet coefficients. Compared to block-based
classification techniques, our context-based classification procedure, inspired by that
of [66], enables finer grain classification, down to the coefficient level (rather than a
block level).

For description ¢ € {1,2}, define the polyphase component Y; to be the primary
polyphase component, and define the complementary component to be the redundant
polyphase component. The context of a given wavelet coefficient in the redundant
polyphase component, is then defined as a set of quantized coefficients from the pri-
mary polyphase component, which is used to characterize the given coefficient. Note
that since the coefficients that form the context are already quantized, the decoder
can use the exact same context used by the encoder. As described in Section 4.1.2,
significant statistical dependencies exist between neighboring wavelet coefficients, and
these can be utilized for efficient context-based classification. For a given coefficient
in the redundant polyphase component, we therefore form a context from neighboring
quantized coefficients that belong to the primary polyphase component. Assuming a
plain polyphase transform, which, for each column in each subband, simply groups
all the odd-numbered coefficients into one polyphase component and all the even-
numbered coefficients into the other component, Figure 5.1 shows the context of a
given wavelet coefficient X; ;. For the ease of illustration, the primary and redundant

polyphase components are interleaved in the figure. As shown, the classification of
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Figure 5.1: Context of a given wavelet coefficient X; ;. The coefficient belongs to the
redundant polyphase component, and is shown in black. The quantized coefficients

that form the context belong to the primary polyphase component, and are shown
in white.



the wavelet coefficient X ; is based on the following context:
Cij = {X¢—1,j—1, Xi1jy Xicja1 Xivj-1, Xiga, Xi—i—l,j—',—l} (5.1)

where X denotes the value of X after quantization by the wavelet coefficients encoder
(see Figure 4.8), and the coordinate system refers to the whole subband (i.e, prior to

the polyphase transform).

5.2 Classification Rule

We now turn to describe the classification rule, which assigns one of a finite number of
classes to a coefficient X ;, given its context C; ;. Due to the difficulty of characterizing
the full multidimensional relationship between the magnitudes of neighboring wavelet
coefficients, the classification rule is based on a weighted average of the magnitudes
of coefficients in C; ;. Define the activity A;; of the coefficient X ;, predicted from its

context C; ;, as

Aij = a1 Xiorjoa| + a2l Xim ) + as| Xim | + aa Xierjo1| + as| Xigj| + ag| Xis1 g4
(5.2)
where the fixed relative weights {a;} satisfy >, a;, = 1. One reasonable choice is to
set the weights {ay} in accordance to the distances of the corresponding neighboring
coefficients from the current coefficient X ;, such that closer coefficients will have
greater contribution to the activity A;; compared to more distant ones. In the pro-
posed coder we thus set the weights {ax} to be inversely proportional to the Euclidean
distances of the corresponding coefficients in C; ; from the coefficient X ;.
In order to classify a coefficient X ;, its context C; ; is first used to predict its activ-

ity A;;. The (nonnegative) activity A; ; is then compared with a set of pre-computed
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adaptive classification thresholds to determine the class assigned to X;;. Specifi-
cally, assuming N + 1 potential classes Cy, C,...,Cy, and given N monotonically

increasing classification thresholds
T0:O<T1<T2<"'<TN,1<OO, (53)

the coefficient X ; is assigned to the class C}, if

Ai,j S (Tk—la Tk] (54)
where T"_; = —o0 and Ty = oco. This is shown in Figure 5.2.
Co C, C, Cps Cy
| | | [ | | . A
| | | /j | I i
Ty=- T,=0 T T, Tz T Ty=o

Figure 5.2: Classification of the coefficient X; ; based on its activity A, ;.

Note that since the activity is a nonnegative quantity, a coefficient X ; is assigned
to the class Cp if and only if A;; = 0. In other words, a coefficient is assigned to
Cy if and only if all the coefficients in its context are quantized to zero. This special
case is more common at finer scales of the wavelet decomposition, and becomes more
dominant at lower bit rates (with respect to the primary polyphase component, from
which the context is extracted). In order to reliably model these coefficients having
an all-zero context, a special class, namely Cj, is assigned only to them. This class is

also called the zero-context class.
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5.3 Classification Thresholds Design

This section describes in detail the classification thresholds design—the procedure to
adaptively determine the classification thresholds 17,75, ..., Ty_1, with the goal of
maximizing the coding gain due to classification. This procedure is performed inde-
pendently for each of the subbands. In order to enable the decoder to perform the
same classification as the encoder, the classification thresholds are also transmitted
to the decoder as side information (in addition to the parametric source statistics of
each class). Note that if we had also included in the context C;; already quantized
coefficients of the redundant polyphase component, an interdependency between the
classification and the choice of quantizers for encoding the redundant polyphase com-
ponent would have been created. Namely, in such a case, the choice of quantizers
for encoding the redundant polyphase component would have influenced the classifi-
cation and vice versa. We therefore refrain from including in C; ; already quantized
coefficients of the redundant polyphase component, and so C; ; is formed solely from
quantized coefficients of the primary polyphase component. Thus, the process is nat-
urally performed in a serial manner: the classification thresholds are determined first,
then actual classification is performed, and only then the selection of quantizers is
considered.

As will be detailed in Chapter 6, our class-adaptive quantization is based on a
parametric distribution model. Specifically, we assume that the coefficients in each
class of each subband are drawn from a (zero-mean) Laplacian distribution. Since
we employ a predictive (DPCM-like) quantization scheme to encode the coefficients
in the approximation subband (as will be described in Section 7.2.1), we assume a

Laplacian distribution model (for the prediction errors) in the approximation subband
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as well.

The classification thresholds design involves estimation of the Laplacian distribu-
tion’s parameter for each candidate class. We now derive the maximum likelihood
estimator (MLE) [34, Ch. 7] for this case. Let z1,xs,..., 2, be n independent, iden-
tically distributed (i.i.d.) observations from a Laplacian source with an unknown
parameter A (> 0). That is, independent samples drawn according to the probability
density function (pdf)

A Nal

falz) = ze”

: (5.5)

The likelihood function of A is given by

n

L) =[] Al (5.6)

i=1

Taking the natural logarithm to obtain the log-likelihood function yields

L*(\) = Zlog lz) = Zlog (%e—m) — nlog (g) — /\Z 2] - (5.7)

Maximization of (5.7) with respect to A then yields the maximum likelihood estima-

tor (MLE) of A:

. n 1
A= =5 = - . (5.8)
Zi:l | ] %Zi:l ||
We now describe how to determine the classification thresholds 771,75, ...,Tv_1

for a given subband. This design procedure is repeated independently for each of the
subbands, and involves only the coefficients in the relevant subband. For brevity, we
refer to the subband coefficients that belong to the redundant polyphase component
as redundant coefficients, and to those that belong to the primary polyphase com-
ponent as primary coefficients. Given the unquantized redundant coefficients (to be
classified eventually using the obtained thresholds) and the quantized primary coeffi-

cients (that form the contexts for classification), we wish to determine the thresholds
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Ty,T5,...,Ty_1 , assuming a total of N + 1 classes Cy, C1,...,Cy. Note that since
Ty = 0, there are only N — 1 classification thresholds to determine.

As noted in Section 5.2, a redundant coefficient X ; is assigned to the class Cy—
the zero-context class—if and only if all the coefficients in its context are quantized
to zero (i.e., A;; = 0). Thus, as a preliminary step, we first identify all the redundant
coefficients having an activity of zero. These coefficients (and only them) will be
assigned to the class Cy, and are therefore not considered in the classification thresh-
olds design. The parameter A\ of the Laplacian distribution for the class Cj is also
estimated at this stage using (5.8), and will be transmitted to the decoder. Note that
we are now left with NV “ordinary” potential classes (namely, C1,...,Cy) and need
to determine N — 1 classification thresholds (namely, T1,...,Tn_1).

The remainder of the design procedure follows that of [66] and is summarized
below. We start by considering an oversized initial set of Ny — 1 candidate thresholds

(where Ny > N)
{Tk,lgl{}SNo—]_IO<T1<"'<TNO_1<OO}. (59)

This thresholds set defines N initial classes {C1,...,Cy,} by the following classifi-

cation rule: the redundant coefficient X ; is assigned to the class Cj, if
Ai,j c (Tk—h Tk] (510)

for k =1,..., Ny, and with Tj) = 0 and T, = oo. After the redundant coefficients
are collected into the N initial classes according to the classification rule (5.10), the
maximum likelihood estimator (MLE) of the Laplacian parameter for each class is
computed using (5.8). An iterative greedy algorithm is then applied, which removes
one classification threshold (and one class) at each iteration, until the number of

thresholds is reduced to N — 1. At each iteration, the algorithm merges the pair
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of classes with the smallest classification gain'

among all pairs of adjacent classes
(i.e., classes corresponding to consecutive thresholds), where the classification gain
is estimated by comparing the variances of the two adjacent classes with that of the

union of the two classes (i.e., the merged class). The merging process is illustrated in

Figure 5.3. The final N — 1 classification thresholds are the output of the algorithm.

Ck-1 Ck Ck+1 Ck+2 Ck+3
| | | | | /. A

|
| | | | | 3
T, T T T T Tes J J

k-1 k k+1 k+2 ki

Iteration m: //
)

Merge the pair of
classes with smallest
classification gain

Cos C, o

|
i > A,
Te T T T T J ’

k-1 Kk K'+1 k'+2

[

lteration m+1: //

Figure 5.3: Merging process performed by the classification thresholds design
algorithm. At each iteration, the algorithm merges the pair of classes with the
smallest classification gain among all pairs of adjacent classes.

We now give a more detailed description of the various stages of the algorithm.
We begin with the selection of the initial number of classes Ny, which also determines
the size of the initial thresholds set (Ny —1). Since the final N — 1 thresholds will be
selected from the initial thresholds set, Ny should be large enough so that the final
thresholds can lie at almost any point within the activity range (i.e., between the

minimum and maximum activity levels). Nevertheless, Ny should not be too large,

!The reason for using the term “classification gain” in this context will be explained later in this
section.
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in order to enable each of the initial classes to contain enough coefficients, which will
ensure a reliable estimation of the Laplacian parameter for each class. Regarding the
selection of the initial thresholds 71, ..., Ty,—1 themselves, it is desirable that each of
the resulting classes will contain approximately the same number of coefficients, in
order to ensure equally reliable estimates for the different classes. For that reason, the
trivial choice of uniformly spaced thresholds is not appropriate in general. A better
choice is to select Ny — 1 nonuniform thresholds, such that each of the initial classes
will contain approximately the same number of coefficients.

As explained earlier, the greedy algorithm removes one classification threshold
(and one class) at each iteration, until the number of thresholds is reduced to N—1. At
each iteration, the algorithm merges the pair of classes with the smallest classification
gain among all pairs of adjacent classes. Denote the number of coefficients in two
adjacent classes Cy and Cyyq by ny and nyyq, respectively. Also, let o} and o7, be
the respective variances of the two classes, and let o2, be the variance of the union of

the two classes. As in [32], the classification gain is then estimated by

0’2/
2r _2Tk41
O "Ok11

G = (5.11)

where r, = ng/(ng + nga1) and 11 = 1 — 1 = ngaq/(ng + nger). We also note
that under certain simplifying assumptions stated in [32], the potential gain in cod-
ing performance due to classification (rather than using one unified class) can be
approximated by a ratio similar to (5.11), which is the reason for referring to G as
the “classification gain” in this context.

Assuming that the Laplacian model is still valid for the union of the classes C}

and Cjy1, the maximum likelihood estimator (MLE) of the Laplacian parameter for
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the merged class can be computed as

Sy = ke (5.12)
N/ Ak + Mey1 / A1

where 5\k and ;\k+1 are the parameter estimates for Cy and Cy. 1, respectively. This

stems directly from (5.8). Under the Laplacian assumption, the variance is equal to

2/A% and thus the classification gain can be estimated by

1 2r {2r 1
—5\2 . .
k!

As proved in Appendix A since the classification gain G of (5.13) is virtually the

G= G(S\k, j\k-s-l; N, Nhy1) =

ratio of a weighted arithmetic mean to a weighted geometric mean, it follows that
G > 1, with equality if and only if My = 5\k+1.

It should be noted that the utilization of the Laplacian model offers a consider-
able reduction in the complexity of the algorithm. Once the Laplacian parameter
estimates for the initial classes are computed, there is no need to use the direct MLE
computation of (5.8) at subsequent iterations. Instead, new parameter estimates
can be obtained using (5.12), without affecting the other classes not involved in the
merging, and the classification gains can be computed directly using (5.13).

The entire classification thresholds design procedure (for a given subband) under

the Laplacian model assumption is summarized as follows.

Algorithm 5.1 (Classification Thresholds Design) Given the unquantized re-
dundant coefficients, the quantized primary coefficients, the desired total number of
classes N + 1, and Ny — 1 initial thresholds (where No > N) corresponding to the
initial thresholds set (5.9):

1. Classify all the redundant coefficients with A;; = 0 to Cy (the zero-context
class). Compute the corresponding Laplacian parameter estimate o using (5.8).

These coefficients are not considered further by the algorithm.
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NS

. Classify the remaining redundant coefficients according to (5.10). Compute the

Laplacian parameter estimates \q, . . ., 5\N0 using (5.8). Set K = Ny.
3. Find k* such that
k™ = arg 1g}€1<nK G (ks Akt1s My Mg1)
where G(-) is given by (5.13) and computed also using (5.12).

. Merge the classes Cy« and Cy«yq1 and update accordingly:

E

e For k = k*: Cy = Cp|JCrog1, N = Nps + Npey1, update 5% according
to (5.12).

o fork >k*: Ck = Ck+1, T, = Tk+1, NE = Nk+1, S\k = 5\k+1-
5 Set K=K —1. If K> N, go to step 3.

6. Finish: return the classification thresholds Ty, ..., Tn_1 and the Laplacian pa-

~

rameter estimates Ao, A\1, ..., An.

The procedure is performed separately for each of the descriptions, and is repeated for
each of the subbands. For each description, the corresponding classification thresh-
olds and Laplacian parameter estimates are transmitted to the decoder as side in-
formation. Denoting the number of subbands by S, this involves transmission of
S-[(N—=1)+(N+1)] = 2NS real numbers (after proper quantization), per de-
scription. The parametric source statistics of the various classes (i.e., the Laplacian
parameter estimates), enable us to further utilize efficient bit allocation and quanti-

zation schemes, as described in the next chapter.
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Chapter 6

Context-Based Multiple
Description Wavelet Image Coding:
Quantization and Optimal Bit

Allocation

6.1 Parametric Model-Based Uniform Threshold
Quantization

As noted in Section 4.1.2, detail wavelet coefficients can be effectively modeled using
a Laplacian distribution. Naturally, the more general option of using the generalized
Gaussian distribution (GGD) to model the detail coefficients, will always provide a
fit to the empirical distribution which is at least as good as that of the Laplacian

(assuming that the model parameters can be accurately estimated). Nevertheless,
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preferring the Laplacian model offers several advantages: First, the Laplacian model
makes the design of the classification thresholds, the design of the quantizers, and the
bit allocation procedure, more tractable and computationally efficient. Additionally,
as indicated in [6], the Laplacian model offers coding performance (in a rate versus
distortion sense) which is almost the same as that offered by the GGD model. This
slight difference in performance can be well compensated by the smaller modeling cost
of the Laplacian model [66], in addition to the significant reduction in the complexity
of the system.

The context-based classification enables the proposed coder to utilize a set of
quantizers, each customized to an individual class. As demonstrated in [16], the
optimum entropy-constrained scalar quantizer (ECSQ) for the Laplacian distribution
(and more generally, the GGD), assuming MSE distortion, can be well approximated
by a uniform threshold quantizer (UTQ). The UTQ is a scalar quantizer with a fixed
step size A, and is used effectively by various image subband quantization schemes
(e.g., [54, 66]). Since the reconstruction levels affect only the quantizer distortion,
with no influence on the rate, they can be optimized for distortion alone. In the case
of MSE distortion, this leads to the well-known centroid condition (i.e., conditional
expectation) for the position of the reconstruction levels [25]. We focus on UTQs with
odd number of levels (“mid-tread” UTQs) in order to be able to obtain low bit rates
(i.e., low redundancy), if desired; as noted in [5] and proved in [16], if the number of
levels is even and the pdf is symmetric (e.g., Laplacian), no symmetric quantizer can
yield an output entropy lower than 1 bit/sample. Figure 6.1 shows a UTQ with an
odd number of levels.

A general entropy-constrained design algorithm of UTQ is given in [16]. For the

Laplacian (and exponential) distribution, a non-iterative entropy-constrained design
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Figure 6.1: Uniform threshold quantizer (UTQ) with step size A and an odd
number of levels N = 2L + 1. The bin boundaries are denoted by {b;} and the
reconstruction levels by {g;}. The Laplacian pdf is also shown for illustration.

algorithm of UTQ is provided by Sullivan [53]. Due to the relatively high complexity
of the aforementioned design algorithms, we employ a more efficient design strategy:
As detailed in the following section, the proposed coder utilizes an effective optimal
bit allocation scheme, which is based on a pre-designed array of optimized UTQs of
different step sizes (where the optimization is for minimum MSE distortion). This
enables us to greatly simplify the design of each UTQ, as each UTQ is optimized
for a given step size, with no constraint on its output entropy. We also store the
pre-computed bin probabilities of each UT(Q, which enable us to instantly adapt the
entropy encoder to the varying coefficients statistics.

We now derive the optimal uniform threshold quantizer (UTQ) @ with step size A
for the Laplacian distribution, where the optimization is for minimum MSE distortion.

Let X be a Laplacian random variable with parameter A (> 0), i.e., with pdf

fx(z) = %e‘”x ) (6.1)

Let N = 2L + 1 be the number of levels of the quantizer (N is odd, as explained
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earlier in this section). Referring to Figure 6.1, denote the bin boundaries by
{bj, j==1,...,£L}, (6.2)
the reconstruction levels by
{¢j, j=0,%£1,...,£L}, (6.3)
and the corresponding bin probabilities by
{pj, 7=0,£1,...,£L}. (6.4)

The bins of the UTQ are of equal width A, and so the bin boundaries are given by

1 .
with
b= by, j=1,....L. (6.6)

Due to the symmetry of the pdf, the reconstruction levels are antisymmetric, i.e.,

q-; = —4qy, j:17"'7L7 (67)
and the bin probabilities are symmetric, i.e.,

p,j:pj,jzl,...,[/. (68)
For the center bin of the UTQ:

b1 A
po=Pr(X €b,b])=2-Pr(X €0, b])= 2/ 5@**90 dr =1—e"  (6.9)
0

and

G =E[X[X €[by, b1]] =0 (6.10)
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where F [-] denotes expectation, and the last equality follows from symmetry. For the

rightmost bin of the UTQ:

<A 1
pr=Pr(X € by, 0)) = / 56_” dr = 56_>\6L (6.11)
br,
and
@ = E[X[X €[b, 00)] =
1 [ A 1 1 1
= p_L Z'Eei)\x dx = p_L eikbL + X = bL + — (6 12)

p; = Pr(X € [b), bs]) = /b %ﬁl ge—*x dr = 5 [ — ] (6.13)
and
¢ = E[X|Xe [b bjn]] =
1 / i1 B %ﬁ [bje= — by e~ ] + ; ' (6.14)

In Appendix B, we prove that the reconstruction offsets ¢; — b;, for j =1,..., L —1

?

do not depend on j. Namely, we show that
g =bj+06, j=1,....,L -1, (6.15)

where

(6.16)

This is a consequence of the following useful property of the Laplacian distribution:
if X is a Laplacian random variable, and ¢ is a fixed nonnegative real number, then
given that X > ¢, the conditional distribution of X — ¢ is exponential. Refer to

Appendix C for a proof of this property.
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The reconstruction levels and bin probabilities for the bins on the negative half of
the real line are obtained using (6.7) and (6.8), respectively. Obviously, the aforemen-
tioned property of constant reconstruction offsets also applies to the corresponding
bins on the negative half of the real line, by symmetry.

Under the Laplacian assumption, the average (squared error) distortion D of the
quantizer @ is given by

[e.9]

D = E[X-QX))]= [ [fx(@)(r—Q) dr=

Lzl pbj

+22/ frxl@)(e — ;)% de +

+2 OofX(x)(x—qL)Qdm. (6.17)
br

Based on the property of constant reconstruction offsets (6.15), we derive a closed form
expression for the average distortion D, whose evaluation does not involve integration,

in Appendix D. The obtained expression for the average distortion D is

2 _af (A A 2
D = ﬁ—e <(§> +X+ﬁ>+

L-1

7j=1

1
+ el (6.18)

\2
where § is given in (6.16).

The rate R is estimated by the entropy of the quantizer output, given by

j=L
Ho=— > pjlog,p;. (6.19)

j=-L
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Due to the Laplacian model assumption, we have closed form expressions for the
bin boundaries, reconstruction levels and bin probabilities of the UTQ, as well as
for the distortion and rate estimates. Thus, compared to other distribution models,
the Laplacian model also offers a simple and efficient UT(Q design. By computing
the average distortion D and the rate R for various closely spaced values of the step
size A, we obtain the operational distortion rate function D(R) (also called quantizer
function) of the UTQ. This function describes the average distortion D attained by
the UTQ as a function of the rate R. Figure 6.2 shows the operational distortion
rate function of the optimal UTQ for the unit-variance Laplacian distribution (with

squared error distortion). It should be noted that the rate distortion function R(D),

R [bits/sample]

Figure 6.2: Operational distortion rate function of the optimal UTQ for the
unit-variance Laplacian distribution with squared error distortion.
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or the distortion rate function D(R) [13], for a Laplacian source with squared error
distortion, can be computed numerically using the Blahut-Arimoto algorithm [4, 7, 2],
as done in [53]. For completeness, we also point out that for the case of absolute
difference distortion, i.e., d(x,Z) = |x — |, there exists a closed form expression for

the rate distortion function D(R) for a Laplacian source [4, Ch. 4], [10].

6.2 Uniform Reconstruction with Unity Ratio Quan-
tizers as an Alternative to Uniform Threshold
Quantizers

As described in Section 6.1, the uniform threshold quantizer (UTQ) is used effec-
tively by numerous image subband quantization schemes. Interestingly, another rel-
atively simple and effective quantizer for the Laplacian distribution—the uniform
reconstruction with unity ratio quantizer (URURQ) [53]—is hardly ever used in such
applications. Although the UT(Q well approximates the optimum entropy-constrained
scalar quantizer (ECSQ) for the Laplacian distribution (assuming MSE distortion),
the URURQ still offers a small improvement in rate distortion performance, com-
pared to the UTQ [53]. For the proposed MD coder, we also examine the utilization
of URURQs as an alternative to UTQs, to see how this slight performance improve-
ment in theory (i.e., for simulated Laplacian data), translates into practice (i.e., in
terms of the overall performance of the coder, with quantization of real wavelet data).
In this section we provide a brief and concise description of the URURQ.

The URURAQ is defined by its step size A—the distance between adjacent recon-

struction levels. This is illustrated in Figure 6.3. As described in Section 6.1, we
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only focus on quantizers with odd number of levels (“mid-tread” quantizers) in order

to be able to obtain low bit rates (i.e., low redundancy), if desired. For Laplacian

q2=2A§ 0,=3A

A A

Figure 6.3: Uniform reconstruction with unity ratio quantizer (URURQ) with step
size A and an odd number of levels N = 2L 4+ 1. The bin boundaries are denoted by
{b;} and the reconstruction levels by {¢;}. The Laplacian pdf is also shown for
illustration.

distribution with parameter A, the leftmost bin boundary on the positive half of the

real line is
by = A —0(A) (6.20)
where
A
d(A) = arg mwin {/ (z — )%™ dx} . (6.21)
0

Differentiating with respect to ¢ and setting to zero to find the minimizer, yields

5(A) =~ — (6.22)

which also equals' ¢ of (6.16). The URURQ is symmetric, and the rest of the bin

boundaries to the right of b; essentially construct a uniform threshold sub-quantizer

!This equality is not a coincidence, of course. It is a consequence of the useful property of the
Laplacian distribution stated (and proved) in Appendix C.
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(to the right of b;) with step size A. Note that given the bin boundaries, the re-
construction levels of the URURQ satisfy the well-known centroid condition (i.e.,
conditional expectation), and therefore minimize the (MSE) distortion. Also, note
that in [53], the dead-zone ratio z is defined as z = by /(A — §(A)), which equals one
in the case of the URURQ), and reveals the origin of the term “unity ratio” in the
quantizer’s name.

Since the UTQ and the URURQ are very similar and also share many properties in
common, we are able to straightforwardly adapt the proposed MD coder to operate
with URURQs instead of UTQs. Specifically, we adapt all the coding procedures
related to the UTQs also to the case of URURQs. In Appendix E we also derive
a closed form expression for the average squared error distortion D of the URURQ,
whose evaluation does not involve integration. In addition, some experimental results
with URURQs are presented in Chapter 8.

For brevity, in the sequel we generally refer to the quantizers used by the proposed
coder (to quantize the coefficients of the redundant polyphase component of each
description) only as UTQs. Nevertheless, the same guidelines hold for URURQs as

well.

6.3 Optimal Model-Based Bit Allocation

The context-based classification enables the proposed coder to utilize a set of quan-
tizers, each customized to an individual class, for coding the redundant polyphase
component of each description. Define the base rate of a given description as the
average bit rate (in bits/pixel) at which the primary polyphase component of the de-

scription is encoded (using the wavelet coefficients encoder of Figure 4.8). Similarly,
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define the redundancy rate of the description as the average bit rate (in bits/pixel) at
which the redundant polyphase component of the description is encoded. Note that
here we use the convention that the averaging is with respect to the total number of
image pixels, so that all rates from all descriptions can be summed to produce the to-
tal encoding rate for the image. Given the desired redundancy rate for a description,
the encoder needs to determine the rate at which each of the customized quantizers
operates. To this end, the proposed coder utilizes an optimal model-based bit allo-
cation scheme. This efficient bit allocation scheme is based on variance scaling and
on a pre-designed, indexed array of optimized uniform threshold quantizers (UTQs)
of different step sizes. This array of UTQs is created only once, off-line, and can be
regarded as a fixed resource of the coder, used by both the encoder and the decoder.
It enables the proposed coder to avoid complex on-line bit allocation procedures, as
well as to intelligently and instantly adapt the arithmetic entropy encoder to the
varying coefficients statistics, by storing the pre-computed bin probabilities of each
UTQ. It should be noted that this adaptation scheme enables the entropy encoder to
fully exploit the higher level statistics captured by the Laplacian model-based clas-
sification and quantization algorithms, rather than using ad hoc updating rules, as
done in many other entropy coding adaptation schemes.

The bit allocation, which is based on the Laplacian model, is performed in the
general framework of Lagrangian optimization [40, 50, 55]. It is carried out for each
description separately, given the desired redundancy rate for the description, and
performed over all classes of redundant coefficients from all subbands simultaneously
(for the approximation subband, a predictive, DPCM-like, quantization scheme is
employed, so the prediction errors are considered instead; this will be described in

Section 7.2.1).
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Given the desired redundancy rate for the description, we wish to find the optimal
rate for each of the different classes (from all subbands), such that the resulting
MSE distortion in the image domain is minimized, subject to the redundancy rate
constraint. As before, we assume that the coefficients in each class are drawn from a
Laplacian distribution (the Laplacian parameter estimate ) for each class is obtained
from the classification thresholds design procedure, as described in Section 5.3).

The following notation is used in the sequel:

D : Average squared error distortion (MSE) in the image domain, resulting from

quantization of coefficients in the redundant polyphase component.

R : Average rate (in bits/pixel) for encoding the coefficients in the redundant polyphase

component (i.e., the redundancy rate of the description).
Ry : Desired redundancy rate (in bits/pixel) for the description.
B : The total number of classes (from all subbands).
b : Index of a specific class (1 < b < B).
N, : Number of coefficients in the class b.
N : Number of pixels in the image.

my, : The ratio N,/N, i.e., the ratio between the number of coefficients in the class b

and the number of pixels in the image.

Dy, = Average squared error distortion (MSE) in the transform domain in encoding
the class b, where the averaging is with respect to the number of coefficients in

the class (Np).

88



Ry, : Average rate (in bits/coefficient) for encoding the coefficients in the class b, where

the averaging is with respect to the number of coefficients in the class (V).

G : The synthesis (inverse transform) energy gain factor associated with the subband
to which the class b belongs. This energy gain factor represents the amount of
squared error in the synthesized image introduced by a unit error in a transform
coefficient of the subband. For an orthonormal transform G, = 1,Vb. A detailed

description will be given in Section 7.1.2.

Thus, given the desired redundancy rate Rr, our objective is to find the optimal
rates { Ry}, for the different classes, such that the distortion D is minimized, subject
to the constraint R < Rp. We use Lagrangian optimization [40, 50, 55] to solve this
constrained optimization problem, and instead seek to minimize the Lagrangian cost
function

J(€)=D+¢ER (6.23)

for a fixed Lagrange multiplier £&. Later, we will describe how to determine the
Lagrange multiplier £ such that R = Ry (or, more precisely, R € (Ry — €, Ryr| for an
arbitrary tolerance € > 0). This will also yield the solution to the original constrained
optimization problem [50].

The average distortion and rate are given by

B
D = nGyDy(Ry) (6.24)
b=1
and
B
R = Z ’f]bRb s (625)
b=1
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respectively. Thus,

Rmin J(§) = R {D+¢R} =

,,,,,

B
> min {1, Gy Dy(Ry) + Emp By} =
=1

B
= Y min {GyDy(Ry) + R} (6.26)
b=1

which suggests that the minimum can be computed independently for each class.

For a given class b, the optimal rate R, which minimizes
GbDb(Rb) + &R, (627)

can be found by differentiating (6.27) with respect to R, and setting to zero. This
yields
GyDy(Ry) +£ =0, (6.28)

or

&
Gy’

where Dj(R;) is the derivative of the distortion Dy, evaluated at R, bits/coefficient.

Dy(Ry) = (6.29)

The rates {Rb}f:1 are thus chosen to satisfy the following rate allocation equations

§

D;)(Rb) = _51;7

b=1,....B. (6.30)

For each class, the relevant equation specifies the required slope on the operational
distortion rate function of the corresponding UTQ (and thus determines its step
size). The rate allocation equations (6.30) realize the well-known “constant slope”
principle [40] in Lagrangian optimization, adapted to the case of a non-orthonormal

transform (i.e., arbitrary Gy’s).
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For efficiency, our bit allocation scheme utilizes the following properties of the

optimal UTQ for the Laplacian distribution, optimized for minimum MSE distortion:

1. For a given rate (output entropy), the optimal quantizer for an input with

2 is a scaled version, by o, of the optimal quantizer for a unit-variance

variance o
input (i.e., the bin boundaries and reconstruction levels of the unit-variance
quantizer are to be multiplied by ¢). The bin probabilities (and obviously the

output entropy) of both quantizers are the same.

2. The distortion attained by the scaled quantizer above is larger by a factor

2

of 0 compared to that attained by the unit-variance quantizer (each with its

corresponding input).

These properties can be easily proved using the definitions and computations of Sec-
tion 6.1. The important consequence of the aforementioned properties is that the
operational distortion rate function ﬁ(R) of the optimal UTQ for an input with vari-
ance o2 can be obtained from the normalized distortion rate function (i.e., that for a
unit-variance input; see Figure 6.2) by merely scaling the distortion axis by o2. Ob-
viously, the slope (the derivative of the distortion with respect to the rate) is affected
similarly (i.e., multiplied by a factor of o2).

Thus, in order to solve the rate allocation equations (6.30), we can avoid comput-
ing the operational distortion rate function of the optimal UT(Q of each class b (for
the class-specific Laplacian parameter estimate S\b, or variance estimate 67 = 2/ j\g)
Instead, we only compute (off-line) the operational distortion rate function of the
UTQ for the unit-variance Laplacian distribution, and infer the required operating
point of the UTQ of each class b from that normalized distortion rate function and

the normalized slope —¢/(G07), as detailed next.
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Off-line, we create an array of optimized UTQs for the unit-variance Laplacian
distribution, where each quantizer has a different step size A. For each quantizer, we
compute and store the bin boundaries, reconstruction levels, and bin probabilities,
as well as the resulting rate and distortion, as detailed in Section 6.1. By using
closely spaced values of the step size A, we also obtain the operational distortion
rate function of the optimal UTQ for the unit-variance Laplacian distribution, and
are able to well approximate its derivative (i.e., slope) at each operating point. For
each quantizer in the array we also store the corresponding slope on the operational
distortion rate function, which enables us to index the array by the slope (as required
by the bit allocation algorithm).

During the encoding process itself, for a fixed Lagrangian multiplier £, and a given
class b, we need to choose the appropriate quantizer (in order to quantize the coeffi-
cients of the class b). To do so, we first translate the (non-normalized) slope —£/G,
from the relevant rate allocation equation of (6.30) to the corresponding normal-
ized slope —&/(G67) on the unit-variance operational distortion rate function, where
oy =2/ 5\2 is the variance estimate for the class b. Since the pre-computed array of
optimized UTQs is indexed by the slope, the appropriate “normalized” quantizer (i.e.,
the one whose slope is closest to the required normalized slope) can be instantly ob-
tained from the array. The actual quantizer for the class b is simply the scaled version,
by &y, of this “normalized” quantizer, as explained earlier in this section. Namely,
the bin boundaries and reconstruction levels are multiplied by &3, while the bin prob-
abilities remain unchanged. The bin probabilities are also used to instantly adapt the
arithmetic entropy encoder that follows the quantization stage to the statistics of the
class b, as captured by the model-based classification algorithm.

We now turn to describe how to determine the Lagrange multiplier £ in the
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Lagrangian cost function J(§) of (6.23), such that R = Ry (or, more precisely,
R € (Rr — €, Ry| for an arbitrary tolerance ¢ > 0). First, define the following

function
f(§) = R(§) — Rr (6.31)

where Rr is the desired redundancy rate, and R() is the average redundancy rate
resulting from minimization of the Lagrangian cost function of (6.23) (for the same
Lagrange multiplier £). Finding a proper & such that R(§) = Rr is then equivalent
to finding a root of f(§). Since R(£) is monotonically non-increasing with £ [50] (as &
controls the penalty for an increased rate in the Lagrangian cost function of (6.23)),
root finding of f(§) can be easily performed using the bisection method [42, Ch. 9].
This involves bracketing a root (i.e., finding & and & such that f(&) > 0 and
f(&) < 0), and then iterating until R(§) € (Rr — €, Ry|, for an arbitrary tolerance
€ >0 (e.g., € =0.005).

The resulting value of &, which specifies the bit allocation, is also transmitted to
the decoder (as part of the side information for the description). For each class in
each subband, the decoder can then match the same UTQ used by the encoder, by
repeating the aforementioned variance scaling procedure performed by the encoder.
The bin probabilities of the matched UTQs serve to properly adapt the arithmetic
entropy decoder, and the classification and dequantization stages follow to correctly
decode the redundant polyphase component of the description. Obviously, decoding
this redundant part of information is needed only in the case that the other description

is lost, as explained in Section 4.2.
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Chapter 7

Context-Based Multiple
Description Wavelet Image Coding:
Implementation Considerations

and Miscellaneous

7.1 Implementation Considerations

7.1.1 Boundary Extension for Wavelet Transform

Section 4.1.1 described the computation of the two-dimensional discrete wavelet trans-
form of an image using a series of filtering (and downsampling) operations. Since the
image and the filters are of finite length, special attention has to be paid in com-
puting their convolution, at each stage of the decomposition process. This section

addresses the problem of boundary extension for the wavelet transform, especially

94



referring to coding applications. In order to simplify the discussion, some of the con-
cepts in this section are illustrated using the one-dimensional wavelet transform, but
hold equally well for the two-dimensional case (through the separable extension of
the one-dimensional transform, as described in Section 4.1.1).

As detailed in [57], the standard orthogonal wavelet transform [51, Ch. 6] has a
significant shortcoming that limits its usefulness in coding applications: it generally
results in “coefficient expansion”, that is to say, the number of output wavelet coef-
ficients is greater than the number of input samples. This increase in the number of
coefficients generally degrades the performance of the coding system, since extra bits
are required to represent the additional coefficients. This is the case, for example, if
zero-padding boundary extension is used, which assumes that the image is zero out-
side its boundaries. Zero-padding extension may also result in unpleasant artifacts,
usually in the form of dark areas, near the boundaries of the reconstructed image.

Coeflicient expansion can be eliminated by using periodic-padding boundary ex-
tension (or circular convolution), which assumes that the image is periodic. This type
of extension generally results in large discontinuities near the boundaries, however,
and extra bits are required in order to code them. Moreover, annoying artifacts near
the boundaries of the reconstructed image may appear due to quantization of the
artificially introduced large wavelet coefficients at the locations of the discontinuities.

An effective way to avoid coefficient expansion and greatly reduce boundary ar-
tifacts is to use symmetric (or antisymmetric) wavelet filters along with symmetric
boundary extension. By using symmetric boundary extension, the image is extended
in a continuous way outside its boundaries, and thus artificial discontinuities are
avoided. Due to the symmetry imposed by the extension, there is virtually no ef-

fective increase in the number of input samples, and coefficient expansion can be
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avoided if the symmetry is preserved at each stage of the decomposition process. The
key underlying concept is that the convolution of a symmetric (“linear phase”) input
with a linear phase filter produces a linear phase output (this can be easily observed
in the frequency domain as the linear exponents add and remain linear), and that the
exact type of symmetric extension can be chosen such that the symmetry is preserved
also by the downsampling operation.

Two types of symmetric extension should be considered in this context—half-
point and whole-point symmetric extension—where the former repeats the outermost

samples of the input, while the latter does not. This is illustrated in Figure 7.1. As
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Figure 7.1: Half-point and whole-point symmetric extensions. (a) Half-point
symmetric extension. (b) Whole-point symmetric extension. The original
(one-dimensional) input is shown in blue, and the extension is shown in red. The
resulting axes of symmetry are shown in black, and are located at “half-point”
locations in (a) and at “whole-point” locations in (b). One period of the extended
input is shown in solid lines.

shown, the extended input is periodic for either type of extension. For an input of

length L, the period of the extended input is 2L in the case of half-point symmetric
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extension, and is 2(L — 1) in the case of whole-point symmetric extension. In both
cases, however, only L samples of the extended input are not redundant.

Two questions still have to be answered: First, are there any linear phase (i.e.,
symmetric or antisymmetric) wavelet filters? And second, can we guarantee that the
downsampling operation will preserve the symmetry by choosing the proper type of
symmetric extension?

Regarding the first question, unfortunately, for real valued, compactly supported
orthogonal wavelets, the only set of linear phase filters is the trivial set of Haar fil-
ters [14]. Nevertheless, the more general form of biorthogonal wavelets [51, Ch. 6]
permits the use of a much broader class of filters, which includes more sophisticated
linear phase filters, and has been shown to provide an improved performance (com-
pared to the use of orthogonal wavelets) in image coding applications [35]. It should
be noted that unlike the orthonormal wavelet transform, the biorthogonal wavelet
transform does not possess the useful property of being energy preserving, as will be
discussed in Section 7.1.2.

We now give an answer to the second question, dealing with choosing the proper
type of symmetric extension (half-point or whole-point) such that the symmetry can
be preserved by the downsampling operation. The proper type of extension is re-
lated to the lengths of the wavelet filters used, and the following guideline should be

followed:
e Use a half-point (repeat) symmetric extension for an even-length filter.
e Use a whole-point (no repeat) symmetric extension for an odd-length filter.

The various tricky details involved in deriving the above guideline, as well as detailed

directions for proper downsampling of the symmetric output of the filters, are given
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in [51, Ch. 8].

In summary, coefficient expansion and unpleasant boundary artifacts can be avoided
by using linear phase wavelet filters along with symmetric boundary extension. De-
pending on the lengths of the filters used, the proper type of extension (half-point or
whole-point) should be chosen. The specific choice of wavelet filters and boundary
extension for the proposed MD coder will be detailed in Chapter 8. The consequences
of using the non-energy preserving biorthogonal wavelet transform, which enables the

use of efficient linear phase filters, are addressed next.

7.1.2 Optimal Bit Allocation for Biorthogonal Wavelet Trans-

form

As discussed in the previous section, biorthogonal wavelets permit the use of a much
broader class of filters, compared to orthogonal wavelets, which includes non-trivial
linear phase filters. Nevertheless, one of the main drawbacks of the biorthogonal
wavelet transform is that, unlike the orthonormal wavelet transform, it does not
possess the useful property of being energy preserving. Therefore, bit allocation algo-
rithms which are optimal for energy preserving transforms (e.g., orthonormal wavelet
transform), are no longer optimal in the case of biorthogonal wavelet transform. Yet,
numerous coding systems that utilize biorthogonal wavelets, use bit allocation pro-
cedures that were designed for orthonormal wavelets, although these bit allocation
procedures provide suboptimal performance, in terms of distortion versus rate, in the
case of biorthogonal wavelets [8].

This section discusses optimal bit allocation for biorthogonal wavelet transform,

and provides a procedure to adapt standard bit allocation algorithms to this special
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case. The adaptation is based on the fact that the biorthogonal transform essentially
weights the MSE in each of the subbands to obtain the MSE in the reconstructed
output, according to the energy expansion properties of the synthesis system (inverse
transform), under the assumption that the quantization errors are uncorrelated, with
zero mean [56]. Using the notation of Section 6.3, the MSE in the reconstructed
image can therefore be presented as a weighted average of the MSEs in the different

subbands, as in (6.24), to obtain

D = Z anbDb(Rb) (71)

where the G}’s are the synthesis energy gain factors (weights) associated with the
different subbands'. For an orthonormal transform Gj = 1,Vb. It should be noted
that although our discussion is generally oriented towards the two-dimensional case
(i.e., towards image coding), the principles presented also apply to other cases.

The energy gain factor G, of a given subband represents the amount of squared
error in the reconstructed image introduced by a unit error in a transform coefficient
of the subband. It can be shown that this energy gain factor is given by the squared
lo norm (energy) of the synthesis basis vectors for this subband [55, Ch. 4].

Computation of the energy gain factor of a subband given the synthesis filters can
be performed by computing the squared I, norm of the single equivalent filter which
takes the subband coefficients directly to the reconstructed output [57]. Specifically,
in the case of a two-dimensional separable wavelet transform, the energy gain factor

¢

of a subband is the product of its “vertical weight” and its “horizontal weight”. The
vertical (horizontal) weight of a subband is related to the synthesis filters applied

in the vertical (horizontal) dimension during the synthesis from the subband to the

'In the notation of Section 6.3, a single class in each subband is assumed here.
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reconstructed image. As an example, coefficients belonging to the horizontal detail
subband at level three of the wavelet transform (d4'), undergo one highpass filtering
operation followed by two lowpass filtering operations in the vertical dimension dur-
ing the synthesis, and three lowpass filtering operations in the horizontal dimension.
Denote the impulse responses of the one-dimensional lowpass and highpass synthesis
filters by [ and h,., respectively. The vertical weight is computed by first upsampling
h, by a factor of two (i.e., adding one zero between each coefficient in h,.) and convolv-
ing the result with [,.. The result of the convolution is then upsampled by a factor of
two and convolved with [,. The vertical weight is given by the squared [y norm (i.e.,
the sum of squares) of the final convolution result. The horizontal weight is computed
in a similar manner, using [/, three times. The product of the vertical and horizontal
weights then gives the energy gain factor of the subband under discussion (d%).

As an example, consider the Cohen-Daubechies-Feauveau (CDF) biorthogonal
wavelet transform using 9/7-tap wavelet filters [11, 1], extensively utilized in im-
age compression applications. Using the above procedure, we computed the energy
gain factors of the various subbands of the corresponding three-level two-dimensional
wavelet decomposition. The obtained energy gain factors are shown in Table 7.1. As
can be seen, the energy gain factors are not equal to one, suggesting that the trans-
form is not energy preserving. Nevertheless, the energy gain factors for this particular
transform deviate only by a few percent from one, implying that the transform is rea-
sonably “close” to being orthogonal. Other biorthogonal transforms may generally
present much higher deviations from orthogonality, which must be taken into consid-
eration by the bit allocation algorithm of a coding system utilizing the biorthogonal

wavelet transform, in order to achieve optimal performance for the system.
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‘ Level ‘ Subband ‘ Energy Gain Factor ‘

dP (Diag. details) | 1.08250699475332
Vert. details) | 1.02270033578441
Horiz. details) | 1.02270033578441

dy (

dm (

dP (Diag. details) | 0.93550641543575
2 [dY (Vert. details) | 0.99681499726207

I (

ds” (

ds (

1

Horiz. details) | 0.99681499726207

Diag. details) 1.08082593648928
¥ (Vert. details) 1.09378514093722
d¥ (Horiz. details) 1.09378514093722
az (Approximation) | 1.10689972746311

Table 7.1: Energy gain factors for the three-level two-dimensional biorthogonal
wavelet transform using Cohen-Daubechies-Feauveau (CDF) 9/7-tap wavelet filters.

7.2 Miscellaneous

7.2.1 Prediction Scheme for Approximation Coefficients

In the proposed context-based MD encoder (see Figure 4.8 in Section 4.2), the various
components in the encoding path of the redundant polyphase component of each de-
scription model the detail wavelet coefficients (i.e., the coefficients from all subbands
excluding the approximation) using a (zero-mean) Laplacian distribution. For the
approximation subband, a prediction scheme is employed first, based on quantized
approximation coefficients of the complementary polyphase component, and the re-
sulting prediction errors are then encoded. Since the prediction errors are modeled
using the same Laplacian distribution model used for the detail coefficients, the same
encoding scheme can be utilized for all subbands (where for the approximation sub-
band the prediction errors are encoded).

The prediction scheme employed for the approximation subband predicts the value
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of each approximation coefficient in the redundant polyphase component based on
quantized neighboring coefficients of the complementary polyphase component. This
is shown in Figure 7.2. (Notice the resemblance to contexts formed for context-based

classification.) The predicted value for the approximation coefficient X ; is given by

D Primary polyphase component

. Redundant polyphase component

Figure 7.2: Prediction of an approximation coefficient X, ; based on its quantized
neighbors. The approximation coefficient X; ; belongs to the redundant polyphase
component, and is shown in black. The quantized coefficients used for the
prediction belong to the primary polyphase component, and are shown in white.

a weighted average of its quantized neighbors shown. The proposed coder uses the

following prediction mask

Sl-
Sl

TV . (7.2)

S
S
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so that the weights are inversely proportional to the Euclidean distances of the cor-
responding quantized neighbors from the coefficient X ;, and sum to one. The pre-
diction error is then given by the difference between X; ; and its predicted value.
The context-based classification of the prediction errors (corresponding to approx-
imation coefficients of the redundant polyphase component) is performed in a very
similar manner to that performed for detail coefficients. The distinction is that, in-
stead of being based on magnitudes of neighboring quantized coefficients from the
primary polyphase component of the description, the classification procedure in the
approximation subband is based on magnitudes of generated “prediction errors”, com-
puted using quantized approximation coefficients of the primary polyphase compo-
nent. Note that these generated prediction errors are neither encoded nor transmitted
in any way, but only serve to provide contextual information for the classification of
the actual prediction errors (corresponding to approximation coefficients of the re-
dundant polyphase component). The underlying assumption is that large prediction
errors in the approximation subband tend to cluster together at relatively active ar-
eas (e.g., edges), and that these dependencies can be utilized to efficiently encode the
prediction errors to be transmitted. Thus, for the approximation coefficients of the
redundant polyphase component, contexts are formed from generated prediction er-
rors, computed using quantized approximation coefficients of the primary polyphase
component. Specifically, instead of using the context coefficients shown in Figure 5.1
themselves, each coefficient in the context is replaced by its corresponding gener-
ated prediction error. This generated prediction error is calculated as the difference
between the quantized context coefficient (belonging to the primary polyphase com-

ponent) and a weighted average of three of its quantized neighbors (which also belong
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to the primary polyphase component). For illustration, see Figure 7.3, which resem-

bles Figure 5.1, but also marks with asterisks the three neighboring coefficients used

to “predict” the value of the quantized approximation coefficient )A(,-_Lj_l. In the

*

*

x>

1,1

1,1

x>

1,1

x>

i1,

x>

i+1,j+1

D Primary polyphase component

D Redundant polyphase component

Figure 7.3: Quantized coefficients from the primary polyphase component (marked

with asterisks) used to

¢

‘predict” the value of the quantized approximation
coefficient Xi—l,j—l-

formation of the context for the classification of the actual prediction error of X; ;,

the context coefficient Xi_Lj_l is replaced by the difference between its (quantized)

value and a weighted average of its three quantized neighbors marked with asterisks.

The weights in the above weighted average can be chosen, for example, to correspond

to the following weighting mask [19, Ch. §]

-0.5

0.75

0.75

(7.3)

whose elements sum to one. The rest of the context is formed in a similar manner,
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with the required spatial adjustments. The context-based classification procedure for
the prediction errors corresponding to approximation coefficients of the redundant
polyphase component, given the contexts formed from generated “prediction errors”,
is identical to that used for the detail coefficients (described in Chapter 5).

Finally, we note that some standard (single description) wavelet coders employ
a predictive (DPCM-like) quantization scheme for the approximation wavelet coef-
ficients, and encode the resulting quantized prediction errors. If such a coder is
utilized in the proposed MD coding scheme (as the “wavelet coefficients encoder” in
Figure 4.8) to encode the primary polyphase component of each description, these
quantized prediction errors can directly replace the aforementioned generated “pre-
diction errors”, and provide the contextual information for the classification of the
actual prediction errors (corresponding to approximation coefficients of the redundant
polyphase component). Obviously, in such a case, there is no need to explicitly gener-
ate the aforementioned “prediction errors” in order to provide the required contextual

information.
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Chapter 8

Experimental Results

This chapter provides experimental results obtained by the proposed context-based
MD wavelet image coding system. We begin with a detailed description of the actual
configuration of the system used to produce the results. Demonstrations related to
the quality of the context-based classification follow, as well as both objective and
subjective performance results, which also include a comparison to other relevant
MD image coding systems. In addition, the effect of various choices made by the
system on the resulting performance is presented and analyzed. We then demonstrate
the improvement in coding efficiency due to the effective utilization of contextual
information, which we refer to as the contert gain. Finally, we describe how to
determine the optimal operating point for the proposed MD coder, based on the

properties of the communication channel.
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8.1 System Configuration

A simplified block diagram of the proposed context-based MD encoder was presented
in Figure 4.8 (in Section 4.2). Referring to the block diagram shown, this section
provides a detailed description of the actual configuration of the various components
of the system, as used to produce the experimental results presented in the chapter.

Regarding the choice of wavelet transform, we avoid coefficient expansion and
unpleasant boundary artifacts by utilizing linear phase wavelet filters along with
symmetric boundary extension, as discussed in Section 7.1.1. Specifically, a two-
dimensional biorthogonal wavelet transform using Cohen-Daubechies-Feauveau (CDF')
9/7-tap wavelet filters [11, 1] is employed, a choice which has been shown experimen-
tally to provide excellent performance for image compression [64]. Since the wavelet
filters are of odd length, a whole-point (no repeat) symmetric boundary extension
is used, and coefficient expansion is avoided (see Section 7.1.1). The number of lev-
els in the decomposition is set to three, and the resulting number of subbands is
therefore 10.

The polyphase transform used by the proposed coder is the plain polyphase trans-
form, which, for each column (or row) in each subband, simply groups all the odd-
numbered coefficients into one polyphase component and all the even-numbered coef-
ficients into the other component. This is shown in Figure 8.1. The orientation of the
polyphase transform is adapted to the orientation of the subband on a subband-by-
subband basis, in order to enable the context-based classification procedure to more
effectively utilize of the contextual information extracted from the complementary
polyphase component. Thus, for all subbands except those of horizontal details the

polyphase transform shown in Figure 8.1 is used, while for subbands of horizontal
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Polyphase component #1

Polyphase component #2

Figure 8.1: Plain polyphase transform used by the proposed MD coder.

details (at all scales) a transposed version of the transform shown is used (i.e., odd-
indexed columns constitute one polyphase components, and even-indexed columns
constitute the other component). Of course, the orientation of the contexts formed
for context-based classification of wavelet coefficients belonging to subbands of hori-
zontal details, is changed accordingly (i.e., a transposed version of the context shown
in Figure 5.1).

As described in Section 4.2, the primary polyphase component of each description
is encoded independently by a wavelet coefficients encoder, which can be a standard
wavelet encoder, operating directly on the wavelet coefficients. The single description
wavelet encoder of Yoo et al. [66] (with no adaptive parameter estimation) is used by
the proposed MD coder for this task. The resulting quantized coefficients also serve
to provide contextual information for efficient encoding of the redundant polyphase
component of the corresponding description, as shown in Figure 4.8.

The context-based classification procedure uses a total of four classes per sub-
band, unless stated otherwise, and the initial number of classes Ny in Algorithm 5.1

(the classification thresholds design algorithm; see Section 5.3) is chosen such that
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each class initially contains approximately 16 coefficients. This choice for the initial
number of classes offers a relatively dense set of initial thresholds (from which the
final thresholds are selected), and yet enables a reliable estimation of the Laplacian
parameter for each class. We experimentally found this choice to yield very good
classification results, compared to other choices.

For each description, the resulting classification thresholds and Laplacian param-
eter estimates (for each of the subbands) are transmitted to the decoder as side
information. The side information for each description also includes the value of the
Lagrange multiplier £, which specifies the bit allocation (see Section 6.3). Each of
the side information parameters is represented using 16 bits (in fixed-point represen-
tation). Note that the resulting overhead due to the side information is generally
minimal. For example, for the various choices stated above, the overhead due to side
information translates to an excess rate of less than 0.004 bpp (bits per pixel), per
description, in the case of a grayscale input image of size 512 x 512 pixels.

Finally, we note that we consider in our experiments the balanced MD coding
scenario, in which the generated descriptions are of statistically equal rate and impor-
tance. This balanced case is generally the one considered in MD coding applications,
as it is well matched to communication systems with no priority mechanisms for data

delivery (e.g., the Internet) [30].

8.2 Quality of Classification

This section demonstrates the subjective quality of the context-based classification,
which enables the proposed MD coder to efficiently encode the redundant polyphase

component of each description, based on quantized coefficients of the complementary
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polyphase component.
As an example, consider the original (grayscale) image Lena, of size 512 x 512

pixels, shown in Figure 8.2(a). The wavelet transform (in absolute value) of the im-

(a) (b)

Figure 8.2: Original images (grayscale) of size 512 x 512 pixels.
(a) Lena. (b) Goldhill.

age Lena, with approximation coefficients replaced by their corresponding prediction
errors (see Section 7.2.1), is shown in Figure 8.3(a). Note that all subbands have been
enhanced to make their underlying structure more visible. Figure 8.3(b) shows the
corresponding classification map, where the classification of each coefficient is based
on quantized coefficients from the complementary polyphase component (in this ex-
ample the quantization of the primary polyphase component of each description is at
an average rate of 0.48 bpp, per description). This classification map has only four

gray levels, corresponding to the four possible classes in each subband (coefficients
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(a) (b)

Figure 8.3: (a) Wavelet transform (in absolute value) of the original image Lena,
with approximation coefficients replaced by their corresponding prediction errors.
(b) Corresponding classification map (with four gray levels).
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assigned to the least active class Cjy are shown in black, and those assigned to the most
active class C3 are shown in white). As shown, despite the fact that the classification
of each coefficient is based solely on quantized neighboring coefficients from the com-
plementary polyphase component, areas with different energy levels are successfully
identified by the context-based classification procedure, and effective classification is
achieved.

Figure 8.4 shows the histograms corresponding to the four classes assigned to the
coefficients in subband d¥ of the redundant polyphase component of description 1.
Each of the histograms shows the actual distribution of the coefficients assigned to its
corresponding class, and also includes a plot of the fitted Laplacian pdf for the class
(using maximum likelihood estimation of the Laplacian parameter, as described in
Section 5.3). As shown, the classified coefficients are successfully separated into four
different classes according to their activity, where classes corresponding to a higher
activity indeed contain coefficients with a larger variance. In addition, the Laplacian
pdf matched to the coefficients in each class fits their actual distribution reasonably

well.

8.3 Performance of the System

This section provides both objective and subjective performance results for the pro-
posed MD coder, including a comparison to other relevant MD coding systems. It
also presents and analyzes the effect of various choices made by the system on the
resulting performance.

The PSNR (Peak Signal-to-Noise Ratio) values corresponding to the central and
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Figure 8.4: Histograms corresponding to the four classes assigned to the coefficients
in subband d¥ of the redundant polyphase component of description 1. Each
histogram also includes a plot of the fitted Laplacian pdf for the class.
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(average) side distortions attained for different amounts of redundancy for the im-
ages Lena and Goldhill (shown in Figure 8.2) are shown in Figure 8.5 and Figure 8.6,
respectively. The total rate, which takes into account both descriptions altogether,
including the overhead due to side information (i.e., every single bit transmitted) is

fixed, and is set to 1 bpp in this example. Each performance curve is virtually a
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Figure 8.5: Performance of the proposed MD coder for the image Lena (total rate
of 1 bpp). Also shown is the redundancy rate p corresponding to various points on
the performance curve.

parametric curve, where different points on the curve correspond to different amounts
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Figure 8.6: Performance of the proposed MD coder for the image Goldhill (total
rate of 1 bpp). Also shown is the redundancy rate p corresponding to various points
on the performance curve.
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of redundancy (i.e., the rate dedicated for encoding the redundant polyphase compo-
nents in both descriptions), for a fixed total rate (which also includes the redundancy
rate, obviously). Each figure also shows the redundancy rate p corresponding to var-
ious points on the performance curve presented. As shown, for a fixed total rate,
increasing the redundancy rate significantly improves the quality of the side recon-
structions (i.e., yields higher side PSNR, or lower side distortion), at the expense of
an increasingly degraded central reconstruction (i.e., lower central PSNR, or higher
central distortion). Obviously, one also has to consider the relative importance of the
side reconstructions, compared to that of the central reconstruction, which is generally
related to the probability of channel failure (i.e., lost description). Thus, determining
the optimal operating point for the system, namely, the optimal amount of redun-
dancy for a fixed total rate, should be based on the properties of the communication
channel. This will be described in Section 8.5.

Recall that our proposed MD coder aims to improve the performance of the orig-
inal polyphase transform-based coding scheme of Jiang and Ortega [30], by utilizing
the special statistical properties of the wavelet decomposition to improve the cod-
ing efficiency of the redundant polyphase component of each description (see Sec-
tion 4.2). In other words, for a given quality of central reconstruction, the proposed
coder aims to provide improved side reconstructions. As an example, Figure 8.7 shows
the performance of the proposed coder, compared to that of the original polyphase
transform-based coder, utilizing either the plain polyphase transform or the vector-
form polyphase transform (see Section 3.2), for the image Lena and a total rate of 1
bpp. As shown, the proposed coder indeed attains improved side reconstructions (i.e,
higher side PSNR), for a given quality of central reconstruction, across the entire

redundancy range. We will see in Section 8.4 that this improvement is due to the
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Figure 8.7: Performance of the proposed MD coder (in black), compared to that of
the original polyphase transform-based MD coder [30], utilizing either the plain
polyphase transform or the vector-form polyphase transform (for the image Lena
and a total rate of 1 bpp).
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effective utilization of contextual information, obtained from quantized wavelet coef-
ficients of the primary polyphase component of each description, for improving the
coding efficiency of the corresponding redundant polyphase component.

Figures 8.8 and 8.9 illustrate the subjective performance results obtained by the
proposed MD coder, and also demonstrate the possible tradeoff offered by MD coding,
compared to single description (SD) coding. Figure 8.8(a) shows again the original
image Goldhill of size 512 x 512 pixels, which can be compressed, for example, to a
rate of 1 bpp by a JPEG2000 coder® [55]—a state of the art SD wavelet coder—to
yield a relatively high quality reconstructed image (PSNR of 36.27 dB), as shown in
Figure 8.8(b). However, if two separate bitstreams (“descriptions”) need to be created
and transmitted, with the possibility that one of them will be lost, this SD coder does
not offer a straightforward way to tradeoff the quality of the reconstruction from both
bitstreams with that of the reconstruction from either bitstream alone. Obviously,
as an MD coder, the proposed coder does offer such a tradeoff. For example, for
the same total rate of 1 bpp, with a redundancy rate of 0.47 bpp (and two balanced
descriptions), the proposed MD coder yields a good quality reconstruction from both
descriptions (central PSNR of 33.38 dB), as shown in Figure 8.8(c), as well as from a
single description (side PSNR of 33.26 dB), as shown in Figure 8.8(d).

Figure 8.9 shows a similar illustration for the image Lena of size 512 x 512 pixels
(shown again in Figure 8.9(a)). In this case, for an encoding rate of 1 bpp, the
JPEG2000 coder attains a PSNR of 40.03 dB (see Figure 8.9(b)). For the same total
rate of 1 bpp, with a redundancy rate of 0.46 bpp, for example, the proposed MD

coder attains a central PSNR of 37.38 dB (see Figure 8.9(c)), and an average side

1JPEG2000 compression results obtained using Adobe® Photoshop® (€S2, with Adobe®
JPEG2000 Plug-in v1.6.
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Figure 8.8: Subjective performance results for the proposed MD coder, also in
comparison to SD coding (for the image Goldhill). (a) Original image Goldhill. (b)
Reconstructed using JPEG2000 (SD) coder (rate 1 bpp). (c¢) Central reconstruction

by the proposed coder (total rate 1 bpp, redundancy rate 0.47 bpp). (d) Side
reconstruction by the proposed coder (total rate 1 bpp, redundancy rate 0.47 bpp).
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Figure 8.9: Subjective performance results for the proposed MD coder, also in
comparison to SD coding (for the image Lena). (a) Original image Lena. (b)
Reconstructed using JPEG2000 (SD) coder (rate 1 bpp). (c¢) Central reconstruction
by the proposed coder (total rate 1 bpp, redundancy rate 0.46 bpp). (d) Side
reconstruction by the proposed coder (total rate 1 bpp, redundancy rate 0.46 bpp).
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PSNR of 37.26 dB (see Figure 8.9(d)).

In order to demonstrate the effect of the number of classes used by the context-
based classification procedure on the performance of the proposed coder, Figure 8.10
shows the performance obtained by the coder for various choices of the total number

of classes per subband (for the image Lena and a total rate of 1 bpp). As shown, the
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Figure 8.10: Performance of the proposed MD coder for various choices of the total
number of classes per subband (for the image Lena and a total rate of 1 bpp).

best overall performance is achieved using four classes per subband, a choice which

we found to be robust also for other rates and other test images. Note that as the
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number of classes is increased, so does the overhead due to side information (as well
as the complexity of system), and thus using an excessively large number of classes
results in a degradation in the performance of the system.

As an alternative to uniform threshold quantizers (UTQs), we also experimented
with uniform reconstruction with unity ratio quantizers (URURQs) [53] for the Lapla-
cian distribution. As described in Section 6.2, the rate distortion performance of the
URURQ is very close to that of the optimum entropy-constrained scalar quantizer
(ECSQ) for the Laplacian distribution, assuming MSE distortion. Compared to the
UTQ, the URURQ does offer some improvement in performance, but this improve-
ment is quite small. Nevertheless, it is interesting to examine how this slight im-
provement in theory (i.e., for simulated Laplacian data), translates into practice (i.e.,
in terms of overall performance, with quantization of real wavelet data). Figure 8.10
shows the performance of the proposed MD coder, with utilization of URURQs for
quantization of the wavelet coefficients of the redundant polyphase component of each
description, compared to utilization of UTQs (for the image Lena and a total rate
of 1 bpp). As shown, the overall performance of the proposed coder is practically
the same for both types of quantizers. Thus, no significant gain is achieved by the
utilization of URURQs instead of UTQs. Nevertheless, since both types of quantizers
are relatively simple to design and operate, the rarely used URURQ should also be
considered as a viable option for quantization of wavelet coefficients, modeled using

the Laplacian distribution, in various coding applications.
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Figure 8.11: Performance of the proposed MD coder, with utilization of URURQs,
compared to utilization of UTQs (for the image Lena and a total rate of 1 bpp).
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8.4 Context Gain

The proposed MD coder aims to improve the performance of the original polyphase
transform-based coding scheme of Jiang and Ortega [30], by expoliting contextual
information to improve the coding efficiency of the redundant polyphase component of
each description. To this end, the proposed coder utilizes various coding procedures,
such as context-based classification, parametric model-based adaptive quantization,
efficient optimal bit allocation and adaptive entropy coding.

As demonstrated earlier in this chapter, the proposed coder indeed attains im-
proved side reconstructions for a given quality of central reconstruction (across the
entire redundancy range). Since the encoding path of the redundant polyphase com-
ponent of each description is comprised of various coding components (as described
above), it is interesting to examine whether the achieved improvement in coding ef-
ficiency can indeed be attributed primarily to the effective utilization of contextual
information. In the sequel, we refer to the improvement in coding efficiency due to
the utilization of contextual information as the context gain.

The context gain can be measured experimentally by comparing the performance
of the proposed MD coder, in its default configuration (see Section 8.1), to that
of an almost identical coder, in which the classification procedure assigns all the
coefficients in each subband to a single class. Such a modified coder, which we refer
to as the “no-context coder”, thus uses a single average quantizer for each subband
(which is fitted to the overall statistics in the subband), and ignores any contextual
information. Other than the fact that the “no-context coder” uses a single class for
each subband, all other coding procedures remain the same as in the proposed coder.

Specifically, the “no-context coder” still performs optimal bit allocation (between the
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various subbands).
Figure 8.12 shows the performance of the “no-context coder”, compared to that
of the proposed coder in its default configuration (for the image Lena and a total

rate of 1 bpp). For a given quality of central reconstruction, the context gain is the
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Figure 8.12: Performance of the “no-context coder”, compared to that of the
proposed context-based coder in its default configuration (for the image Lena and a
total rate of 1 bpp). Also shown is the redundancy rate p corresponding to various

points on the performance curves.

gap between the side PSNR attained by the proposed coder to that attained by the
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“no-context coder”. As expected, at very low redundancies, the context gain is small.
The reason for this is that a very low redundancy means that only few bits are used
to encode the redundant polyphase component of each description. Thus, although
the contextual information does exist, it cannot be utilized effectively, since the rep-
resentation of the redundant polyphase components is too coarse. As the redundancy
increases, and more bits are available for the encoding of the redundant polyphase
component of each description, the context gain rapidly becomes significant (up to
more than 1 dB improvement in side PSNR). This proves that the improvement in
coding efficiency offered by the proposed MD coder can indeed be attributed pri-
marily to the effective utilization of contextual information and the special statistical

properties of the wavelet decomposition.

8.5 Determining the Optimal Operating Point Based
on Channel Properties

This section describes how to determine the optimal operating point for the proposed
MD coder, based on the properties of the communication channel. Namely, given the
channel model, we wish to determine the optimal amount of redundancy such that
the average distortion attained is minimized, subject to a total rate constraint.

We consider the following commonly used model for the communication channel:
e Descriptions are sent over two independent channels.
e Each channel fails with probability p.

Thus, four different situations at the receiver are possible, each with its corresponding

probability:

126



1. Both descriptions are received—with probability (1 — p)?.
2. Only description 1 is received—with probability p(1 — p).
3. Only description 2 is received—with probability p(1 — p).
4. None of the descriptions is received—with probability p?.

For the balanced case (descriptions of statistically equal rate and importance), instead
of considering each of the side distortions individually, we can consider the average

side distortion Dg. Thus, the average distortion at the receiver is given by
D = (1—p)’De+ 2p(1 = p) Dy + p* Drone (8.1)

where D, is the central distortion, and D, is the distortion attained if none of the
descriptions is received.

Our problem is to determine the optimal amount of redundancy such that the
average distortion D is minimized, subject to a total rate constraint. Since Dpone
is not affected by the amount of redundancy, our problem reduces to minimization,

subject to a total rate constraint, of
D. + aD; (8.2)

where

_2p(—-p)  2p (8.3)

(I-p? (1-p)

Note that « is fixed (given the channel failure probability p).

As an example, consider Figure 8.13, which shows the performance of the proposed
MD coder (for the image Lena and a total rate of 1 bpp), this time with the vertical

and horizontal axes corresponding to the central distortion and average side distortion,
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Figure 8.13: Performance of the proposed MD coder, with the vertical and
horizontal axes corresponding to the central distortion and average side distortion,
respectively (for the image Lena and a total rate of 1 bpp).
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respectively (instead of the corresponding PSNR, as before). Since every point on the
performance curve shown satisfies the total rate constraint (1 bpp in this example), it
is left to find the point on the curve that minimizes D, + aD,. Due to the convexity
of the curve, the point that minimizes D, + oDy is the point on the curve that is
“hit” first by a “plane wave” of slope « (in absolute value), as illustrated graphically
in Figure 8.13. Note that p — 07 (i.e., a description is lost with very low probability)
yields @ — 0, which corresponds to minimization of the central distortion, while
p — 17 (i.e., a description is lost with very high probability) yields @ — oo, which
corresponds to minimization of the side distortions.

Practically, since the proposed coder is able to achieve any desired total rate with
various amounts of redundancy, finding the optimal operating point that minimizes
D.+ aDy is essentially a one-dimensional (1-D) minimization problem (where the re-
dundancy is the independent variable). Therefore, various methods for minimization
of a one-dimensional function can be utilized to find the optimal operating point,

such as the golden section search [42, Ch. 10].
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Chapter 9

Conclusion

9.1 Summary

Among prior works, MDs for image coding were generated via the utilization of a
polyphase transform and selective quantization, performed in the wavelet domain.
Our research work explored an effective way to exploit the special statistical proper-
ties of the wavelet decomposition to provide improved coding efficiency, in the same
general framework. We have proposed a novel coding scheme that efficiently utilizes
contextual information, extracted from the primary polyphase component of each de-
scription, to improve the coding efficiency of the corresponding redundant polyphase
component, and thus enables the proposed MD coder to achieve improved overall
performance. This is accomplished by means of various coding procedures, such as
context-based classification of the wavelet coefficients, parametric model-based adap-
tive quantization, efficient optimal bit allocation, and adaptive entropy coding.

In order to efficiently utilize the statistical dependencies between neighboring
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wavelet coefficients, and avoid the need for an explicit characterization of these depen-
dencies, we have used an effective context-based classification procedure. To avoid
the penalty of forward classification, the classification is based on contexts formed
from quantized coefficients of the primary polyphase component of the description,
which are also available at the decoder, and thus no transmission of side information is
required. Nevertheless, a controlled amount of side information is still produced and
transmitted to the decoder, in order to improve the performance of the system. This
side information includes the classification thresholds, allowing to select a class for a
coefficient given its context, as well as the source statistics of each class, where each
class is modeled using a parametric Laplacian distribution. The parametric modeling
is also utilized by the bit allocation, quantization and entropy coding procedures that
follow.

The context-based classification procedure enables the proposed coder to utilize
a set of quantizers, each customized to an individual class. For this task, we have
examined two types of quantizers: the uniform threshold quantizer (UTQ) and the
uniform reconstruction with unity ratio quantier (URURQ). Both of these quantizers
well approximate the optimum entropy-constrained scalar quantizer (ECSQ) for the
Laplacian distribution, assuming MSE distortion, and are relatively simple to design
and operate. In order to avoid the high complexity of entropy-constrained design
algorithms for the quantizers, we have proposed an efficient design strategy, that is
based on a pre-designed indexed array of MSE-optimized quantizers of different step
sizes for the Laplacian distribution. To further reduce the complexity of the proposed
design strategy, we have also derived closed form expressions for the distortions at-
tained by both the UTQ and the URURQ.

For bit allocation between the various classes in the different subbands, we have
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developed an optimal and efficient model-based bit allocation scheme, in the general
framework of Lagrangian optimization, which also takes into account the non-energy
preserving nature of the biorthogonal wavelet transform. Our bit allocation scheme,
which is based on variance scaling and on the aforementioned pre-designed indexed
array of MSE-optimized quantizers, enables the proposed coder to avoid complex on-
line bit allocation procedures, as well as to intelligently and instantly adapt the arith-
metic entropy encoder to the varying coefficients statistics. This adaptation scheme
enables the entropy encoder to fully exploit the higher level statistics captured by the
Laplacian model-based classification and quantization algorithms, rather than using
ad hoc updating rules, as done in many other entropy coding adaptation schemes.

We provided various experimental results that clearly demonstrate the advan-
tages of the proposed MD coder. Specifically, it was also shown that the proposed
coder outperforms its predecessor—the polyphase transform-based coder of Jiang and
Ortega—across the entire redundancy range, and that the improvement in coding ef-
ficiency can indeed be attributed primarily to the effective utilization of contextual
information and the special statistical properties of the wavelet decomposition. We
also provided a way to optimally determine, in practice, the operating point for the
proposed MD coder, based on the properties of the communication channel.

Finally, we express our hope that parts of this thesis will also be able to serve as
a unified and clear reference for different aspects related to efficient implementation
of wavelet coders. To this end, we comprehensively addressed various relevant issues
in this thesis, such as how to avoid coefficient expansion and unpleasant boundary
artifacts by properly choosing the wavelet filters, along with the appropriate type of
boundary extension, as well as how to generally perform optimal bit allocation in the

case of a biorthogonal wavelet transform.
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9.2 Main Contributions
In this section we list the main contributions of this research work.

e Providing a novel context-based coding scheme that enables effective
utilization of the special statistical properties of the wavelet decom-
position for improved MD coding efficiency. Our experimental results
also demonstrate the superiority of the resulting context-based coder over its
predecessor, and prove that the improvement in coding efficiency can indeed be

attributed primarily to the effective utilization of contextual information.

e Developing an efficient design strategy for quantization, using either
UTQs or URURQs, based on a pre-designed array of corresponding
MSE-optimized quantizers of different step sizes for the Laplacian
distribution. Particularly, we also derive closed form expressions for the dis-
tortions attained by both the UTQ and the URURQ), in order to further reduce

the complexity of the proposed design strategy.

e Developing an optimal and efficient model-based bit allocation scheme,
in the general framework of Lagrangian optimization. Specifically, the
proposed bit allocation scheme also takes into account the non-energy preserv-

ing nature of the biorthogonal wavelet transform, if such a transform is used.

9.3 Future Directions

In this section we briefly describe several possible directions for future research.

133



Reverse Context-Based MD Coding System (with Combined Contexts)

Recall that in the original polyphase transform-based MD coding system [30], as well
as in the proposed MD coding system, the purpose of the redundant information
in each description is to enable an acceptable reconstruction of the lost polyphase
component, in the case of a channel failure. However, if both descriptions arrive, this
redundant information is of no use, unfortunately.

In order to utilize this redundant information in any case (i.e., whether descrip-
tions are lost or not), and thus obtain an additional coding gain, we suggest to use

a “reverse” context-based MD coding system, as illustrated in Figure 9.1. Compared
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Figure 9.1: Polyphase transform-based MD coding system that utilizes
context-based quantization in coding the primary information (reverse
context-based MD coding system).

to Figure 4.7, the coding scheme presented here utilizes context-based quantization
in coding the primary information. Its main advantage is that if both descriptions

arrive, the redundant information is still utilized, by providing contextual information
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to improve the efficiency in encoding the primary information.

In order to perform well across the entire redundancy range, we additionally sug-
gest the use of a weighted combined context for )y, which is formed from quantized
coefficients of the corresponding redundant polyphase component (via Q5'), as well
as from already quantized coefficients of the primary polyphase component. To opti-
mize the performance, the weights corresponding to the two sets should be determined
according to the relative resolutions of Q)5 and ()1, or, in other words, based on the

relative amount of redundancy.

Utilization of Across-Scale Dependencies

Compared to early wavelet image coders, modern wavelet coders usually utilize the
multiresolution nature of the wavelet decomposition in order to achieve improved
coding efficiency (e.g., [49, 45]). As also described in Section 4.1.2, experiments
demonstrate a significant statistical dependence between a wavelet coefficient and
the coefficient corresponding to the same spatial location at the next coarser scale
(i.e., its parent). Other scale-to-scale dependencies in the wavelet decomposition also
exist (even if to a lesser extent).

Consequently, in the framework of our context-based MD coding system, it would
be highly beneficial to use polyphase transforms that enable the formation of con-
texts utilizing both intra- and inter-subband statistical dependencies. Such polyphase

transforms and corresponding contexts should therefore be sought after.

Extensions to More Than Two Descriptions

Many MD coding schemes focus on the two-description case, mainly due to its relative

tractability, and so does our coder. Nevertheless, it is possible to extend the proposed
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context-based MD coding scheme to the case of more than two descriptions.

Note that the original polyphase transform-based MD coding system [30] can
be adapted to the case of more than two descriptions relatively easily, due to its ex-
plicit separation between description generation and redundancy addition, as detailed
in [30]. For example, to protect an arbitrary number of descriptions, a polyphase
transform with a suitable number of polyphase components can be used, and the
redundancy between the descriptions can be carried in a sequential (cyclic) way (i.e.,
description 1 carries redundancy to protect description 2, while description 2 car-
ries redundancy to protect description 3, and so on). Naturally, for the proposed
context-based MD coder, the extraction of contextual information should be adapted
accordingly.

For context-based MD coding, a systematic and effective co-design of the polyphase
transform and the context formation procedure, offers an additional potential coding
gain, especially in the case of an arbitrary number of descriptions. Efficient utiliza-
tion of contextual information, using the approaches presented in this work, among
others, is expected to yield improved coding performance, also in the case of more

than two descriptions.
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Appendix A

Proof that the Classification

Gain G Satisfies G > 1

In this appendix we prove that the classification gain G of (5.13), given by

S2rg {27
G = —)\z k;kffl : (A.1)

i

satisfies G > 1, with equality if and only if 5\k = 5\k+1. Recall from Section 5.3 that
T = ng/(ng + ngy1) and 1y = 1 — rp = nggy /(ng + ngg1), where ng and ngyq are
the number of coefficients in two adjacent classes Cy and Cjy1. Also recall that ;\k,
5\k+1 and \y are the maximum likelihood estimators of the Laplacian parameters of
the classes C}, Cky1 and the union of the two classes, respectively.

We first prove the following inequality of weighted arithmetic and weighted geo-

metric means.

Lemma A.1 Let x1 and x5 be positive real numbers. Also, let the weights wy and ws

be positive real numbers, and set w = wy + wy. Then the following inequality holds
B Ly > /T (A2
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with equality if and only if v1 = x».

Proof First, if x1 = x5 then both sides of the inequality reduce to x;, and equality
holds.
Now assume that x; # x5. Since the natural logarithm is a strictly concave

function, it follows that
log <ﬁx1 + %Zﬁg) > log x1 + w2 log x5 . (A.3)
w w w w
We therefore get
log (ﬂxl + %xg) > log ( \/ xf1x§”2> (A.4)
w w

and since the natural logarithm is a strictly increasing function, it follows that

%xl + %952 > V/xy ry? . (A.5)

|

We now prove that the classification gain G satisfies G > 1, with equality if and
only if A = j\kﬂ. From (5.12)

1 n 1 n 1 1 1
— = -k . = bl t =T + k13 (A6)
)\k/ Mg 4 N1 )\k N + Nkt >\k+1 )\k )\k+1

which is the weighted arithmetic mean of 1/ S\k and 1/ 5\k+1. Using Lemma A.1 we

therefore get
1 1 1
>

~ - /\Tk ° Ark+1
A /\k )‘k+1

(A7)

with equality if and only if A = 5\k+1. Rearranging (A.7) and squaring both sides of
the inequality yields
5\27% 5\27" k41
Tk CRHL > (A.8)
A2
k/
with equality if and only if Ay = A\gyq. From (A.1) it then follows that the classification

gain G satisfies G > 1, with equality if and only if A, = 5\k+1.
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Appendix B

Reconstruction Offsets of the
Optimal Uniform Threshold
Quantizer for the Laplacian

Distribution

An expression for the reconstruction levels of a uniform threshold quantizer (UTQ)
for the Laplacian distribution, optimized for minimum MSE distortion, was derived
in Section 6.1. In this appendix we prove that some of the reconstruction offsets of
this UTQ are equal.

Using the same notation as in Section 6.1, let A (> 0) be the parameter of the
Laplacian distribution, let A be the step size of the UTQ, and denote the number of
levels of the UTQ by N = 2L + 1. The bin boundaries b;, j = 1,..., L, of the UTQ

are given in (6.5), and the bin probabilities p;, j = 1,..., L — 1, are given in (6.13).
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From (6.14), we then get for the reconstruction levels ¢;, j=1,...,L —1:

4% = % [bje™" = bjiie 4] +§ =
o e [ R R P
S _1€Abj+1 [(j B %)A (€=M — e=Mw) _ Ae‘*bﬂ'“] + % —
= - %)A - Ae)\bf__)\b;+1)\bj+1 + % -
1 “A(i+3)A 1
= - §)A B Ae—A(j—g)A _ o AtE)a T
1 A 1
= - §)A C DA+ X7
= b i eAAA_ . (B.1)

Thus, the reconstruction offsets ¢; — b;, for j = 1,...,L — 1, do not depend on j.
Namely,
g =bj+0, j=1,...,L -1, (B.2)

where

140



Appendix C

Proof of a Useful Property of the

Laplacian Distribution

The following useful property of the Laplacian distribution is proved in this appendix.

Property C.1 Let X be a Laplacian random variable with parameter X (> 0), i.e.,

fx(z) = %e"\xl, —00 < T < 00 (C.1)

and let ¢ be a fired nonnegative real number. Then given that X > ¢, the conditional

distribution of Y = X — c is exponential with parameter \, i.e.,

Frixsc(ylX > c) =A™, y>0. (C.2)
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Proof The conditional density function of X, conditioned on X > ¢, is given by

7

fxixse(z[X > ¢) = fx(@)/ [ Ix(@)da, @ >c _
’ else

=)

A=Az XA -
ge M/ [T se M da, x>c

0, else
(
(
e—)\:c/ (%6—)\0) . T>c
0, else
(
(
)\e—A(m—c)’ r>c
= (C.3)
0, else
\
Defining Y = X — ¢, we get
PrixzcWIX >c) =™, y>0. (C.4)

That is, given that X > ¢, the conditional distribution of ¥ = X — ¢ is exponential

with parameter \. |
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Appendix D

Squared Error Distortion of the
Optimal Uniform Threshold
Quantizer for the Laplacian

Distribution

An expression for the average squared error distortion of a uniform threshold quan-
tizer (UTQ) for the Laplacian distribution, optimized for minimum distortion, was
derived in Section 6.1. In this appendix we further develop this expression to obtain a
closed form expression for the average distortion D, whose evaluation does not involve
integration.

As in Section 6.1, let A be the step size of the UTQ. The bin boundaries {b;} of

the UTQ are given in (6.5), and the reconstruction levels {¢;} are given in (6.12) and
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(6.15). According to (6.17), the average distortion of the UTQ is then given by

b1 41

j by

L—-1 b oo
D = b fX(:p)(x—O)2d:p+22/b fx(@)(z—q)?de+2 | fx(x)(z—qp)?de=

B L-1

_ 5 /Obl 22 fx () dx_|_2/bbj+l(x—Qj>2fX(I) da:+/oo(x—qL)2fX(I) d“’] =

j=1"0 br,

b1 Y bjt1 A oo A
= 2 /0 :c2§e’” d:v+Z/b' (x—Qj)2§e*“ dx+/ (z —QL)Qie’M dz| =

br,

— b+ oo
E:/ <¢—%meﬁwﬁ/(x—wff”d4
bj

br,

where A (> 0) is the parameter of the Laplacian distribution, and the number of levels
of the quantizer is N = 2L + 1.
To calculate the above integrals, we use the following indefinite integral, obtained

directly using integration by parts:

1 2 2
/x2e’\x dx = —Xe*M <x2 + Tx + F) +C (D.2)

where C is an arbitrary constant of integration. The first term in the brackets of (D.1)

then becomes

b [ 2t 2\’
/ e Ndr = e A <9€2 +2 4 _2)} -

; i XN/,
i (’“T*ﬁ -

(2 A2+A+2
e € 2 NPT

The second term in the brackets of (D.1) is calculated in a similar manner, along with

D D S I

(D.3)

the substitution of variables t = « — ¢; (translation), as follows. From (6.15) we get
qj—bjzé, j:]_,...,L—]., (D4)
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where

We thus obtain for the second term

L-1

- bj+1
Z/ (z — qj)%e M dx
b

j=1"705

1 A
5_X_e)‘A—1 (D.5)
Lzl rbjyi—g;
/ 12~ A+a) gy
j=17bi—q;
L-1 —5+A
e ’\qj/ t2e M dt =
j=1 -0
L—1 _5
e”\qjl [e’\t <t2 + 2t + %)} =
j=1 A A A —0+A
L—1
1 —Agj a2 20 2
X(;e q)-[e (5 5y F—l—
AG—A 2 (6 A) 2
Mo ((5 A) — *+ 3 (D.6)

Similarly, for the third term in the brackets of (D.1), using (6.12) and the substitution

of variables t = x — qr,, we get

[ = wpea

br,

1
A

From (D.1), (D.3), (D.6) and (D.

/bL—qL
1
Aqr -t 2
e — le t
A [ (
_e_)‘QL -e- (

—€

)\3

oo
12~ AttaL) g

7}\(][/ / t267)\t dt —
1

Py
1

HA
v)-

2t
By
2
A2 A2

1-X\qr,

(D.7)

7), we finally obtain a closed form expression for
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the average distortion of the UTQ:

L—1
+ Z e—Aq]- . 6)\5 52 o E + 3 . eA(d—A) (5 . A)Q .
. A2

where ¢ is given in (D.5), and where
o1 :

and
1 1 1

ALy
qr=br+ 5 =(L=3)A+7
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Appendix E

Squared Error Distortion of the
Uniform Reconstruction with

Unity Ratio Quantizer for the

Laplacian Distribution

The uniform reconstruction with unity ratio quantizer (URURQ) for the Laplacian
distribution was presented in Section 6.2. In this appendix we derive a closed form
expression for the average squared error distortion D of the URURQ), whose evaluation
does not involve integration.

Using the same notation as in Section 6.2, let A (> 0) be the parameter of the
Laplacian distribution, let A be the step size of the URURQ), and denote the number

of levels of the URURQ by N = 2L+ 1. Following Appendix D, the average distortion
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of the URURQ is given by

b1 L-1 bj+1 oe]
D=\ / z?e ™ dx + Z/ (z —q;)%e Mdx + / (x —qp)?e Mdx| (E.1)
0 ]:1 bj bL

where the bin boundaries {b;} and the reconstruction levels {¢;} of the URURQ are
defined in Section 6.2. Note that since the number of levels is finite, we optimize
the outermost reconstruction levels (i.e., ¢, and ¢_r) for minimum MSE distortion,

according to the well-known centroid condition. This yields

1
qL:E[X’X>bL]:bL+E[X—bL|X>bL]:bL+X (EZ)

where the last equality follows from the fact that given that X > by, the conditional
distribution of X — by, is exponential with parameter A (see Appendix C), and thus
has a mean of 1/A\.

Using the indefinite integral (D.2), the first term in the brackets of (E.1) is given

by
b 1 20 2\]1°
2 _ —d\z -\ 2
[ e = (. *7*?)}%‘
CL[2 (2]
RISV BE (bl*‘ T T
172 - 20— A) 2
where
1 A
§=06A)=-——— . (E.4)

Since ¢; —b; = 0, for j = 1,...,L — 1, we obtain, following Appendix D, for the

second and the third terms in the brackets of (E.1)

L2l pbin 1[4 2% 2
2 —Xx _ ag; | | xe[g2 40 4
Z/bj (x—q;)°ede = X(;e q) [e ((5 3 +)\2>—|—

= L A-A) ((5 —A)? - M * %)1 (:5)
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and
/ (z —qr)’e Mdr = —e' M (E.6)

respectively.
From (E.1), (E.3), (E.5) and (E.6), we finally obtain a closed form expression for

the average distortion of the URURQ:

D = E_ew—m <<5_A)2_2(5—_A)+3)+

A2 A A2
L—1
Y 2% 2 . 25—A) 2
Ag; . Ad 2 <Y “ ) o A(6-4) _A2_— .
+ <;e ) {e (5 vt )\2) e ((5 ) t )\2)1 +
1
+ ﬁel AdL <E7)

where § is given in (E.4), and where
¢ =JA, 7=1,...,L—-1 (E.8)

and

g =b,+~=LA—5+~. (E.9)
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